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Preface

Differential-algebraic equations (DAEs) have been the object of increasing
attention in the last three decades. Nowadays, they provide a valuable tool
for system modeling and analysis within different fields, including nonlinear
electric and electronic circuit theory, constrained mechanics, and control
theory, among others.

The first part of this book addresses analytical properties of such
differential-algebraic systems. The few existing monographs on DAEs are
mainly focused on numerical aspects and, in most cases, they are restricted
to a specific approach, structured around the differentiation, geometric,
tractability, perturbation or strangeness indices, respectively. By contrast,
the present book attempts to discuss a variety of analytical frameworks for
the study of DAEs. The emphasis will be on projector methods based upon
the tractability index, and also on reduction techniques supported on the
geometric index. The differentiation index will also be briefly examined;
note that it has received comparatively more attention in the DAE liter-
ature than the projector-based and reduction frameworks, in spite of the
many benefits displayed by these approaches.

Projector-based methods, introduced for linear DAEs in Chapter 2, al-
low for precise input-output functional descriptions and explicit solution
characterizations in terms of the original problem variables: this holds for
linear time-varying DAEs with arbitrary index, under mild smoothness re-
quirements. These methods have been mainly developed by Roswitha März
and, accordingly, the material in Chapter 2 is crucially based on her work.
Nevertheless, some recent or new contributions can also be found in this
Chapter, concerning e.g. the so-called Π-projectors, a simplification of the
decoupling of DAEs with properly stated leading term, or a detailed char-
acterization of standard form linear problems.

vii
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Reduction methods, based on the research of Rabier, Rheinboldt and
other authors, define a powerful framework for the analysis of nonlinear
DAEs. Chapter 3 is mainly focused on these techniques, introducing in
particular a local approach for quasilinear DAEs in settings where the global
assumptions of Rabier and Rheinboldt do not hold, and paving the way for
subsequent analyses of singular problems. The differentiation index is also
discussed in this Chapter; cf. Sections 3.1, 3.2 and 3.7.

From a dynamical point of view, the essential differences between DAEs
and explicit ordinary differential equations (ODEs) arise in so-called sin-
gular problems, which lead to new dynamic phenomena such as those dis-
played at impasse points or singularity-induced bifurcations. Recent results
on the classification and analysis of singularities are extensively discussed
in Chapter 4. The topics covered on singularities of linear time-varying
problems are the result of recent research, whereas the material on singular
points of quasilinear DAEs is completely new.

The second part of the present monograph is focused on the analysis of
DAEs arising in electrical circuit theory, emphasizing modeling aspects and
considering both linear and nonlinear problems. Chapter 5 discusses nodal
analysis methods, widely used in circuit simulation programs, with special
attention to index characterizations. Chapter 6 addresses so-called branch-
oriented analysis methods. The models arising from these techniques, which
are not as well-suited as nodal ones for numerical simulation purposes,
provide however several advantages from an analytical point of view. In
particular, they make it possible to frame in the DAE context the state
formulation problem for electrical circuits, including normal tree methods
used to tackle it, and also to analyze different qualitative aspects of circuit
dynamics.

I have tried to write this book in a self-contained manner, making it
accessible to as many interested readers as possible. Some background
material has been added with this aim; this includes regular matrix pencil
theory, Schur complements and Cauchy-Binet expansions from matrix anal-
ysis, several elementary aspects of differential geometry, and rather detailed
introductions to digraphs and to circuit theory fundamentals. See, specifi-
cally, Sections 2.1.1, 3.3 and 5.1. With this material, the prerequisites for
reading this book virtually amount to undergraduate courses on differential
calculus, linear algebra and ordinary differential equations. However, read-
ers with more background on mathematical analysis, differential equations,
and circuit and system theory will probably get a deeper insight into the
contents of this monograph.



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

Preface ix

In the same spirit, technicalities have been intended to be kept at a
minimum. In particular, the local properties discussed in Chapter 3 are
not stated in terms of germs in order to make these results available to
readers unfamiliar with this language. Examples have been chosen to be as
simple as possible, being just focused on the ideas that they are intended to
illustrate. In Part II, controlled sources are excluded from most analyses for
the sake of simplicity, although subsection 6.2.6 indicates how to extend the
results to circuits including a broad family of these sources. Notational and
terminological issues are explained or recalled at the points where they show
up; this should make the reading easier, specially regarding the different
variable splittings appearing throughout.

This book can be used in a graduate course on DAEs. Additionally,
different reader profiles might benefit from its contents. Some hints are
given in the section How to read this monograph on page 22. In partic-
ular, the book may be of interest for applied mathematicians and ana-
lysts. It is worth indicating in this regard that, very often, the main goal
in DAE analyses is to unveil their behavior in terms of some kind of re-
lated ODE; from this perspective, DAEs pose many problems which can
be better framed within linear algebra or mathematical analysis contexts,
rather than in the theory of differential equations. The book can also be
helpful within numerical mathematics, covering the analysis which usually
precedes the numerical simulation of differential and differential-algebraic
equations.

Regarding applications, the present book may be useful for scientists
and engineers interested in singular system theory and modeling issues.
Part II may be of help in electrical and electronic circuit analysis and design.
On the other hand, the general theory discussed in Part I can be used
in other applications of DAEs arising for instance in mechanics, chemical
processes or control theory. Other scientists aiming to get a glimpse on
DAEs would profit from certain parts of the book.

Unfortunately, other aspects of DAE theory which might be of inter-
est for some readers are beyond the scope of this monograph. These
topics include numerical issues, normal form theory, over- and under-
determined problems, partial differential-algebraic equations (PDAEs),
stochastic DAEs, singularity-induced bifurcations, or impasse phenomena
and singularities in electrical circuits. Hopefully, the references cited on
these topics will be of some help for the interested readers.
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Chapter 1

Introduction

Many systems in science and engineering can be modeled by an explicit
ordinary differential equation (ODE) of the form

u′ = f(u, t), (1.1)

where f ∈ C1(Ω,Rr), the set Ω being open in Rr+1. This equation is often
said to define a state space model of the system, and u is referred to as a
state variable. Explicit ODEs such as (1.1) have a long-term mathematical
history, and a large number of analytical and numerical tools have been
developed for their study.

However, in many cases such an explicit state space model for the dy-
namics of a given system is not available. The system may instead be
described by an implicit ODE

F (t, x, x′) = 0, (1.2)

where F : Ω → Rm is defined on an open set Ω ⊆ R2m+1. For reasons
detailed later, the equation (1.2) is called a semistate model of the system
and, accordingly, x is said to be a semistate variable.

If the algebraic (in the sense of non-differential) problem F (t, x, p) = 0
arising from (1.2) can be globally and uniquely solved for p, a global state
model for the system can be derived, and the implicit formulation would
not make any difference with the explicit ODE setting. From a local point
of view, if F is a C1 mapping and the matrix of partial derivatives Fp(t, x, p)
is nonsingular at a given zero of F , then by the implicit function theorem
the set defined by F (t, x, p) = 0 can be locally described as p = f(x, t) for
a C1 map f , so that x′ = f(x, t) defines a local state space model for (1.2).

Broadly speaking, the attention in this book will be mainly focused on
the implicit ODE (1.2) under the assumption that the derivative Fp(t, x, p)
is everywhere singular. In many cases, some of the relations within (1.2) do

1
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not involve at all the time derivative x′, hence being purely algebraic equa-
tions. This motivates calling (1.2) a differential-algebraic equation (DAE)
or a differential-algebraic system. From the modeling perspective, alge-
braic constraints within the DAE (1.2) make some components of the m-
dimensional semistate variable x redundant; the elimination of this redun-
dancy may lead to a state space model of the form (1.1), in which the
dimension of the state variable u is r < m.

For the sake of completeness, explicit ODEs such as (1.1), as well as
implicit systems (1.2) in which Fp is everywhere nonsingular, are framed
in the differential-algebraic context as index zero DAEs. Certain problems
in which Fp is singular only on a subset (typically, a hypersurface) of the
semistate space will also be addressed. In this setting, the points where
Fp is singular are particular instances of what will be called a singularity;
note, however, that the notion of a singularity will also appear in problems
with an everywhere singular matrix Fp.

In this Chapter we present an overview of DAE theory. Some notes on
the origin of DAEs, from a mathematical perspective but also regarding
application fields where they show up, can be found in Section 1.1. Section
1.2 introduces several frameworks developed for the analysis of DAEs. Dy-
namical features and, in less detail, numerical aspects are also discussed.
The role of DAEs in system modeling is examined in Section 1.3. Several
issues concerning DAE formulations, as well as the structural forms that
arise more often in applications, are compiled in Section 1.4. All this back-
ground will make it possible to define, in Section 1.5, the goals and contents
of this monograph in a more detailed manner.

1.1 Historical remarks: Different origins, different names

The origins of DAE theory can be traced back to the work of K. Weierstrass
and L. Kronecker on parametrized families of bilinear forms [144, 301]. In
terms of matrices, these pencils were applied to the analysis of linear systems
of ordinary differential equations with a possibly singular leading coefficient
matrix by F. R. Gantmacher [90, 91]; see specifically Section 7 in Chapter
XII of [91].

Another milestone is the work of P. Dirac on generalized Hamiltonian
systems [79–81]. The key ideas supporting what nowadays is known as
the differentiation index of a semiexplicit DAE can be found in these ref-
erences. A geometric approach to the study of so-called constrained sys-
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tems stemmed from the work of Dirac, mainly motivated by applications
in mechanics [17, 101, 102, 170, 171, 205, 208, 261–263]. From different
perspectives, mechanical systems have driven much investigation on DAEs;
cf. additionally [83, 122, 163, 227] and the bibliography therein.

A large amount of research on differential-algebraic equations has also
been motivated by applications in circuit theory. The differential-algebraic
form of circuit equations is naturally due to the combination of differential
equations coming from reactive elements with algebraic (non-differential)
relations modeling Kirchhoff laws and device characteristics. The term
‘algebraic-differential system’ was already used in the circuit context by
Brown in 1963 [32]. In the electrical circuit literature, these models are
often referred to as semistate systems. The word ‘semistate’, which is due
to Dziurla (see p. 31 in [136]), appeared for the first time in the joint work
of Dziurla and Newcomb [82]; see also [210]. In spite of their different
origins, the terms ‘semistate’ and ‘differential-algebraic’ can be understood
as synonyms hereafter. DAEs are nowadays pervasive in nonlinear circuit
analysis and design, specially because of their appearance in nodal analysis
methods used to set up network equations in circuit simulation programs
[85, 87, 112–116, 194, 253, 292, 293]. The reader is referred to Chapters
5 and 6 for extensive discussions of the role of DAEs in circuit modeling.

Control theory has also been the focus of considerable attention in the
DAE literature. Differential-algebraic equations are often called in this con-
text descriptor systems, after the seminal work of Luenberger [168, 169].
Linear and nonlinear, possibly time-varying control systems have been the
focus of an increasing interest from the differential-algebraic perspective
in the last three decades, optimal control problems playing an important
role; see [12, 14, 30, 50, 53, 73, 97, 109, 146, 150–154, 282, 306, 307]
and references therein.

In the 1970s, a mathematical approach to differential-algebraic systems,
somehow independent of specific application fields, began to flourish. It is
worth mentioning at this point the work of Gear [93], Takens [288] and, in
the early 1980s, the books of Campbell [39, 40] as well as the papers by
Petzold [216], Gear and Petzold [95], and Rheinboldt [238]. Numerical as-
pects were emphasized in many of these references. A variety of approaches
to DAE analysis began to be developed in that period, through the work
of the above-mentioned authors as well as Griepentrog, Hairer, März, Ra-
bier, and Reich, among others; see subsection 1.2.1 below. After 1990, the
attention has also been directed to so-called singular DAEs, extending in
different ways the seminal work of Rabier [219] and Chua and Deng [61, 62]
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on impasse points. Singular problems will be presented in subsection 1.2.2
and extensively discussed in Chapter 4. Much recent research is focused
on partial differential-algebraic equations (PDAEs) and stochastic DAEs,
beyond the scope of this book; as a sample of the related literature, see
[2, 25, 111, 172, 176, 232, 264, 293] and [259, 305], respectively.

Besides the ongoing mathematical interest on analytical and numerical
aspects of differential-algebraic systems, quite a lot of attention on DAEs
has remained associated with applications in the above-mentioned fields
of mechanics, electrical circuits and control theory; applications of DAEs
are also found in chemistry [146], power systems [11, 134, 175, 296, 298],
magnetohydrodynamics [48, 49, 174], neural networks [55, 211, 256], fault
diagnosis [138, 295], model identification and observer design [57, 212], and
robotics [46, 211, 278, 279], among other fields. DAEs also arise from
problems in other branches of mathematics, such as the discretization of
PDEs [30, 167], root-finding [245, 247, 254, 255] or optimization [260].

Other names for DAEs, not linked with specific applications, are ‘im-
plicit systems’, ‘singular systems’ and, restricted to quasilinear problems
(cf. subsection 1.4.3 below) ‘generalized vector fields’. Finally, DAEs should
not be confused with ‘algebraic differential equations’, that is, problems of
the form x′ = p(x) in which p is a polynomial mapping.

1.2 DAE analysis

A C1-solution of the differential-algebraic system (1.2) is a C1 mapping
x : I → Rm, with I ⊆ R an open interval, such that (t, x(t), x′(t)) ∈ Ω
and F (t, x(t), x′(t)) = 0 for all t ∈ I. Other types of solutions for DAEs
will arise in different contexts, for instance when using properly stated
formulations, or in the presence of impasse points. For the moment the
term ‘solution’ will mean ‘C1-solution’.

A solution x(t) which is a priori required to take a prescribed value
x(t0) = x0 at a fixed time t0 is said to have initial value x0. Contrary to
explicit ODEs (cf. (1.1)) defined by a C1 map f , for DAEs it is usually
the case that not every point admits a solution through it. A point x0

for which there is indeed a solution of (1.2) with x(t0) = x0 is said to be
a consistent initial value at t0, and the set of pairs (x0, t0) admitting a
solution is called the solution set. Additionally, we say that the DAE has a
unique solution through x0 at t0 if any two solutions x(t) and x̃(t) (defined
on the open intervals I and Ĩ, respectively, both of them comprising t0)
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such that x(t0) = x̃(t0) = x0 verify x(t) = x̃(t) for all t ∈ I ∩ Ĩ. The
solution is said to be locally unique if the condition x(t0) = x̃(t0) = x0

implies x(t) = x̃(t) on some neighborhood of t0.
For autonomous DAEs (that is, problems of the form (1.2) with F in-

dependent of t), the consistency of an initial value does not depend on the
choice of t0, and the solution set can be thought of as lying on x-space. In
many cases, the solution set has a manifold structure (cf. Section 3.3), so-
lutions are uniquely defined through every point on this manifold, and they
yield a C1-flow (see e.g. [3]) on it. This has led to the solution manifold
concept and to several definitions in the literature around the notions of a
solvable DAE and a regular DAE.

However, in many other problems the above-mentioned properties are
not met. For instance, solutions though a given point may not be unique;
examples can be found in (4.35) on p. 167, and (4.61), p. 185. Furthermore,
the solution set may not be a manifold, as the same examples illustrate.
To accommodate solutions at the backward impasse points discussed in
subsection 4.4.1 we would need to deal with C0-semiflows. Note that these
phenomena are not due to weak smoothness assumptions, since all of them
can be displayed even in analytic problems. There are too many situations
to handle, so that the discussion of notions such as that of the solution
manifold or the one of a regular DAE is postponed until Chapter 3. At
this introductory level, it is enough for the moment to have in mind the
above-presented definition of a C1-solution and the notion of the solution
set.

1.2.1 Indices

The Kronecker index of regular linear time-invariant DAEs

Linear time-invariant DAEs are systems of the form

Ax′ + Ex = q(t), (1.3)

where A and E belong to Rm×m (Rn×p denoting throughout the set of real
matrices with n rows and p columns), and q : J → Rm is a sufficiently
smooth mapping defined on an open interval J ⊆ R. As detailed in Sec-
tion 2.1, the solutions of (1.3) can be completely characterized in terms of
the Weierstrass-Kronecker canonical form of the matrix pencil {A,E}, pro-
vided that this pencil is a regular one; the Kronecker index (also called the
nilpotency index) of the pencil will play a key role in this analysis. Needless
to say, our interest will be directed to cases in which the leading matrix A is
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singular, since otherwise the problem trivially amounts to a linear explicit
ODE with constant coefficients.

Linear time-varying and nonlinear DAEs

More difficult is the treatment of the linear time-varying counterpart of
(1.3), namely

A(t)x′(t) + E(t)x(t) = q(t), (1.4)

as well as that of nonlinear problems of the form F (t, x, x′) = 0 depicted
in (1.2). From an analytical point of view, usually the solutions are not
explicitly sought in terms of (1.2) or (1.4). Instead, most strategies aim
at constructing a related mathematical object from which the solutions of
the DAE can be described; this object may be an explicit ODE, a vector
field on a manifold, or a canonical form for the equation. These strategies
have led to different analytical frameworks, organized around different index
notions which generalize the nilpotency index of a regular matrix pencil.
These approaches are commented on below.

The differentiation index

The idea behind the differentiation index framework is, roughly speaking, to
define the index of (1.2) as the number of differentiations needed to write x′

in terms of (x, t). As illustrated in Sections 3.1 and 3.2, the constraints are
differentiated in order to realize an explicit underlying ODE for which the
solution set of the DAE is an invariant manifold. A more general discussion
can be found in Section 3.7. When applied in particular to a linear time-
invariant equation of the form (1.3) having a regular pencil, this notion
yields the nilpotency index of the pencil.

The differentiation index approach has been developed mainly by S.
Campbell; important contributions are also due to C. W. Gear and L. Pet-
zold, among other authors. The reader is referred to the book [30] for a de-
tailed introduction to this framework; see also [10, 42, 43, 45, 46, 54, 94].

The tractability index and projector-based methods

A different generalization of the nilpotency index of a regular matrix pencil
comes from the tractability index notion, which is the key concept in the
projector-based framework developed by R. März. Within this approach,
the behavior of linear DAEs such as (1.3) or (1.4) is unveiled by means
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of an inherent ODE which, speaking again in general terms, is obtained
from the projection of the equation and the problem variables into certain
characteristic subspaces. Allowing for mild smoothness assumptions, this
framework provides explicit solution characterizations for DAEs with arbi-
trarily high index, as well as precise functional input-output descriptions
of the system behavior in the original problem setting.

The main references concerning projector techniques directed to linear
time-varying problems of the form (1.4) are [107, 108, 179, 182, 185]; re-
cently, a different formulation for DAEs, discussed in subsection 1.4.2 below,
has allowed for a substantial improvement of this approach, regarding both
linear and nonlinear problems; see [16, 188, 189, 191, 192, 190, 193] and
references therein, as well as the forthcoming title [157]. Projector tech-
niques for linear DAEs are extensively discussed in Chapter 2; Chapter 4
addresses singularities of these linear problems, whereas nodal models of
electrical circuits are analyzed via projector-based methods in Chapter 5.

The geometric index and reduction methods

Reduction methods, based on the so-called geometric index, describe the
behavior of an autonomous DAE in terms of a vector field defined on the
solution set, provided that it has a manifold structure. This vector field
defines a differential equation on this manifold and induces a flow on it. Us-
ing local parametrizations, the ODE on the solution manifold locally leads
to an explicit reduced ODE on an open subset of R

r; note that, in contrast
to the underlying ODE arising in the differentiation index framework, the
state dimension of this reduced ODE is strictly lower than that of the origi-
nal DAE. In the original problem coordinates, the reduction process can be
roughly described as the elimination of certain variables by solving the con-
straints. The solution manifold and the reduced ODE are computed in an
iterative manner, and the name of iteration steps needed for the algorithm
to stabilize defines the index.

The geometric reduction approach has a key reference in the paper [238]
by W. Rheinboldt, and has been later developed by S. Reich [229–231] and
in the joint research of P. Rabier and Rheinboldt [220, 221, 228]. Reduc-
tion methods for nonlinear problems are the focus of Chapter 3; special
attention will be paid to quasilinear DAEs (cf. subsection 1.4.3 below),
including nonautonomous cases. Their application to linear time-varying
DAEs (1.4) is briefly addressed in Section 2.4. Singularities of quasilinear
problems are tackled via reduction methods in Chapter 4 (Section 4.4).
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Reduction techniques will be applied to the analysis of certain electrical
circuit models in Chapter 6.

Perturbation, strangeness and structural indices

A salient feature of linear time-invariant DAEs (1.3) with an index ν ≥ 2
regular pencil is that solutions will depend explicitly on the derivatives of
the excitation q(t) up to order ν − 1. This dependence, which is displayed
(in a more subtle way) also by linear time-varying and nonlinear problems,
supports the perturbation index concept [121], which reflects the sensitivity
of the DAE solutions to perturbations. See also [45, 122].

The reader is referred to the book [151] for an extensive analysis of
the strangeness index notion and related canonical forms for DAEs intro-
duced by P. Kunkel and V. Mehrmann. Other references on this topic are
[147–150, 152]; some relations with the tractability and geometric indices
are discussed in [157] and [228], respectively.

Finally, different aspects of the so-called structural index are addressed
in [215, 237].

The paragraphs above give an overview of the main frameworks de-
veloped for the analysis of DAEs. This book will be mainly focused on
projector-based and reduction methods, supported on the tractability and
geometric indices, respectively. In these contexts, when the assumptions
supporting the index notion are met the DAE is called regular. The failing
of these assumptions will lead to singular problems, presented below.

1.2.2 Dynamics and singularities

As sketched above, when the conditions supporting the tractability or ge-
ometric index notions are met, the behavior of the DAE (1.2) can be de-
scribed in terms of a related (inherent or reduced, respectively) explicit
ODE. For the moment, we will informally refer to these systems as regular.
In spite of the mathematical challenges raised by the unveiling of such an
explicit ODE, from a dynamical point of view a regular autonomous DAE
does not lead to new qualitative phenomena. For instance, in problems
with a well-defined geometric index the dynamical behavior of the DAE is
given by the flow induced by a vector field on a lower-dimensional manifold.
Locally, the solutions of a reduced ODE are embedded onto those of the
DAE, and therefore the flows of both are locally diffeomorphic.
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Things change substantially in the presence of singularities. Sin-
gular points of a DAE will be defined as those where the assump-
tions supporting the definition of an index fail, and indeed yield sev-
eral types of dynamical behavior not displayed by explicit ODEs. The
best-known phenomenon associated with singular DAEs is the one oc-
curring at impasse points [61, 62, 219, 222, 223, 233]. Other singular
phenomena in autonomous DAEs have been addressed only for par-
ticular structures, mainly quasilinear problems with a dense subset of
regular points [165, 202, 203, 236, 254, 276, 277, 309] and semiexplicit
DAEs [22, 23, 173, 236, 249]. Last-step singularities (cf. Chapter 4) were
considered by Rabier and Rheinboldt in [228]. From a different per-
spective, several results concerning singularities of scalar problems have
been discussed in [7, 34, 72, 289]. Singular bifurcations are tackled in
[19–21, 166, 241–243, 246, 275, 296–298]. In the linear time-varying con-
text singularities have been studied in [196, 197]; some results can also be
found in [139, 225, 228].

A systematic approach to the local analysis of singular DAEs is pre-
sented in Chapter 4; no previous framework for the general study of singu-
larities in differential-algebraic systems is known to the author. An outline
of the main ideas follows. After providing invariant definitions of singular
points in linear time-varying and quasilinear autonomous DAEs, the “regu-
lar” analysis frameworks will be modified in order to accommodate singular
problems. In both contexts, this will result in an implicit ODE which can be
rewritten in explicit form on an open dense subset of its domain, the leading
term of which captures the singularities of the original DAE. In particular,
this approach extends the scope of the results of Rabier and Rheinboldt
for quasilinear systems. Broadly speaking, the working scenarios allowing
for this replace constant rank assumptions by the requirement that certain
characteristic spaces admit a continuation through the singularity, thereby
relaxing the hypotheses which support the analysis in regular settings.

Qualitative properties of DAEs

Qualitative results for DAEs are of major importance in different appli-
cations. For regular autonomous DAEs, even though the local dynamics
amount to that of explicit ODEs, it is necessary to have tools allowing one
to assess qualitative properties directly in the differential-algebraic setting,
since an explicit state space description of the system dynamics may not
be feasible in many practical cases. The qualitative theory of DAEs makes
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such an explicit ODE description unnecessary. In this regard it is important
to examine, in DAE terms, stability properties of invariants such as equilib-
rium points or periodic trajectories, as well as the associated bifurcations
characterizing the dependence of these properties on system parameters.

Although a general discussion of qualitative aspects of differential-
algebraic systems would exceed the scope of this book, we will address
some issues in this direction. Linear stability properties of regular equi-
libria in quasilinear DAEs will be characterized in terms of matrix pencils
in Section 3.5; from different points of view, this type of results has been
discussed in [92, 183, 184, 186, 228, 231, 240, 281, 291]. The reduction
framework seems to be well-suited for characterizing the situations in which
the matrix pencil which results from the DAE linearization describes the
stability properties of equilibria. The electrical counterpart of these results
is tackled in Section 6.3, where a key point will be to distinguish the topo-
logical conditions characterizing the hyperbolicity or exponential stability
of equilibrium points from those allowing for the formulation of a state
space model for the network, a distinction which is not always clear in the
circuit literature.

Other qualitative aspects of differential-algebraic systems have been
analyzed in the last two decades. Local normal forms are discussed in
[21–23, 67, 68, 202, 236, 277, 309]. Regarding periodic DAEs and peri-
odic solutions, several results concerning Floquet theory for DAEs can be
found in [158, 159]; related aspects involving the analysis of nonlinear os-
cillations in semistate models of electrical circuits are addressed in [74].
Finally, the reader is referred to Chapter 4 and the bibliography cited there
for the discussion of qualitative phenomena at singularities, in particular
at singular equilibria and pseudoequilibria.

1.2.3 Numerical aspects

The numerical treatment of differential-algebraic systems has driven a
great deal of research on this field. Most monographs on DAEs are
partially (or, in some cases, totally) devoted to numerical methods: see
[10, 30, 107, 121, 122, 151, 157, 228]. Essentially, all the frameworks dis-
cussed in subsection 1.2.1 have a numerical counterpart. This book will be
focused on analytical properties of DAEs, and hence the reader is referred
to the above-mentioned titles for detailed discussions of computational is-
sues. Without any attempt to be exhaustive, other important references are
[8, 38, 44, 47, 51, 52, 96, 129–133, 140, 141, 182, 216, 217, 267, 270].
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Regarding the problem of computing consistent initial values, see
[30, 33, 86, 97, 124, 126, 156, 162, 215] and the bibliography therein.
Numerical techniques for the analysis of singular DAEs are discussed in
[9, 199, 207, 218, 223, 228, 275, 304], among other references.

1.3 State vs. semistate modeling

The dichotomy between DAEs and explicit ODEs is also relevant from the
point of view of system modeling. In fact, much attention has been di-
rected to DAEs because of its chance to model easily systems in which
certain constraints are imposed among the variables appearing within a
given set of differential equations. This is very clear for instance in circuit
theory, where time-domain models of electrical networks combine differ-
ential equations arising from capacitors and inductors with algebraic ones
coming from Kirchhoff laws and the characteristics of devices (cf. Sections
5.2 and 6.1).

These constraints mean that there exist some redundancy among the
model variables. For this reason differential-algebraic models are sometimes
called semistate models [82, 210]; the idea is that, in contrast to state space
models based on explicit ODEs of the form (1.1), where an initial value can
be freely assigned to every component of the state variable u, in a DAE
such as (1.2) an initial value can be specified only for some components
of the vector x for a solution to be well-defined. The dynamic degree of
freedom of a given DAE, which is a local quantity, will be called the (local)
state dimension of the problem. More details in this regard can be found
in the reduction framework of Chapter 3.

From the modeling perspective, the elimination of redundant variables
can be seen as a model reduction process. This includes, in particular, the
derivation of a state space description of a given system by means of the
reduction of an initial DAE model; in this direction, the state formulation
problem for electrical circuits will be tackled in Chapter 6 as a reduction
of certain semistate models. On the other hand, in many practical cases
only some of the variables are eliminated from a given semistate equation,
yielding another DAE which may be easier to analyze while still capturing
the essential features of the system. Again, the electrical circuits discussed
in Chapters 5 and 6 will provide several examples of this, since for instance
augmented nodal analysis or multiport models can be seen as intermediate
formulations between a tableau or a branch-oriented model, in which no
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variable has been eliminated and therefore redundancy is maximal, and a
state space model, displaying no redundancy among variables.

It is important to notice that a reduction process leading to a state space
model of a given system is not always feasible in practice. When this is the
case, the thoroughly discussed mathematical tools for the analysis of dy-
namical systems formulated in terms of explicit ODEs become unavailable.
These tools include, in particular, qualitative theory and numerical inte-
gration methods. In these cases the DAE-oriented techniques referred to in
subsections 1.2.2 and 1.2.3 above, which apply without recourse to a state
space reduction, become very relevant in system analysis and simulation.

Finally, a particularly important role in system modeling is played by
so-called semiexplicit DAEs (cf. subsection 1.4.3 below), having the form

y′ = h(y, z, t) (1.5a)

0 = g(y, z, t). (1.5b)

These systems arise in applications when algebraic (that is, non-differential)
constraints are explicitly added to a set of differential relations, but also as
the reduced equation of the singular perturbation problem

y′ = h(y, z, t) (1.6a)

εz′ = g(y, z, t) (1.6b)

where, typically, 0 < ε � 1. Conversely, the way from (1.5) to (1.6) is
usually called a regularization of the DAE [10, 30, 142, 143, 214]. Semiex-
plicit DAEs also arise as the enlarged system

x′ = p (1.7a)

0 = F (t, x, p) (1.7b)

of the fully implicit problem (1.2).

1.4 Formulations

When using DAEs to describe physical systems, several options arise in the
formulation of the model. In particular, there are different ways to capture
the variables which are required to be differentiated. If the derivatives of
all the components of the semistate vector x are involved in the model,
as it happens in explicit ODEs, we are faced with a standard form DAE.
Nevertheless, this presents certain disadvantages which are discussed, in
terms of input-output system descriptions, in subsection 1.4.1 below. This
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will motivate the introduction of so-called properly stated DAEs, presented
in subsection 1.4.2. Finally, in subsection 1.4.3 we discuss some structural
forms for DAEs which are often displayed in applications.

1.4.1 Input-output descriptions

Explicit ODEs

Let us consider from a functional point of view the linear constant coefficient
ODE

x′ + Ex = q(t), (1.8)

where E is an m×m real matrix, together with an initial condition

x(t0) = x0 ∈ R
m. (1.9)

The initial value problem (IVP) defined by (1.8) and (1.9) is known to yield
a smoothing operator

Ck(J ,Rm) −→ Ck+1(J ,Rm)

q(t) −→ x(t),

where x(t) is the unique solution of the ODE (1.8) which satisfies (1.9),
in the understanding that t0 ∈ J . This means that the initial value
problem induces a mapping between the functional spaces Ck(J ,Rm) and
Ck+1(J ,Rm), for any k ≥ 0; this point of view is important for instance in
system theory or in electrical engineering, where q(t) and x(t) are viewed
as input and output signals of a system defined by the matrix E and with
initial state x0.

Moreover, the ODE (1.8) alone defines a bijection

Ck(J ,Rm) × R
m −→ Ck+1(J ,Rm)

(q(t), x0) −→ x(t),

with an inverse given by x(t) → (x′(t) + Ex(t), x(t0)). The bijective
nature of this mapping somehow indicates that Ck-spaces are the right
ones to accommodate excitations and solutions of the problem. Note that
the same remarks apply if we replace the constant matrix E in (1.8) by a
time-varying one E(t) ∈ Ck(J ,Rm×m).
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Linear time-invariant DAEs

In the differential-algebraic context one is often interested in obtaining sim-
ilar functional descriptions of the solution behavior and, specially, in pro-
viding functional spaces where excitations and solutions are mapped into
one another bijectively. As discussed below, and unlike the ODE case, nei-
ther the DAE formulations handled so far nor the use of Ck spaces are
appropriate in this regard.

Indeed, consider the linear time-invariant DAE (1.3), and assume that
the matrix pencil {A,E} is regular with Kronecker index one (cf. Section
2.1). It will shown that in this situation there exist nonsingular matrices
G, H such that the solutions of (1.3) can be obtained from those of

u′ +Wu = q̃1(t) (1.10a)

v = q̃2(t), (1.10b)
for a certain matrix W , by means of the transformation x = Hw. Here the
variable w stands for (u, v), whereas the excitation q̃(t) = (q̃1(t), q̃2(t)) in
(1.10) is defined by q̃(t) = Gq(t).

Let us assume that q(t) (and thereby q̃(t)) is continuous. System (1.10)
certainly has a solution w(t) = (u(t), v(t)), defined by a C1-solution u(t) of
(1.10a) and a C0-mapping v(t) given by (1.10b). But if the excitation q(t)
(or, more precisely, q̃2(t)) is not differentiable, then neither are v(t), w(t),
nor x(t) = Hw(t); in this situation it does not make sense to differentiate
x in (1.3). This raises the problem of the sense in which x(t) = Hw(t) can
be considered a solution of (1.3) in cases in which q(t) is just a continuous
map. We are additionally faced with the characterization of the functional
spaces of (i) solutions onto which continuous excitations are mapped, and
(ii) excitations yielding C1-solutions.

We might agree to restrict the attention to C1-excitations q(t). This
is however unsatisfactory, not only because continuous excitations seem to
be acceptable in the light of (1.10), but also when looking for the space of
solutions x(t) onto which C1-excitations are mapped.

This introductory digression shows that, for index one DAEs, there is no
hope for a bijective transformation Ck → Ck+1 or Ck → Ck of excitations
onto solutions; the cases considered above correspond to k = 0, 1, but
the same is true for k ≥ 2. Note that for the sake of simplicity we are
deliberately vague concerning initial values.

A solution can be devised by rewriting Ax′ = (Ax)′ and then consider-
ing, instead of (1.3), the reformulation

(Ax)′ + Ex = q(t), (1.11)
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which comprises all C1-solutions of (1.3) but allows for the search of addi-
tional ones in the larger space

C1
A(J ,Rm) = {x ∈ C0(J ,Rm) / Ax ∈ C1(J ,Rm)}.

Continuous excitations q(t) can now be shown to yield a solution in the
space C1

A, whereas Ck excitations lead to solutions within

Ck+1
A (J ,Rm) = {x ∈ Ck(J ,Rm) / Ax ∈ Ck+1(J ,Rm)}.

This type of reformulations will also lead to a characterization of the exci-
tations which are bijectively mapped onto Ck-solutions.

The discussion above is restricted to linear time-invariant DAEs with
nilpotency index one. Using the Kronecker canonical form (see Section
2.1), these remarks can be extended to linear time-invariant problems with
higher index, under stronger smoothness requirements on q(t). However, in
the linear time-varying framework defined by (1.4), and also in nonlinear
contexts, this kind of results are more involved. These issues can be tackled
in time-varying and/or nonlinear settings by means of a recently proposed
formulation for the leading term of DAEs, detailed below. The reader is
referred to subsections 2.1.3.2 and 2.2.1 for additional details concerning
input-output functional descriptions.

1.4.2 Leading terms

As indicated above, rewriting the leading term of (1.3) as (Ax)′ yields
several advantages from the analytical point of view. The same can be
achieved by recasting the leading term as A(Px)′, where P is a projector
along kerA, based on the identity A = AP (note that A(I − P ) = 0).

The key remark at this point is that these ideas can be extended to the
linear time-varying context. Indeed, several benefits will follow from the
consideration of DAEs of the form

A(t)(D(t)x)′ +B(t)x = q(t), (1.12)

instead of (1.4); see the seminal work [16] and [157, 188, 189, 191, 192]
together with the references therein. The leading term of (1.12) will be
said to be properly stated when the matrix mappings A(t) and D(t) are
well-matched in a certain sense (cf. Definition 2.2 on p. 38). The above-
mentioned input-output functional descriptions are better tackled in the
framework defined by (1.12), which allows for a precise formulation of
smoothness requirements on the excitation q(t) and the matrix mappings
A(t), D(t) and B(t). Additionally, the leading term of (1.12) arises in
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this form in different circuit and control applications and, in particular,
displays nice symmetry properties when considering adjoint formulations
[15, 16, 187]. Several advantages are also met from the numerical point of
view [130–132, 157, 293].

Certainly, a lot of DAE literature is directed to the form (1.4). We will
refer to these problems as standard form linear DAEs. Under mild require-
ments on the leading matrix A(t), a standard form DAE can be rewritten
in the properly stated form (1.12), and therefore the results coming from
the properly stated framework can be applied to standard form problems;
see, in this regard, Sections 2.3 and 4.3.

Properly stated formulations can be also used in nonlinear settings;
some instances can be actually found in subsection 5.3.1. This involves,
however, some additional complexities, and most readers will be unfamiliar
with this type of formulation in the nonlinear context. Due to the intrinsic
difficulties of nonlinear problems, in their analysis we will try to keep at a
minimum certain technicalities. Therefore, the attention in Chapter 3 will
be restricted to standard form DAEs, and precise smoothness requirements
will be disregarded; that is, all objects will simply be assumed to be smooth
enough, and the C∞ setting will be often invoked for that. In any case, we
believe that the results of Chapter 2 should be enough to give a reader a
solid understanding of the benefits of properly stated formulations, and we
refer him/her to the forthcoming title [157] for an extensive discussion of
nonlinear, properly stated DAEs.

1.4.3 Semiexplicit, semilinear and quasilinear DAEs

Many DAEs in applications display some kind of structure. In most practi-
cal cases the equation is linear in the derivative x′; depending on the specific
form of the matrix map in front of this derivative, these quasilinear or lin-
early implicit systems have received several names in the literature. The
semilinear and quasilinear problems here presented can be thought of as
being located between linear DAEs and the “nonlinear” system (1.2). Note
that these families are not mutually exclusive; quite on the contrary, linear
DAEs are a particular case of semilinear problems (mind, in this regard,
that semiexplicit problems may well be linear), which in turn are instances
of quasilinear DAEs with a leading matrix independent of x. Similarly, the
form (1.2) comprises quasilinear problems. Actually, referring to (1.2) as a
‘nonlinear DAE’ is a terminological abuse since it may stand in particular
for linear cases. System (1.2) is often called a fully implicit DAE.
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1.4.3.1 Semiexplicit and semilinear DAEs

In an autonomous setting, semiexplicit DAEs are defined by a system of
the form

y′ = h(y, z) (1.13a)

0 = g(y, z), (1.13b)

where for the moment we disregard smoothness requirements on the maps
h : W0 → R

r and g : W0 → R
p. Here W0 is an open set in R

r+p. The form
depicted in (1.13) makes it possible to distinguish the r-dimensional vector
y of dynamic variables from the p-dimensional one z of algebraic ones. The
nonautonomous counterpart of (1.13) is displayed in (1.5).

It is worth remarking at this point that the term ‘differential-algebraic
equation’ is sometimes used in the literature to mean the semiexplicit equa-
tion (1.13), and even to refer to (1.13) under the assumption that the matrix
of partial derivatives gz is everywhere nonsingular. The nonsingularity of
gz will be later defined as an index one requirement.

Autonomous semilinear DAEs are problems of the form

Ax′ = f(x), (1.14)

where A is an m × m real matrix and f : W0 → Rm is a sufficiently
smooth mapping, W0 being open in Rm. Semilinear equations comprise in
particular the semiexplicit DAE (1.13), since the latter can be written as(

Ir 0
0 0

)(
y′

z′

)
=
(
h(y, z)
g(y, z)

)
which is a system of the form (1.14) with x = (y, z), f = (h, g). Conversely,
semilinear DAEs may written in semiexplicit form: denoting rkA = r, there
exist nonsingular matrices G, H such that [90]

GAH =
(
Ir 0
0 0

)
.

Now, if we premultiply (1.14) by G and perform the coordinate change
x = Hx̃, the semilinear system reads(

Ir 0
0 0

)
x̃′ = Gf(Hx̃)

which, via the splitting x̃ = (y, z), is easily checked to be a semiexplicit
equation.
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The semiexplicit DAE (1.13) can be written in properly stated form as(
Ir
0

)[(
Ir 0

)( y
z

)]′
=
(
h(y, z)
g(y, z)

)
, (1.15)

where

A =
(
Ir
0

)
, D =

(
Ir 0

)
,

define a well-matched pair of matrices yielding a properly stated leading
term; cf. subsection 2.2.2 for additional details in this regard.

Finally, by allowing the above-introduced operators A and f depend
explicitly on the time t, we obtain the nonautonomous analog of (1.14),
namely,

A(t)x′ = f(x, t).

1.4.3.2 Hessenberg DAEs

In several applications, the mappings h and g within the semiexplicit DAE
(1.5) depend only on certain variables. This is often the case in mechan-
ics or, as will be detailed in Chapter 6, in electrical circuit theory. In
this direction, we present below so-called Hessenberg DAEs directly in the
nonautonomous context.

When the constraints g do not depend on the algebraic variable z, we
are led to a Hessenberg DAE of size two. These systems can be written as

y′ = h(y, z, t) (1.16a)

0 = g(y, t). (1.16b)

For simplicity, we assume that h : Rr+p+1 → Rr and g : Rr+1 → Rp,
although the domains of these mapping may be assumed to be open sets
W0 ⊆ R

r+p+1 and Ŵ0 ⊆ R
r+1. Labeling (1.16) as a ‘size two’ Hessenberg

DAE without additional requirements comprises a terminological abuse,
since this term is usually reserved to systems of the form (1.16) in which
the product gyhz is nonsingular [30, 70]. Later on we will elaborate further
on the nonsingularity of gyhz, which will define an index two condition for
(1.16); note that this requires, in particular, that r ≥ p.

If, additionally, in the Hessenberg DAE (1.16) the mapping g does only
depend on t and some of the dynamic variables y (to be denoted by y2 ∈ Rr2 ,
with r2 < r), and the corresponding components of h do not depend on z,
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we are led to a Hessenberg DAE of size three, which may be written as

y′1 = h1(y1, y2, z, t) (1.17a)

y′2 = h2(y1, y2, t) (1.17b)

0 = g(y2, t). (1.17c)

Analogously, a Hessenberg DAE of size k has the structure

y′1 = h1(y1, y2, . . . , yk−1, z, t) (1.18a)

y′i = hi(yi−1, . . . , yk−1, t), 2 ≤ i ≤ k − 1 (1.18b)

0 = g(yk−1, t), (1.18c)

where yi ∈ R
ri for i = 1, . . . , k − 1, z ∈ R

p. This DAE will be index k if
the product

∂g

∂yk−1

∂hk−1

∂yk−2
· · · ∂h2

∂y1

∂h1

∂z
(1.19)

is nonsingular. This implies that ri ≥ p for i = 1, . . . , k − 1. The above-
mentioned terminological abuse applies also here, since the nonsingularity
of (1.19) is usually required in order to call (1.18) a ‘size k’ Hessenberg
DAE; this holds in particular for the case k = 3 displayed in (1.17).

The term Hessenberg DAE stands for a DAE which has a Hessenberg
structure of size k for some k ≥ 2. Sometimes the semiexplicit DAE (1.13)
itself is also considered as a Hessenberg DAE [10].

1.4.3.3 Quasilinear DAEs

Finally, quasilinear autonomous DAEs are systems of the form

A(x)x′ = f(x), (1.20)

where A(x) and f(x) are sufficiently smooth mappings W0 → Rm×m and
W0 → R

m, respectively; the set W0 is open in R
m. The pair (A, f) is

sometimes called a generalized vector field on W0 [67, 68, 202, 203].
Most cases of interest in applications will be defined by an every-

where singular matrix mapping A(x). However, in the reduction frame-
work of Chapter 3 an important role will be played by problems of the
form (1.20) in which A(x) is singular only on a codimension-one subman-
ifold of W0. These cases have received considerable attention in the liter-
ature [165, 166, 202, 203, 236, 240, 254, 276, 277, 309]; we will reserve
the term quasilinear ODE to refer to problems of the form (1.20) in which
A(x) is nonsingular on a dense subset of W0.
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The nonautonomous counterpart of a quasilinear DAE is defined by the
assumption that A and/or f depend on t, yielding an equation of the form

A(x, t)x′ = f(x, t).
These systems arise for instance when setting up electrical circuit models
using Modified Nodal Analysis (MNA); cf. Chapter 5.

1.5 Contents and structure of the book

With the background presented in previous Sections, we are now in a po-
sition to define the goals of the present book, and also to provide a more
detailed description of its contents and structure. Broadly speaking, the
main goal is to present several frameworks for the analysis of differential-
algebraic systems and, subsidiarily, of semistate circuit models. Thus, the
two parts of the book are respectively devoted to the discussion of analyti-
cal aspects of DAEs in general, and to different issues arising in the use of
DAEs in electrical circuit modeling.

In Part I, we discuss in detail several analysis methods for DAEs. The
main focus is on projector-based techniques and reduction methods. Both
approaches certainly apply to linear time-varying and nonlinear DAEs; nev-
ertheless, a detailed discussion of both frameworks in these two settings
would be excessively long. For this reason, projector methods will be dis-
cussed in the context of linear time-varying systems, whereas reduction
techniques will be addressed for nonlinear DAEs; special emphasis will be
put on quasilinear problems. However, reduction techniques for linear prob-
lems are briefly presented in Section 2.4, whereas some remarks on the use
of projector methods for the analysis of quasilinear DAEs arising in circuit
modeling can be found in Section 5.3. More details can be found in [228]
and [157], respectively.

Therefore, Chapters 2 and 3 address linear and nonlinear DAEs via
projector-based and reduction techniques, respectively. Undoubtedly, the
reader will find a certain gap between both approaches, and also with re-
spect to the differentiation index framework (cf. Section 3.7) but, from the
author’s point of view, the different perspectives should provide a richer
knowledge of the fundamentals of DAE analysis. In spite of the salient dif-
ferences between the projector and reduction frameworks, the main ideas
somehow go in parallel. In both cases we examine in detail the assump-
tions supporting the (tractability and geometric) index notions in which the
methods are supported, arriving at two results (Theorems 2.3 and 3.2 on
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pages 51 and 107, respectively) which characterize the solutions of DAEs in
regular contexts. The failing of these assumptions will lead to the analysis
of singularities carried out in Chapter 4.

Part II tackles different analytical issues in electrical circuit theory using
semistate (differential-algebraic) models. The use of time-domain formu-
lations make the results applicable both to linear and nonlinear problems.
Two model families are considered; those based on nodal analysis are con-
sidered in Chapter 5, whereas branch-oriented models define the scope of
Chapter 6. In both cases, the focus is placed on index analyses.

As detailed in Chapter 5, nodal models have attracted quite a lot of at-
tention in the DAE literature, specially regarding Modified Nodal Analysis
(MNA) systems, widely used in circuit simulation programs. The tractabil-
ity index and projector methods have succeeded in providing an accurate
characterization of the index of these models in passive contexts; we will
discuss these results and present as well several index characterizations for
non-passive problems by means of tree-based techniques.

The branch-oriented models in Chapter 6 have been comparatively over-
looked from the DAE point of view. We attempt to illustrate that the
differential-algebraic formalism is certainly of interest also in the analy-
sis of these circuit models. In particular, the geometric index framework
makes it possible to recast the state formulation problem and the normal
tree method as a reduction of a branch-oriented circuit model. Several ad-
vantages, regarding for instance qualitative properties of lumped circuits,
will be derived from this approach.

We aim to discuss all these results in a self-contained manner, by means
of the inclusion of background material on different topics. From a math-
ematical point of view, we compile some basic results coming from linear
algebra (involving matrix pencils, projectors or Schur complements, as well
as specific results such as the Cauchy-Binet formula), differential geome-
try and graph theory, which virtually reduce the technical prerequisites for
reading this book to basic courses on differential calculus, linear algebra
and ordinary differential equations.

Regarding circuit theory, Section 5.1 presents a detailed introduction
to the fundamentals of electrical circuit analysis. Subsection 5.1.1 may
be useful for readers interested in getting an introduction to elementary
aspects of graph theory, regardless of specific applications. The material in
Section 5.1, together with that of Sections 5.2 and 6.1, should allow readers
without a background in circuit analysis to profit from the results discussed
in Chapters 5 and 6.
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How to read this monograph

Some readers will be mainly interested on certain parts of this book. There
are several ways to go through the material here presented; some of them
are proposed below.

Readers who aim to get an introductory vision on DAEs, or maybe
trying to get a glimpse at the topic before going into details, should probably
read this Chapter and then Sections 2.1.1, 2.1.2, 3.1, 3.2 and 4.1, before
proceeding further.

Mathematically-oriented readers without a substantial background on
DAEs may find of interest, from an analytical point of view, Sections 2.2
and 2.3 for linear time-varying DAEs, Sections 3.4 and 3.5 for quasilinear
problems, and Chapter 4 for the study of singularities in both contexts.

Expert readers interested on specific approaches will find projector
methods and the tractability index in Chapter 2, focused on linear systems.
Sections 4.2 and 4.3 adapt the projector-based framework to singular lin-
ear time-varying problems, whereas some ideas concerning the tractability
index of quasilinear DAEs arising in circuit theory can be found in Section
5.3. Reduction methods and the geometric index are discussed for linear
problems in Section 2.4 and for nonlinear systems in Chapter 3; singularities
of quasilinear DAEs are then addressed in Section 4.4. The differentiation
index notion is presented in Section 3.7, after some introductory remarks
in Sections 3.1 and 3.2.

Finally, readers interested on applications of DAEs will find a thorough
discussion of differential-algebraic circuit models in Chapters 5 and 6, many
parts of which can be read independently of the rest of the book.
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Analytical aspects of DAEs
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Chapter 2

Linear DAEs and
projector-based methods

In this Chapter we undertake the study of linear differential-algebraic equa-
tions, in both the time-invariant and time-varying contexts. In a time-
invariant setting, linear DAEs read

Ax′ + Ex = q(t), (2.1)

where A, E ∈ Rm×m and q(t) ∈ C(J ,Rm), J ⊆ R being an open inter-
val. Smoothness requirements on q will be discussed later. The problems
of interest will be those in which A is a singular matrix, since otherwise
the system trivially amounts to an explicit linear constant-coefficient ODE;
these particular cases are accommodated in the differential-algebraic frame-
work as index zero problems. The linear time-invariant DAE (2.1) will be
tackled in terms of the matrix pencil {A,E} [90, 91, 144, 301], as detailed
in Section 2.1. Under an assumption of regularity on the pencil, a key role
will be played by its nilpotency index.

The time-varying analog of (2.1) can be written as

A(t)x′(t) + E(t)x(t) = q(t), t ∈ J , (2.2)

with A(t), E(t) ∈ C(J ,Rm×m), q(t) ∈ C(J ,Rm). This will be called the
standard form for a linear time-varying DAE.

We will also consider linear DAEs of the more general form

A(t)(D(t)x(t))′ +B(t)x(t) = q(t), t ∈ J , (2.3)

where A(t) ∈ C(J ,Rm×n), D(t) ∈ C(J ,Rn×m), B(t) ∈ C(J ,Rm×m)
and q(t) ∈ C(J ,Rm). Under certain conditions specified later, this DAE
will be said to be properly stated. Note that, under mild assumptions, the
standard form DAE (2.2) can be rewritten in the form (2.3). Both forms
will be extensively discussed in Sections 2.2 and 2.3, where in particular we
detail smoothness requirements on A, E, D, B and q.

25
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Different approaches have been proposed in the last decades for the anal-
ysis of linear time-varying DAEs. They can be roughly classified into four
groups which are structured around different index concepts, namely the
differentiation, tractability, geometric, and strangeness indices. A glimpse
at these notions can be found in Chapter 1 (pp. 6-8). The frameworks
based on the differentiation and the strangeness indices are addressed in
detail in [30] and [151], respectively. The reader is referred to these books
but also to [41, 42, 54] and [147, 148] for extensive discussions of these
approaches; in particular, so-called standard canonical forms can be found
in [30, 41, 42]. The differentiation index will be briefly analyzed for fully
implicit problems in Section 3.7.

In this Chapter we will focus our attention mainly on projector-based
methods developed around the tractability index and, in less detail, on
reduction methods supported upon the geometric index. Since the main
interest will be directed to projector techniques, we detail here the structure
of Sections 2.1.3, 2.2 and 2.3, in which we present this framework. In
order to provide the reader with a friendly introduction to the tractability
index approach, we discuss projector methods first in the time-invariant
context of the DAE (2.1) in subsection 2.1.3, where index one problems
are given special attention; pages 30-34 may be useful as a first reading
on projector methods. The transition to time-varying problems proceeds
via index one DAEs of the form (2.2) in 2.2.1. Properly stated linear
time-varying DAEs (2.3) with arbitrary index will be then analyzed in
subsections 2.2.2 to 2.2.5. The results presented there will be illustrated
by means of an example discussed in detail in 2.2.6. In subsection 2.2.7
we introduce a local restatement of this approach aimed at the analysis of
singular problems performed in Chapter 4. This framework is particularized
to standard form DAEs (2.2) in Section 2.3.

Finally, Section 2.4 briefly presents reduction methods for linear prob-
lems; further details can be found in [224–226, 228]. These techniques will
be extensively discussed for nonlinear DAEs in Chapter 3.

2.1 Linear time-invariant DAEs

Consider the linear time-invariant homogeneous DAE
Ax′ + Ex = 0, (2.4)

with A, E ∈ Rm×m, A possibly singular. As in the classical theory of
ODEs, the search for solutions of (2.4) having the form eλtx0 naturally
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leads to the generalized eigenvalue problem defined by

det(λA+ E) = 0,

and therefore drives the analysis of homogeneous linear time-invariant
DAEs to a matrix pencil setting.

2.1.1 Matrix pencils and the Kronecker canonical form

Given a pair of matrices A, E in Rm×m, the matrix pencil {A,E} is defined
as the one-parameter family {λA+ E : λ ∈ C}. We will sometimes denote
the pencil simply by the expression λA+E. If there exists some λ ∈ C such
that λA + E is a nonsingular matrix, i.e. if det(λA + E) does not vanish
identically, the matrix pencil is called regular; otherwise it is said to be a
singular pencil [91].

Two matrix pencils {A,E} and {Ã, Ẽ} will be said to be equivalent if
there exist nonsingular matrices G, H ∈ R

m×m such that Ã = GAH and
Ẽ = GEH . Note that this use of the term ‘equivalent’ stands for ‘strictly
equivalent’ in [91]. A regular pencil {A,E} is equivalent to a pencil {Ã, Ẽ}
in which Ã and Ẽ have the form (cf. Theorem XII.3 in [91])

Ã = GAH =
(
Is 0
0 N

)
, Ẽ = GEH =

(
W 0
0 Im−s

)
, (2.5)

where W ∈ Rs×s for some nonnegative s ≤ m, and N ∈ R(m−s)×(m−s)

is a nilpotent matrix with index ν ≤ m − s, that is, Nν = 0, Nν−1 �= 0.
Without loss of generality N and W can be assumed to be in Jordan form.
Note that it may be s = 0, meaning that Ã = N , Ẽ = Im, and also s = m,
which yields Ã = Is = Im, Ẽ = W .

This defines the Weierstrass-Kronecker canonical form of the pencil [91];
this result is due to Weierstrass [301], and was extended later by Kronecker
to singular matrix pencils [144]. In the DAE literature this normal form
is often referred to simply as the Kronecker canonical form and will be
henceforth abbreviated as ‘KCF’.

The nilpotency index ν is called the Kronecker index of the matrix pen-
cil, although again the term ‘Weierstrass-Kronecker index’ would possibly
be more accurate. It is also called the nilpotency index of the pencil itself.
The matrix pencil is said to have index zero if s = m, which amounts to
require that A is a nonsingular matrix. The index one case is defined by
a null matrix N of dimension m − s > 0. In particular, if A vanishes the
DAE (2.4) amounts to Ex = 0; if E is nonsingular, then N is a null matrix
of dimension m and the pencil has index one.
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The spectrum of a regular matrix pencil is

σ({A,E}) = {λ ∈ C : det(λA+ E) = 0}. (2.6)

Regardless of the index, a regular pencil {A,E} satisfies

σ({A,E}) = σ(−W ), (2.7)

since

det(λA + E) = (detG detH)−1det(λGAH +GEH)

= (detG detH)−1det(λIs +W ) (2.8)

because of the fact that det(λN+Im−s) = 1. The identity depicted in (2.8)
implies that det(λA+ E) = 0 ⇔ det(λIs +W ) = 0, as stated in (2.7).

This means that the spectrum of the matrix pencil has exactly s eigen-
values (counted with multiplicity) or, equivalently, that det(λA + E) is a
polynomial in λ with degree s. The value s is sometimes called the core-
rank of the pencil [30, 39], and, for the reasons stated in subsection 2.1.2,
can be also called the dynamical degree of freedom (cf. [179]) or the state
dimension of the DAE. A regular matrix pencil with index ν ≥ 1 is said
to have an infinite eigenvalue of multiplicity m − s, with m and s defined
above. The identity (2.7) will also play a role in the stability analysis of
equilibria in DAEs; cf. Section 3.5.

2.1.2 Solving linear time-invariant DAEs via the KCF

Supposed that the matrix pencil {A,E} is regular, not only the homoge-
neous DAE (2.4) but also the inhomogeneous linear problem (2.1) can be
tackled via the Weierstrass-Kronecker canonical form. The regularity of the
pencil is actually equivalent to the solvability of the linear time-invariant
DAE, in the sense specified in [30]; see also [91, 107, 151]. If the index of
the regular pencil is ν, then both DAEs (2.1) and (2.4) are said to be index
ν as well.

Indeed, premultiplying (2.1) byG and using the linear coordinate change
x = Hw we transform the DAE into(

Is 0
0 N

)
w′ +

(
W 0
0 Im−s

)
w =

(
q̃1(t)
q̃2(t)

)
(2.9)

with q̃(t) = Gq(t). Splitting w = (u, v) with u ∈ Rs, v ∈ Rm−s, equation
(2.9) reads

u′ +Wu = q̃1(t) (2.10a)

Nv′ + v = q̃2(t). (2.10b)
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Equation (2.10a) is an explicit linear constant coefficient ODE for u ∈ Rs,
not involving the v component. An initial value problem is well-defined
by any u0 ∈ Rs and therefore this equation has s dynamical degrees of
freedom.

In turn, (2.10b) is decoupled from (2.10a) since it does not involve the u
component. Following [30] (see also [91]), equation (2.10b) can be rewritten
as

(ND + I)v = q̃2(t)

with D ≡ d/dt, and then

v = (ND + I)−1q̃2(t) =
ν−1∑
j=0

(−1)j(ND)j q̃2(t),

since N j = 0 for j ≥ ν. This means that v ∈ Rm−s has no degree of
freedom since it is completely determined from q̃2(t) via the relation

v = q̃2(t) −Nq̃2
′(t) + . . .+ (−1)ν−1Nν−1q̃2

(ν−1)(t). (2.11)

Note that in this framework q̃(t) (or equivalently q(t)) must be in
Cν−1(J ,Rm), and that in higher (ν ≥ 2) index DAEs solutions will de-
pend explicitly on the derivatives of the excitation q(t).

In the homogeneous case (2.4), obtained by setting q(t) = 0 in (2.1),
the explicit ODE (2.10a) reads

u′ +Wu = 0,

whereas making q̃(t) = Gq(t) = 0 in (2.11) we get

v = 0.

In this case, solutions are only defined on the s-dimensional linear space
defined by the algebraic restriction v = 0, that is, ws+1 = . . . = wm = 0.
The variables u (i.e. w1, . . . , ws) can be understood to yield a parametriza-
tion of this linear subspace, the dynamical behavior on it being described
by the explicit equation u′ = −Wu.

2.1.3 A glance at projector-based techniques

The Kronecker canonical form and the decoupling (2.10a)-(2.11) based on it
provides much insight into the linear time-invariant DAEs (2.1) and (2.4).
Nevertheless it also displays some limitations, the need to compute the
canonical form being an obvious one. Additionally, the solution description
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is given in terms of the “transformed” variables w = H−1x. In particular,
the smoothness of the different solution components would be stated in
terms of w, somehow obstructing a precise functional description of the
system behavior. Similarly, the smoothness demands on q(t) must be stated
in terms of the transformed excitation q̃(t) = Gq(t); if we rewrite (2.11) as

v = q̃2(t) − (Nq̃2)′(t) + . . .+ (−1)ν−1(Nν−1q̃2)(ν−1)(t),

it is clear that the Cν−1-smoothness demand on q̃(t) can be relaxed by
directing the requirements to the appropriate components of q̃(t).

Proper formulations and projector methods attempt to overcome these
drawbacks, allowing additionally for an extension of the results to the time-
varying context. These techniques provide an index characterization in
terms of the original problem description. They yield a precise functional
description of the solution behavior under mild smoothness requirements di-
rected to the appropriate components of q. This approach will be discussed
in detail in Section 2.2; we present below an introduction for linear time-
invariant problems. This way the reader can get a glimpse at projector-
based methods without the technicalities arising in the linear time-varying
context. Special emphasis is put on index one systems.

2.1.3.1 Index one characterization via projectors

Definition 2.1. A square matrixQ ∈ R
m×m is called a projector ifQ2 = Q.

From the relation Q2 = Q it is easy to check that kerQ ∩ imQ = {0}
and therefore Rm = kerQ ⊕ imQ. Note that all vectors within imQ are
invariant, that is, Qv = v if (and, actually, only if) v ∈ imQ. The projector
Q is said to project along kerQ onto imQ. If I denotes the identity in
Rm×m, then P = I −Q is a projector along imQ onto kerQ, and therefore
PQ = QP = 0. When the spaces kerQ and imQ are orthogonal to each
other, Q is said to be an orthogonal projector.

Assume now that A is a singular matrix, and let Q be any projector onto
kerA. Maybe the key seminal result in the tractability index framework is
the characterization of an index one pencil depicted below.

Proposition 2.1. Let A ∈ Rm×m be a singular matrix, and Q a projector
onto kerA. Then the matrix pencil {A,E} is regular with Kronecker index
one if and only the matrix A1 = A+ EQ is nonsingular.

The proof of this result can be found in Theorem A.13 of [107] and, in
a more general context, in Theorem 3 of [108].
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2.1.3.2 Decoupling of linear time-invariant index one DAEs

Besides the index characterization depicted above, the matrix A1 allows for
a decoupling of the DAE (2.1), if it is index one, in terms of the projections
Px and Qx of the semistate vector x. Recall that Q is a projector onto
kerA and P = I −Q. Indeed, premultiplying (2.1) by A−1

1 we get

A−1
1 Ax′ +A−1

1 Ex = A−1
1 q(t)

which, decomposing x = Px+Qx, yields

A−1
1 Ax′ +A−1

1 EPx+A−1
1 EQx = A−1

1 q(t). (2.12)

This equation can be simplified via the relations

(1) A−1
1 A = P ;

(2) A−1
1 EQ = Q.

The identity depicted in (1) follows from A1P = (A + EQ)P = AP = A,
where we have used QP = 0 and AP = A since AQ = 0. In turn, (2) is
due to A1Q = (A+ EQ)Q = EQ.

Using these relations, (2.12) reads

Px′ +A−1
1 EPx+Qx = A−1

1 q(t). (2.13)

Premultiplying this equation by P we get

Px′ + PA−1
1 EPx = PA−1

1 q(t), (2.14)

which, denoting u = Px, can be written as

u′ + PA−1
1 Eu = PA−1

1 q(t). (2.15)

This is called an inherent ODE for the linear time-invariant index one DAE
(2.1). It is very important at this stage to understand the nature of this
ODE. The variable u takes values on Rm and the equation itself is defined on
the whole of Rm. Now, the linear space imP is invariant for this equation;
indeed, an initial condition u0 ∈ imP verifies Qu0 = 0, and multiplying
(2.15) by Q we get that the projection onto imQ of the solution u(t) verifies
Qu′(t) = 0, meaning that Qu(t) = 0 (i.e. u(t) ∈ imP ) for all t. Solutions
of the DAE will be described (cf. (2.18) below) in terms of a solution u of
(2.15) lying on the invariant space imP .

On the other hand, premultiplying (2.13) by Q we obtain

QA−1
1 EPx+Qx = QA−1

1 q(t).

Denoting v = Qx, we can rewrite this as

v = −QA−1
1 Eu+QA−1

1 q(t). (2.16)
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Equations (2.15) and (2.16) yield a decoupling of the DAE (2.1) in terms
of the projections u = Px, v = Qx. More precisely, using A = AP let us
reformulate (2.1) as

A(Px)′ + Ex = q(t). (2.17)

This makes it possible to seek for solutions within the space

C1
P (J ,Rm) = {x ∈ C(J ,Rm) / Px ∈ C1(J ,Rm)} ⊃ C1(J ,Rm).

Provided that q(t) is continuous, and replacing Px′ by (Px)′ in (2.13) and
(2.14), the reasoning above shows that a given mapping x(t) ∈ C1

P (J ,Rm)
is a solution of (2.17) if and only if it can be written as

x(t) = u(t) + v(t), (2.18)

with u(t) ∈ C1(J ,Rm) a solution of (2.15) in the invariant space imP and
v(t) ∈ C(J ,Rm) given by (2.16).

The advantages of this approach over the KCF-based method discussed
in 2.1.2 are worth a digression. First, via the reformulation (2.17), the pro-
jector framework provides a bijective input-output functional description
of the solutions. Indeed, every continuous excitation q(t) together with an
initial condition x0 satisfying Ex0 − q(t0) ∈ imA, yields a unique solution
x(t) ∈ C1

P of the DAE, and an inverse mapping is naturally defined by
x(t) → (A(Px)′ + Ex, x(t0)); additionally, the excitations q(t) which lead
to C1 solutions are {q(t) ∈ C(J ,Rm) / QA−1

1 q ∈ C1(J ,Rm)}. The key
aspect here is that these ideas can be extended to the linear time-varying
setting, as indicated in subsection 2.2.1.

Additionally, within the projector approach we avoid the need to com-
pute the Kronecker canonical form; in an index one context, the KCF com-
putation is replaced by the introduction of a projector Q onto kerA and the
index is characterized by the elementary matrix operations arising in Propo-
sition 2.1 (cf. (2.21) and Theorem 2.1 below for higher index cases). Note
also that there is no change of coordinates involved in the projector-based
solution description, in contrast to the framework based on the Kronecker
canonical form. Finally, the projector approach will admit an extension to
linear time-varying DAEs with arbitrary index, as detailed in Section 2.2.

2.1.3.3 Geometrical remarks

From a geometrical point of view, the index one notion for the DAE (2.4)
can be expressed in terms of the transversality of certain characteristic
spaces of the problem, as stated below (cf. Theorem A.13 in [107]).
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Proposition 2.2. Let A ∈ Rm×m be a singular matrix. The matrix pencil
{A,E} is regular with index one if and only if the spaces N = kerA and

S = {x ∈ R
m / Ex ∈ imA}

verify N ∩ S = {0} or, equivalently, Rm = N ⊕ S.

Any solution of the homogeneous DAE (2.4) must lie on S. For regular
pencils with index one, the solutions actually fill this space, in contrast to
higher index cases for which the solution set would be a proper subspace
of S. In index one problems, the projector onto N = kerA can be chosen
canonically as the one which projects along the space S, which by Proposi-
tion 2.2 is transversal to N ; this canonical projector Qc can be computed as
QA−1

1 E from any projector Q onto N , cf. Lemma A.14 in [107] or Lemma
2.1 in [182].

With this choice, the decoupled system (2.15)-(2.16) for the inhomoge-
neous problem (2.1) with A1 = A+ EQc amounts to

u′ + PcA
−1
1 Eu = PcA

−1
1 q(t) (2.19a)

v = QcA
−1
1 q(t), (2.19b)

the space S = imPc being now invariant for (2.19a). The fact that u is
not present in (2.19b) makes the decoupling (2.19a)-(2.19b) a complete one
[192]; cf. Remark 2.8 on page 52.

In any case, it is worth emphasizing that this canonical choice gives a
geometrical insight into the solution behavior, but it is not necessary to
compute solutions via the decoupling (2.19). This idea can be illustrated
via the homogeneous problem (2.4), for which one has

u′ + PA−1
1 Eu = 0 (2.20a)

v = −QA−1
1 Eu (2.20b)

for an arbitrary choice of the projector Q onto N , and

u′ + PcA
−1
1 Eu = 0

v = 0

for the canonical choice Qc, with A1 = A + EQc in this case. Both imP

and S are transversal spaces to N , and the reader can think of (2.20b) (or,
more precisely, of the mapping u → u − QA−1

1 Eu) as a correction which
drives the solutions from imP onto the “true” solution space S.

For the inhomogeneous DAE (2.1), similar ideas apply when S is re-
placed pointwise by {x ∈ Rm / Ex− q(t) ∈ imA}.
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2.1.3.4 Higher index problems

Given a matrix pencil {A,E}, if the above-constructed matrix A1 = A+EQ
is singular then the pencil may well be a regular one with higher index.
This can be assessed via the following matrix chain construction, originally
introduced in [179]. Set A0 = A, E0 = E and, for i ≥ 0,

Ai+1 = Ai + EiQi, Ei+1 = EiPi, (2.21)

where Qi is a projector onto Ni = kerAi, and Pi = I − Qi. For the proof
of the following result we refer the reader to Theorem 3 in [108].

Theorem 2.1. A matrix pencil {A,E} is regular with Kronecker index ν
if and only if the matrices Ai constructed in (2.21) are singular for i < ν

and Aν is nonsingular.

Note that the chain becomes stationary if a nonsingular Aν is reached
since in this case Qi = 0, Pi = I for i ≥ ν.

If the pencil {A,E} is regular, then as detailed in [108, 179] it is possible
to choose the projectors Qi in a way such that

QiQj = 0 if j < i. (2.22)

This choice, which will be said to define an admissible projector sequence,
makes it possible to decouple a linear time-invariant DAE with arbitrary
index, generalizing the ideas that led to (2.15)-(2.16). We omit the details
since this can be derived as a particular case of the more general framework
discussed in Sections 2.2 and 2.3 below: see specifically equations (2.153)
and (2.154) on page 80.

2.1.3.5 Some auxiliary properties of the projectors Pi and Qi

We compile here some properties of the projectors Pi and Qi which hold
under the admissibility requirement (2.22) and will be useful later. The
reader may skip this technical subsection in a first reading. These relations
apply to time-invariant problems but will also hold (pointwise) in the time-
varying context of Section 2.2.

First, from the condition QiQj = 0 for i > j stated in (2.22) we have

PiQj = Qj, if i > j

since PiQj = (I −Qi)Qj = Qj . In turn, writing PiPj = Pi(I −Qj) we get

PiPj = Pi −Qj , if i > j.



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

2.2. Properly stated linear time-varying DAEs 35

Note also that, if j > k, QjPk = Qj(I −Qk) = Qj if j > k, and then

PiPjPk = Pi −Qj −Qk, if i > j > k. (2.23)

In the decoupling of index ν problems discussed in subsection 2.2.5 we will
often use these products, as well as those of the form QkPk+1Pk+2 · · ·Pν−1.
From the relations depicted above we can derive

Pk+1Pk+2 · · ·Pν−1Pi =

{
Pk+1Pk+2 · · ·Pν−1 −Qi if i ≤ k

Pk+1Pk+2 · · ·Pν−1 if k < i ≤ ν − 1.

Therefore, for nonnegative i, k ≤ ν − 1,

QkPk+1 · · ·Pν−1Pi = QkPk+1 · · ·Pν−1 if i �= k, (2.24)

whereas

QkPk+1 · · ·Pν−1Pk = Qk(Pk+1 · · ·Pν−1 − I), (2.25)

and then

QkPk+1 · · ·Pν−1P0 · · ·Pi =



QkPk+1 · · ·Pν−1 if i < k

Qk(Pk+1 · · ·Pν−1 − I) if i = k

Qk(Pk+1 · · ·Pν−1 − Pk+1 · · ·Pi) if i > k.

(2.26)

2.2 Properly stated linear time-varying DAEs

The extension of the framework discussed in subsection 2.1.3 for the linear
time-invariant DAE (2.1) to time-varying problems of the form (2.2) offered
substantial difficulties. With a big technical effort, März succeeded in ex-
tending the results to linear time-varying DAEs up to index three [180–182].
However, the complete characterization of solutions of linear time-varying
systems with arbitrary index remained open.

A framework accommodating the general case was devised in [16] by
driving the attention to the formulation (2.3). When the matrix maps A(t),
D(t) in this equation are well-matched in the sense specified in Definition
2.2 (p. 38), the leading term of the DAE (2.3) is said to be properly stated.
See the above-mentioned reference [16] but also [130, 188] and specially
[189, 191, 192], where linear DAEs with arbitrary index are fully char-
acterized. Some preliminary ideas concerning this formulation had been
already examined by März in the 1980s [177, 178].
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The DAE (2.2) can be rewritten in the form (2.3) if there exists a C1

projector P (t) along kerA(t) for t ∈ J ; cf. Remark 2.1 below. In this case,
since A(t) = A(t)P (t), the product A(t)x′(t) can be written as

A(t)P (t)x′(t) = A(t)(P (t)x(t))′ −A(t)P ′(t)x(t),

and therefore (2.2) takes the form

A(t)(P (t)x(t))′ + (E(t) −A(t)P ′(t))x(t) = q(t). (2.27)

Denoting D(t) = P (t), B(t) = E(t) − A(t)P ′(t), equation (2.27) is seen
to be a particular instance of (2.3) satisfying the requirements stated in
Definition 2.2 below. This way the properly stated framework applies in
particular to the standard form (2.2).

Remark 2.1. The existence of a C1 projector defined on an interval J ⊆ R

along (or onto) a given time-dependent linear subspace of Rm with constant
dimension is equivalent to the existence of a basis for this space defined by
maps from C1(J ,Rm) [108]. Such a space will be called a C1-space, and
has naturally associated a (C1) vector bundle structure (cf. for instance [1]).
In particular, kerA(t) and imA(t) are C1-spaces if A(t) is in C1(J ,Rm×m)
and has constant rank [107]. For C∞-analogs of these claims see e.g. [228].

The present Section, and specifically subsections 2.2.2, 2.2.3 and 2.2.5,
essentially compile the analysis of linear DAEs with the properly stated
form (2.3) as developed in [189, 191]. Nevertheless, some recent contribu-
tions involving so-called Π-projectors [251], discussed in 2.2.4, provide some
improvements and simplifications. The working conditions within all the
subsections mentioned above are assumed to hold on the whole interval J ;
the local results of 2.2.7, on the contrary, open the way to the analysis of
singular points carried out in Chapter 4.

2.2.1 On standard form index one problems

In order to undertake the analysis of general linear DAEs, the reader may
profit from the introductory digression on standard form index one prob-
lems here presented. It may be also useful to compare the results with those
of 2.1.3.2, focused on index one linear time-invariant DAEs. We proceed
via the reformulation (2.27) of (2.2) assuming that kerA(t) is a C1 space
on J and denoting B(t) = E(t) −A(t)P ′(t), which yields

A(t)(P (t)x(t))′ +B(t)x(t) = q(t). (2.28)
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In this time-varying setting, the (tractability) index one condition will be
stated as the nonsingularity on J of

A1(t) = A(t) +B(t)Q(t), (2.29)

with Q(t) = I − P (t). We remove in the sequel dependences on t for the
sake of notational simplicity. The reader can check that the identities

A−1
1 A = P (2.30a)

A−1
1 BQ = Q (2.30b)

of page 31 still hold in the current time-varying context. Premultiplying
(2.28) by A−1

1 , using (2.30) and decomposing x = Px + Qx we transform
(2.28) into

P (Px)′ +A−1
1 BPx+Qx = A−1

1 q. (2.31)

Now, premultiplication of (2.31) by P leads to

P (Px)′ + PA−1
1 BPx = PA−1

1 q. (2.32)

Using the relation P (Px)′ = (Px)′ − P ′Px, which owes to the identity
(Px)′ = (PPx)′ = P (Px)′ + P ′Px, equation (2.32) can be recast as

(Px)′ + (−P ′ + PA−1
1 B)Px = PA−1

1 q.

Writing u = Px, we obtain the inherent, time-varying ODE

u′ + (−P ′ + PA−1
1 B)u = PA−1

1 q, (2.33)

where it is noteworthy the additional term −P ′u with respect to the corre-
sponding equation (2.15) derived in the time-invariant setting. The (time-
varying) space imP (t) can be checked to be invariant for (2.33).

In turn, premultiplying (2.31) by Q we obtain

QA−1
1 BPx+Qx = QA−1

1 q,

which gives an algebraic relation for v = Qx in terms of u = Px, namely

v = −QA−1
1 Bu+QA−1

1 q. (2.34)

Except for the fact that the operators are now time-dependent, (2.34) is
formally identical to (2.16).

Akin to the time-invariant context, this shows that a given mapping
x(t) ∈ C1

P (J ,Rm) solves (2.28) if and only if it can be written as

x(t) = u(t) + v(t), (2.35)

where u(t) ∈ C1(J ,Rm) is a solution of the inherent (2.33) lying on the
invariant space imP (t), and v(t) ∈ C(J ,Rm) satisfies the relation depicted
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in (2.34). This result is a particular case, with ν = 1, of Theorem 2.5
in Section 2.3; see specifically Remark 2.11 on p. 79. Note that the key
assumptions supporting this result in the time-varying setting are the index
one condition, stated as the nonsingularity of the matrix A1(t) in (2.29),
and the constant dimension and C1-structure of kerA(t); the latter is the
only smoothness requirement needed on the continuous maps A(t), E(t).

The decoupling (2.33)-(2.34) paves the way for an input-output func-
tional description of solutions entirely analogous to the one discussed in
2.1.3.2 for time-invariant problems. A continuous excitation q(t), together
with an initial condition x0 verifying E(t0)x0 − q(t0) ∈ imA(t0), leads to
a unique solution x(t) ∈ C1

P of the reformulated DAE (2.28). An inverse
mapping is given by x(t) → (A(Px)′(t) +Bx(t), x(t0)). Moreover, for suf-
ficiently smooth maps A(t), E(t), the excitations q(t) yielding C1 solutions
are {q(t) ∈ C(J ,Rm) / QA−1

1 q ∈ C1(J ,Rm)}. Similar characterizations
can be derived for higher index cases, along the lines discussed in 2.2.5.

2.2.2 Properly stated leading terms

The reformulation (2.28) of the DAE (2.2) plays a fundamental role in the
ideas sketched above for index one linear time-varying problems. In this
and the forthcoming subsections we extend this approach to DAEs with
arbitrary index, using the more general form (2.3). Standard form DAEs
(2.2) will be revisited in Section 2.3.

The matrix-valued mapping D(t) in (2.3) is intended to capture the
components of the semistate vector x which actually need to be differ-
entiated; the leading term arises in the form depicted there in differ-
ent circuit and control applications, including adjoint formulations. See
[12, 14–16, 130–132, 154, 157, 187–190, 293]. It makes it possible to con-
sider solutions within the space

C1
D(J ,Rm) = {x ∈ C(J ,Rm) / Dx ∈ C1(J ,Rn)}.

Note that D(t) in (2.3), unlike P (t) in (2.28), is not assumed to be a
projector, not even needs to be a square matrix. Nevertheless, it must be
well-matched with the matrix mapping A(t) in the sense specified below.

Definition 2.2. The leading term of the DAE (2.3) is said to be properly
stated on the interval J ⊆ R if A(t) and D(t) satisfy

kerA(t) ⊕ imD(t) = R
n (2.36)

for all t ∈ J , and both kerA(t) and imD(t) are C1-spaces.
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From the requirements defining a properly stated leading term it follows
that not only the matrices A(t) and D(t) but also the product A(t)D(t)
(to be denoted by G0(t)) have constant rank on J . They also imply that
kerA(t)D(t) = kerD(t).

Additionally, the transversality condition (2.36) together with the C1

assumption on kerA(t) and imD(t) supports the existence of a projector
mapping R(t) ∈ C1(J ,Rn×n) onto imD(t) and along kerA(t) for all t ∈ J .
This is a consequence of a more general property, stating that there exists a
C1 projector alongX(t) and onto Y (t), both spaces having constant dimen-
sion and verifying X(t) ⊕ Y (t) = Rn, if and only if X(t) and Y (t) are C1-
spaces (cf. Remark 2.1 above); if {e1(t), . . . , er(t)} and {er+1(t), . . . , en(t)}
are C1 basis maps spanning Y (t) and X(t), respectively, and we denote
by M(t) the n×n matrix with columns e1(t), . . . , en(t), the projector onto
Y (t) along X(t) can be easily checked to be given by

M(t)
(
Ir 0
0 0

)
M(t)−1.

Instances of properly stated leading terms can be found in (1.15) or in the
example discussed in subsection 2.2.6: see specifically (2.124) on p. 66.

2.2.3 P -projectors: Matrix chain and the tractability index

2.2.3.1 Matrix chain

As detailed in [189], the matrix chain construction which supports the
tractability index for properly stated linear time-varying DAEs (2.3) pro-
ceeds through the introduction of a reflexive generalized inverse [24] of D(t)
on J , that is, a matrix-valued mapping D− : J → Rm×n verifying

D(t)D−(t)D(t) = D(t), D−(t)D(t)D−(t) = D−(t). (2.37)

A matrix-valued map D−(t) satisfying (2.37) is called a {1, 2}-inverse of
D(t) [24]. We will additionally require that

D(t)D−(t) = R(t), (2.38)

for all t ∈ J , with R(t) defined above. The matrix mapping D−(t) is not
uniquely defined by (2.37)-(2.38); however, if we let P0 be any continuous
projector along kerG0(t) = kerA(t)D(t) = kerD(t) and require also that

D−(t)D(t) = P0(t), (2.39)

then the joint conditions (2.37), (2.38) and (2.39) uniquely determine a
mapping D−(t), which additionally is continuous on J (cf. [16, 188, 189]).
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Equivalently, it is possible to begin the construction with the choice of a
continuous D−(t) satisfying (2.37)-(2.38) and let the projector P0(t) along
kerG0(t) be defined by (2.39).

With this equipment, let us now build the matrix chain which extends
(2.21) and supports the tractability index definition for (2.3). We remove
explicit dependences on t for the sake of simplicity. To begin with, define

G0 = AD, (2.40)

which has constant rank (denoted hereafter by r0) on J if the leading term
is properly stated. Let N0 stand for kerG0 = kerD, assume that P0 is
the continuous projector along N0 defined by (2.39), and set Q0 = I − P0.
Write

B0 = B (2.41a)

G1 = G0 +B0Q0. (2.41b)

The construction can be iterated for i ≥ 1 if the following conditions hold:

(a) Gi has constant rank (to be denoted by ri) on J ;
(b) Ni = kerGi verifies (N0 ⊕ . . .⊕Ni−1) ∩Ni = {0} for all t ∈ J .

As detailed in Remark 2.2 below, conditions (a) and (b) make it possible
to choose a continuous projector Qi onto Ni = kerGi such that

(b’) QiQj = 0 if 0 ≤ j < i, for all t ∈ J .

Set Pi = I −Qi, and assume additionally that

(c) the product DP0P1 · · ·PiD
− is in C1(J ,Rn×n).

Provided that these assumptions hold, define

Bi = Bi−1Pi−1 −GiD
−(DP0 · · ·PiD

−)′DP0 · · ·Pi−1 (2.42a)

Gi+1 = Gi +BiQi. (2.42b)

Remark 2.2. Writing N0 ⊕ . . .⊕ Ni−1 as a direct sum in (b) for i ≥ 2 is
supported on the trivial intersections (N0⊕ . . .⊕Nj−1)∩Nj = {0} assumed
for 1 ≤ j < i. Additionally, the existence of a projector Qi satisfying
QiQj = 0 for j < i, as stated in (b’), relies on the fact that condition (b)
makes it possible to choose the projector Qi onto Ni in a way such that

N0 ⊕ . . .⊕Ni−1 ⊆ kerQi. (2.43)

Since Qj projects onto Nj for 0 ≤ j < i, the identity QiQj = 0 follows.
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The concept of an admissible projector sequence presented below was
introduced in [191, 192]; for the notions of an algebraically nice and a nice
DAE in Definition 2.4 we refer the reader to [195]. For brevity, in Definitions
2.3 and 2.4 the conditions are implicitly assumed to hold for all t ∈ J .

Definition 2.3. If the DAE (2.3) is properly stated, and D− and the con-
tinuous projector P0 satisfy (2.37), (2.38) and (2.39), then both P0 and
Q0 = I − P0 are said to be admissible.

A projector sequence {Q0, . . . , Qk} (resp. {P0, . . . , Pk}), with k ≥ 1, is
said to be preadmissible up to level k if Q0 is admissible, conditions (a) and
(b’) above hold for 1 ≤ i ≤ k, and condition (c) is met for 1 ≤ i < k.

Should the smoothness condition (c) be met also for i = k, the sequence
{Q0, . . . , Qk} (resp. {P0, . . . , Pk}) is called admissible up to level k.

The verification of conditions (a) and (b) above at a given level k does
not depend on the choice of the projectors {Q0, . . . , Qk−1} as long as this
sequence is admissible up to level k − 1: see Theorem 2.3 in [191]. Specifi-
cally, rk = rkGk and dim(N0 ⊕ . . .⊕Nk−1)∩Nk are proved in Proposition
2 of [195] to be independent of the (admissible) choice of the projectors
Q0, . . . , Qk−1. This shows that the definition of an algebraically nice DAE
displayed below does not depend on the actual choice of the admissible se-
quence {Q0, . . . , Qk−1}, hence capturing an intrinsic property of the equa-
tion.

Definition 2.4. The linear DAE (2.3) is called nice at level 0 if the leading
term is properly stated.

It is said to be algebraically nice at level k ≥ 1 if it is nice at level
k−1 and conditions (a) and (b) above hold for i = k, for some (hence any)
admissible up to level k − 1 sequence {Q0, . . . , Qk−1}.

It is called nice at level k ≥ 1 if it is algebraically nice at level k and
there exists an admissible choice of Qk.

Here, an ‘admissible choice’ of Qk means that the projector sequence
{Q0, . . . , Qk−1, Qk} meets condition (b’) (that is, N0⊕ . . .⊕Nk−1 ⊆ kerQk,
which is allowed by (b) as indicated in Remark 2.2) as well as the smooth-
ness requirement (c) for i = k. Thereby, the DAE will be algebraically
nice (resp. nice) at level k if and only if it admits a preadmissible (resp.
admissible) sequence up to level k. The ranks ri = rkGi, for i = 0, . . . , k,
are said to be characteristic values of a nice at level k DAE.

For algebraically nice DAEs of the form (2.3) with sufficiently smooth
coefficients A(t), D(t) and B(t), the smoothness requirement depicted in
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(c) can be always met. This means that, for sufficiently smooth problems,
the existence of an admissible projector sequence and the notion of a nice
DAE rely only on conditions (a) and (b), as stated below (cf. Proposition
3 in [195]).

Proposition 2.3. Assume that the coefficients A(t), D(t), B(t) in the DAE
(2.3) are in Ck, k ≥ 1. If the DAE is algebraically nice at level k, then it
is nice at level k; equivalently, the existence of a preadmissible sequence up
to level k guarantees that there exists an admissible sequence up to level k.

Proof. The result follows from the fact that Q0 can be taken from Ck,
so that D− and G1 = G0 + B0Q0 are also in Ck; the latter implies that
Q1 can be chosen from Ck in an admissible manner. With this choice, B1

and hence G2 are in Ck−1 (see (2.42)) and, subsequently, for 2 ≤ i ≤ k

the projector Qi can be taken from Ck−i+1 to yield an admissible sequence
{Q0, . . . , Qk}. �

2.2.3.2 The tractability index of regular linear DAEs

If there exists a minimum nonnegative i for which the matrix Gi (con-
structed according to (2.40), (2.41) and (2.42)) is nonsingular on the whole
working interval, the linear DAE (2.3) is said to be regular; in this case,
this integer is called the tractability index of the DAE. These notions are
stated precisely below.

Definition 2.5. Let the leading term of (2.3) be properly stated on J .
The DAE (2.3) is said to be regular with tractability index zero on J if
both A and D (or, equivalently, G0 in (2.40)) are invertible on J .

It is said to be regular with tractability index ν ≥ 1 on J if there exists
an admissible projector sequence {Q0, . . . , Qν−1} for which the Gi-matrices
in (2.40), (2.41b), (2.42b) are singular for 0 ≤ i < ν and Gν is nonsingular,
for all t ∈ J .

Finally, it is called regular on J if it is regular with any nonnegative
tractability index.

Equivalently, the tractability index is ν if the DAE is nice up to level
ν−1, the matrix mappings Gi are singular for i < ν, and Gν is nonsingular
on J . Due to the increasing dimension of the direct sum N0 ⊕ . . . ⊕Ni−1

arising from condition (b) on page 40, it is easy to check that the index
cannot exceed m.
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Remark 2.3. As shown in Proposition 2.10 of [189], the tractability index
notion of Definition 2.5 does not depend on the actual choice of the admissi-
ble projector sequenceQ0, . . . , Qν−1. The same is true for the characteristic
values r0, r1, . . . , rν defined by the ranks of the Gi matrices.

Remark 2.4. Along the lines of Proposition 2.3, the requirement that
A(t), D(t) and B(t) are in Cm−1 is enough to satisfy all the smoothness
conditions in the chain construction. For index ν problems it suffices to
assume that the operators are in Cν−1.

The matrix chain constructed via (2.40), (2.41) and (2.42), together
with the tractability index notion of Definition 2.5 supported on it, extends
to linear time-varying properly stated DAEs the chain (2.21) characteriz-
ing the Kronecker index of linear time-invariant systems. Its importance
relies on the fact that it allows for a complete description of the system
solutions via the decoupling discussed in subsection 2.2.5 (see specifically
Theorem 2.3 on page 51), which generalizes the solution decomposition de-
picted in (2.35) for index one DAEs. The reader may jump at this point to
2.2.5. However, the results in subsection 2.2.4 will simplify somewhat the
projector framework and clarify the decoupling presented in 2.2.5.

2.2.4 The Π-framework

The reader may have noticed the presence of certain projector products of
the form P0 · · ·Pi in the matrix chain constructed according to (2.42); see
specifically the expression defining Bi in (2.42a). Also, products of the form
P0 · · ·Pi−1Qi arise when computing BiQi in (2.42b). An important role is
played as well by these products in the coefficients of the DAE decoupling
as developed in [189, 191]. The product P0 · · ·Pi displays additionally the
important feature stated below (cf. Theorem 2.3 in [191] and Proposition
1 in [195]).

Proposition 2.4. Let the DAE (2.3) be nice at level i ≥ 0. Then

kerP0 · · ·Pi = N0 ⊕ . . .⊕Ni. (2.44)

Moreover, the space N0 ⊕ . . . ⊕ Ni is independent of the choice of the ad-
missible projectors {P0, . . . , Pi}.

By contrast, the individual spaces Ni = kerGi will certainly depend on the
choice of the projectors Pj for j < i. These remarks suggest that there
might be a way to perform the chain construction just in terms of the
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products P0 · · ·Pi and the spaces N0 ⊕ . . .⊕Ni, somehow disregarding the
individual projectors Pi and spaces Ni. More precisely, it seems feasible
that certain projectors axiomatically defined might capture the properties
of these products in a way which could simplify the analysis. This is indeed
the case, as shown in [251] and detailed in this subsection.

Briefly, the products P0 · · ·Pi and P0 · · ·Pi−1Qi will be replaced by cer-
tain projectors Πi and Mi based upon the spaces N0 ⊕ . . . ⊕ Ni, leading
to an equivalent chain construction which does not involve the individual
projectors Pi. The projectors Pi within the framework of subsection 2.2.3
provide a particular way to compute Πi and Mi, and in this setting Πi and
Mi can be understood as abbreviations for P0 · · ·Pi and P0 · · ·Pi−1Qi, re-
spectively. However, other options will arise; notably, the construction can
be naturally performed by choosing Πi as the orthogonal projector along
the characteristic space N0 ⊕ . . .⊕Ni. This simple choice is not possible in
the P -framework of 2.2.3 since e.g. the orthogonal projector P1 along N1

need not satisfy, with Q1 = I − P1, the requirement N0 ⊆ kerQ1 support-
ing the relation Q1Q0 = 0. The construction based on Π-projectors will
allow for a nice characterization of the index of standard form DAEs (cf.
Theorem 2.4, p. 77) and will also display several benefits in the analysis of
singularities performed in Chapter 4; see specifically Remark 4.1 on p. 148.

2.2.4.1 Alternative chain construction

Let the leading term of the DAE (2.3) be properly stated on J (cf. Defi-
nition 2.2 on p. 38). Assuming, without explicit references to t, that the
forthcoming conditions hold for all t ∈ J define, as in (2.40),

G0 = AD. (2.45)

It follows from the proper statement of the DAE that G0 has constant rank
r0 on J , and therefore we can choose a continuous projector Π0 along the
space N0 = kerG0. This projector stands for P0 within the P -framework of
2.2.3. Assume that D−(t) is now given by (2.37) and (2.38) together with

D−(t)D(t) = Π0(t). (2.46)

Set M0 = I − Π0, and define

B0 = B (2.47a)

G1 = G0 +B0M0. (2.47b)

Note that M0 amounts to the previously introduced Q0 projector, and so
far (2.47b) just involves a notational change with respect to (2.41b).

For i ≥ 1, the construction can be iterated provided that
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(a) Gi has constant rank (denoted by ri), and that
(b) Ni = kerGi verifies (N0 ⊕ . . .⊕Ni−1) ∩Ni = {0}.
If both conditions hold, proceed by choosing a continuous projector

Πi along N0 ⊕ . . .⊕Ni, with imΠi ⊆ imΠi−1, (2.48)

where the direct sum is iteratively supported on condition (b). Note addi-
tionally that the requirement imΠi ⊆ imΠi−1 can be met because of the
relation N0 ⊕ . . . ⊕Ni−1 ⊕ imΠi−1 = Rm, which guarantees the existence
of a space transversal to N0 ⊕ . . .⊕Ni−1 ⊕Ni within imΠi−1.

Let us then complete the construction with

Mi = Πi−1 − Πi, (2.49)

and assuming that

(c) DΠiD
− is in C1(J ,Rn×n),

define

Bi = (Bi−1 −GiD
−(DΠiD

−)′D)Πi−1 (2.50a)

Gi+1 = Gi +BiMi. (2.50b)

Remark 2.5. The requirement imΠi ⊆ imΠi−1 in (2.48) is satisfied auto-
matically if Πi is chosen as the orthogonal projector along N0 ⊕ . . . ⊕ Ni,
since in this case

imΠi = (N0 ⊕ . . .⊕Ni)⊥ ⊆ (N0 ⊕ . . .⊕Ni−1)⊥ = imΠi−1.

If the smoothness requirement (c) is satisfied for these orthogonal projec-
tors, this provides a simple criterion for the choice of projectors in the
tractability index construction.

The identities imΠi ⊆ imΠi−1 and kerΠi−1 ⊆ kerΠi following from
(2.48) imply (cf. Proposition 2.5 below) that Πi−1Πi = Πi, ΠiΠi−1 = Πi;
it is easy to check that these properties make Mi in (2.49) a projector.

2.2.4.2 Equivalence of the P - and Π-chains

The matrix chain construction supported on the Π-projectors is equivalent
to the P -based one of subsection 2.2.3 in the sense specified in Theorem
2.2 below (cf. also Corollary 2.1 on page 48). See [251]. These results
will proceed via the following admissibility notion for a Π-sequence, which
naturally parallelizes Definition 2.3.
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Definition 2.6. If the DAE (2.3) is properly stated and (2.37), (2.38),
(2.46) hold, then the continuous projector Π0 is said to be admissible.

A projector sequence {Π0, . . . ,Πk}, k ≥ 1, is said to be preadmissible up
to level k if Π0 is admissible, conditions (a), (b) above hold for 1 ≤ i ≤ k,
Πi satisfies (2.48) for 1 ≤ i ≤ k, and condition (c) is met for 1 ≤ i < k.

The sequence {Π0, . . . ,Πk} is called admissible up to level k if, addi-
tionally, the smoothness condition (c) is met for i = k.

For the sake of notational brevity, the word admissible below stands for
admissible up to level k for some k ≥ 0, i ranging from 0 to k. Note that
the result holds trivially for k = 0.

Theorem 2.2. An admissible P -projector sequence defines an admissible
Π-sequence leading to the same matrix chain by setting Πi = P0 · · ·Pi.

Conversely, an admissible Π-sequence defines an admissible P -sequence
when the projector Pi is defined via

kerPi = Ni, imPi = N0 ⊕ . . .⊕Ni−1 ⊕ imΠi. (2.51)

This yields the same matrix chain, and the following relations hold:

Πi = P0 · · ·Pi, Mi = P0 · · ·Pi−1Qi. (2.52)

Proof. For a given admissible P -sequence we obtain an admissible Π-
sequence via Πi = P0 · · ·Pi due to Proposition 2.4 and the identity
imP0 · · ·Pi−1Pi ⊆ imP0 · · ·Pi−1, which imply (2.48).

Moreover, Mi = P0 · · ·Pi−1 − P0 · · ·Pi = P0 · · ·Pi−1(I − Pi) =
P0 · · ·Pi−1Qi. We then need to check that, in the light of the identities
Πi = P0 · · ·Pi and Mi = P0 · · ·Pi−1Qi, the matrix chain defined by (2.50)
coincides with the one constructed by means of (2.42). In this regard, note
that Bi from (2.42a) can be written as

Bi = Bi−1Pi−1 −GiD
−(DP0 · · ·PiD

−)′DP0 · · ·Pi−1

= (Bi−2Pi−2 −Gi−1D
−(DP0 · · ·Pi−1D

−)′DP0 · · ·Pi−2)Pi−1

−GiD
−(DP0 · · ·PiD

−)′DP0 · · ·Pi−1

and eventually as

Bi = (B0−G1D
−(DP0P1D

−)′D− . . .−GiD
−(DP0 · · ·PiD

−)′D)P0 · · ·Pi−1.

Using this expression it is not difficult to check that the identity

Bi = (Bi−1 −GiD
−(DP0 · · ·PiD

−)′D)P0 · · ·Pi−1 (2.53)

holds, meaning that the expression for Bi given in (2.50a) equals the one
in (2.42a) if Πi = P0 · · ·Pi.
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Additionally, from (2.53) it follows thatBiP0 · · ·Pi−1Qi = BiQi. There-
fore, the identity Mi = P0 · · ·Pi−1Qi implies that BiMi = BiQi and thus
the computation of Gi via (2.50b) coincides with the one based on (2.42b).

Now, assume that an admissible Π-sequence is given and let P0 = Π0,

Q0 = I−P0 = M0. For i ≥ 1 we construct Pi as indicated in (2.51), allowed
by the decomposition N0 ⊕ . . . ⊕ Ni−1 ⊕ Ni ⊕ imΠi = R

m which follows
from the definition of Πi. Let us then set Qi = I − Pi, and note that the
admissibility condition N0 ⊕ . . .⊕Ni−1 ⊆ kerQi follows immediately from
(2.51) and kerQi = imPi.

With this definition of Pi, the identity

Πi−1Pi = Πi (2.54)

holds. In order to prove this statement we show below that Πi−1Pi is a
projector along N0 ⊕ . . .⊕Ni onto imΠi, thereby equaling Πi.

Indeed, Πi−1Pi is a projector: since Πi−1 projects along N0⊕ . . .⊕Ni−1,
I−Πi−1 projects ontoN0⊕. . .⊕Ni−1 ⊆ imPi. Therefore Pi(I−Πi−1) = I−
Πi−1 (cf. item (i) of Proposition 2.5 on page 49) or, equivalently, PiΠi−1 =
Pi + Πi−1 − I. Hence

Πi−1PiΠi−1Pi = Πi−1(Pi + Πi−1 − I)Pi

= Πi−1Pi + Πi−1Pi − Πi−1Pi = Πi−1Pi.

We now show that the identity kerΠi−1Pi = N0 ⊕ . . .⊕Ni holds. First,
let v ∈ kerΠi−1Pi and decompose v = Piv + Qiv. Since Πi−1Piv = 0, we
have Piv ∈ kerΠi−1 = N0 ⊕ . . . ⊕ Ni−1 and this together with Qiv ∈ Ni

shows that

kerΠi−1Pi ⊆ N0 ⊕ . . .⊕Ni−1 ⊕Ni = N0 ⊕ . . .⊕Ni.

On the other hand, if v ∈ N0 ⊕ . . . ⊕ Ni−1 ⊆ imPi, we have Piv = v and
therefore Πi−1Piv = Πi−1v = 0 since v ∈ N0 ⊕ . . . ⊕ Ni−1 = kerΠi−1.
Additionally Ni = kerPi ⊆ kerΠi−1Pi and, altogether,

N0 ⊕ . . .⊕Ni = N0 ⊕ . . .⊕Ni−1 ⊕Ni ⊆ kerΠi−1Pi.

We still need to check that Πi−1Pi projects onto imΠi. Because of the
relation kerΠi−1Pi = N0 ⊕ . . . ⊕ Ni = kerΠi we know that rkΠi−1Pi =
rkΠi and thereby it suffices to check that imΠi ⊆ imΠi−1Pi. Let w ∈
imΠi. Since imΠi ⊆ imΠi−1 and also imΠi ⊆ imPi, we can easily see
that Πi−1Piw = Πi−1w = w, so that w ∈ imΠi−1Pi. This means that
imΠi−1Pi = imΠi, and therefore completes the proof of (2.54).
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From (2.54) we get Πi = P0 · · ·Pi and this implies in turn that Mi =
P0 · · ·Pi−1Qi sinceMi = Πi−1−Πi = P0 · · ·Pi−1−P0 · · ·Pi = P0 · · ·Pi−1Qi.

The identity depicted in (2.54) then yields BiΠi = BiΠi−1Pi = BiPi

since BiΠi−1 = Bi because of (2.50a). This implies that the construction
of the Bi matrices via (2.42a) amounts to the one defined by (2.50a). Ad-
ditionally, Gi + BiQi = Gi + BiΠi−1Qi = Gi + BiMi and therefore the
expression for Gi in (2.42b) equals the definition given in (2.50b). �

Corollary 2.1. Let the leading term of the linear DAE (2.3) be properly
stated on J . Then (2.3) is regular with tractability index ν ≥ 1 on J if
and only if there exists an admissible sequence {Π0, . . . ,Πν−1} for which
the Gi-matrices in (2.45), (2.47b), (2.50b) are singular for 0 ≤ i < ν and
Gν is nonsingular, for all t ∈ J .

Along the same lines, the DAE (2.3) will be algebraically nice or nice at
level k (cf. Definition 2.4) on J if and only if there exists a preadmissible or
an admissible up to level k Π-sequence on J . Additionally, from Remark
2.3 and Theorem 2.2 it follows that the computation of the tractability
index is independent of the actual choice of admissible Π-projectors.

Remark 2.6. If the DAE (2.3) is regular with index ν, the Qi and Pi

projectors can be explicitly computed from an admissible Π-sequence via
Q0 = M0, P0 = Π0 and, for 1 ≤ i < ν,

Qi = G−1
ν BiMi, Pi = I −Qi. (2.55)

Indeed, from (2.50b) we can write

Gν = Gi +
ν−1∑
k=i

BkMk.

Multiplying this relation by Qi, we derive (2.55) from the resulting identity
GνQi = BiMi; the latter follows fromGiQi = 0 and the relationsMkQi = 0
if k > i, MiQi = Mi, which in turn are due to (2.52) and the admissibility
condition QkQi = 0 for k > i.

Remark 2.7. As shown in [251], the Bi matrices can be replaced by the
somehow simpler ones Hi, defined as

H0 = B (2.56)

Hi = Hi−1 −GiD
−(DΠiD

−)′D, for i ≥ 1. (2.57)
Using

Gi+1 = Gi +HiMi (2.58)
instead of (2.50b), the reader can check that the relation Bi = HiΠi−1

holds and that the Gi-chains coincide in both constructions.
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2.2.4.3 Some properties of the projectors Πi and Mi

The following result will be helpful in order to characterize several prop-
erties of the projectors Πi and Mi. We will make systematic use of these
properties within the decoupling discussed in subsection 2.2.5 below.

Proposition 2.5. Let T, S ∈ Rm×m be projectors.

a) If imS ⊆ imT , then

(i) TS = S;
(ii) ST is a projector onto imS along kerT ⊕ (kerS ∩ imT ).

b) If kerS ⊆ kerT , then

(iii) TS = T ;
(iv) ST is a projector onto imS ∩ (kerS ⊕ imT ) along kerT .

Proof. For item (i), note that for any v ∈ Rm it is Sv ∈ imS ⊆ imT and
therefore TSv = Sv.

Regarding the statement in (ii), ST is a projector since, by item (i),
TS = S and thereby STST = SST = ST .

In order to show that imST = imS we just need to check the inclusion
imS ⊆ imST . Assume that v ∈ imS, i.e. v = Sv. Since imS ⊆ imT we
have v = Tv and therefore v = Sv = STv, that is, v ∈ imST .

Now let us prove that kerST = kerT ⊕ (kerS ∩ imT ). On the one
hand, kerT ⊕ (kerS ∩ imT ) ⊆ kerST : indeed, kerT ⊆ kerST , and if
v ∈ kerS ∩ imT then Tv = v and 0 = Sv = STv, i.e. v ∈ kerST , meaning
that kerS ∩ imT ⊆ kerST . Hence kerT ⊕ (kerS ∩ imT ) ⊆ kerST . In turn,
the inclusion kerST ⊆ kerT ⊕ (kerS ∩ imT ) can be proved as follows. Let
v ∈ kerST , i.e. STv = 0; writing v = (I−T )v+Tv, it is very easy to check
that (I − T )v ∈ kerT and Tv ∈ kerS ∩ imT .

For item (iii), recast the condition kerS ⊆ kerT as im(I −S) ⊆ im (I −
T ) and use (i) to write (I−T )(I−S) = I−S, that is, I−S−T+TS = I−S
and then T = TS.

Item (iv) is largely analogous to (ii). Indeed, ST is a projector because
STST = STT = ST . Additionally, the identity kerST = kerT holds since
STv = 0 means Tv ∈ kerS ⊆ kerT and then Tv = 0. The inclusion
imST ⊆ imS ∩ (kerS ⊕ imT ) follows easily from the decomposition of a
given vector v ∈ imST as (I − T )v + Tv. Finally, in order to show that
imS ∩ (kerS ⊕ imT ) ⊆ imST we write v ∈ imS as v1 + v2 with v1 ∈ kerS,
v2 ∈ imT , and use the identities v = Sv = Sv2 = STv2 to check that
v ∈ imST . �
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Many properties of the projectors Πi andMi can be derived from Propo-
sition 2.5. Due to Theorem 2.2, these properties will hold for the products
P0 · · ·Pi and P0 · · ·Pi−1Qi in the P -framework of subsection 2.2.3. In par-
ticular, using the identity Mi = Πi−1Qi we can characterize the image and
the kernel of the projector Mi as follows; since

kerΠi−1 = N0 ⊕ . . .⊕Ni−1 ⊆ imPi = kerQi,

cf. (2.51), in the light of item (iv) above we get

imMi = imΠi−1 ∩ (N0 ⊕ . . .⊕Ni), (2.59a)

kerMi = kerQi = N0 ⊕ . . .⊕Ni−1 ⊕ imΠi. (2.59b)

From these relations and the fact that imΠj−1 ⊆ imΠi if j > i, it is easy
to prove that

MiMj =

{
0 if i �= j

Mi if i = j.
(2.60)

Using items (i) and (iii) from Proposition 2.5 together with (2.48), (2.51)
and (2.59), the reader can also check that the following identities hold.

ΠiΠj =

{
Πi if i ≥ j

Πj if i < j
(2.61)

ΠiMj =

{
0 if i ≥ j

Mj if i < j
(2.62)

MiΠj =

{
Mi if i > j

0 if i ≤ j.
(2.63)

Some other properties such as

MiQj = 0 for i > j, MiQi = Mi, (2.64)

already used in 2.2.4.2, can also be seen as a consequence of (2.59); note
that

imQi = Ni, kerQi = N0 ⊕ . . .⊕Ni−1 ⊕ imΠi, (2.65)

in the light of (2.51) and Qi = I − Pi. We will also make future use of the
relation

QiMi = Qi (2.66)

which follows as well from kerQi = kerMi and item (iii) above.
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2.2.5 Decoupling

The matrix chain defining the tractability index, in either one of the equiva-
lent forms discussed in subsections 2.2.3 and 2.2.4, is aimed at the forthcom-
ing characterization of the solutions of regular linear DAEs with arbitrary
index. Such a characterization is given in Theorem 2.3 below for DAEs
with properly stated leading term (2.3), and in Theorem 2.5 within Section
2.3 for the standard form DAE (2.2).

A preliminary digression is however necessary in order to understand the
meaning of the symbols arising in Theorem 2.3, specially for readers who
might have skipped subsection 2.2.4 in a first approach. The matrix chain
can be certainly constructed via Pi and Qi projectors, as detailed in sub-
section 2.2.3, and in this case the symbols Πi and Mi (for i = 0, . . . , ν−1)
below should be understood as abbreviations for the products P0 · · ·Pi and
P0 · · ·Pi−1Qi, respectively. Nevertheless, the reader should be aware of the
properties derived in 2.2.4.3 for these products, which will be systematically
used below.

Conversely, when the matrix chain is supported on the (equivalent)
framework of subsection 2.2.4, based on Πi and Mi projectors, the indi-
vidual projectors Pi and Qi are well-defined by Theorem 2.2 and can be
computed via the relations depicted in (2.55). In this setting, the reader
may profit from the chance to choose the Πi projectors naturally as the
orthogonal ones along N0 ⊕ . . .⊕Ni, as stated in Remark 2.5; in this case,
later appearances of the space imΠi can be understood as (N0⊕ . . .⊕Ni)⊥,
which by Proposition 2.4 (p. 43) is a characteristic space of the DAE, not
depending on any choice of projectors.

Within the following statement, it is worth emphasizing that a straight-
forward simplification follows in cases in which N0⊕ . . .⊕Nν−1 = Rm, with
Gν nonsingular. In this situation it is Πν−1 = 0. The decoupling does not
involve an inherent ODE since there is no dynamic degree of freedom, and
the solution decomposition (2.67) amounts to x = vν−1 + . . .+ v0.

Theorem 2.3. Assume that the DAE (2.3) is regular with tractability index
ν on J , and that q(t) meets the smoothness requirements stated in Remark
2.9 below. Then,

x(t) ∈ C1
D(J ,Rm) = {x ∈ C(J ,Rm) / Dx ∈ C1(J ,Rn)},

solves (2.3) if and only if it can be written as

x = D−u+ vν−1 + . . .+ v1 + v0, (2.67)
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where u ∈ C1(J ,Rn) is a solution of the inherent ODE

u′ − (DΠν−1D
−)′u+DΠν−1G

−1
ν BD−u = DΠν−1G

−1
ν q (2.68)

lying on the invariant space imDΠν−1D
− = imDΠν−1, whereas

vk = −KkD
−u+

ν−1∑
j=k+1

Nkj(Dvj)′ +
ν−1∑

j=k+2

Mkjvj + Lkq (2.69)

for k = ν − 1, . . . , 0, with vk ∈ C1
D(J ,Rm) for k > 0 and v0 ∈ C(J ,Rm).

The coefficients of (2.69) read

Kk = MkPk+1 · · ·Pν−1G
−1
ν B +Mk(Pk+1 · · ·Pν−1 − I)D−(DΠν−1D

−)′D

Nkj = MkPk+1 · · ·Pj−1QjD
−

Mkj = Mk

(
j−1∑

i=k+1

Pk+1 · · ·Pi−1(Qi − Pi)

)
D−(DMjD

−)′D

Lk = MkPk+1 · · ·Pν−1G
−1
ν ,

where the products Pk+1 · · ·Pl amount to the identity I whenever l < k+1.

The particularization of (2.68) and (2.69) to index one, two and three
problems, as well as the corresponding expressions for the coefficients of
(2.69), can be found in (2.128)-(2.129), (2.132)-(2.134), and (2.137)-(2.139),
respectively. It is also worth emphasizing that the terms Nkj(Dvj)′+Mkjvj

in (2.69) can be joined together into a single one of the form N ∗
kj(Dvj)′, as

detailed in Remark 2.10 (p. 64).
The importance of this result relies on the fact that solutions of (2.3) are

characterized in terms of the original x-variables via the projections Πν−1x

(or, more precisely, u = DΠν−1x) and vk = Mkx, k = ν − 1, . . . , 0. This
is performed by means of the inherent ODE (2.68); note that this equation
(and hence u) lies on Rn, although the contribution of u is “driven back”
to Rm via the D− coefficient in (2.67). The explicit algebraic relations de-
picted in (2.69) yield the vk components, which are successively computed,
for k = ν − 1, . . . , 0, from u, q and (when k ≤ ν − 2) the vj components
with j > k. In higher (ν ≥ 2) index cases, the variables vk involve, for
0 ≤ k ≤ ν − 2, certain derivatives of the excitation q(t) via the terms
Nkj(Dvj)′. Mind also that the terms Mkjvj are only present in problems
with index ν ≥ 3.

Remark 2.8. There exist special admissible projectors yielding a fine de-
coupling in which the coefficients K1, . . . ,Kν−1 above vanish. If K0 also
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vanishes then the decoupling is said to be a complete one; note that in this
case the u variable is not at all involved in (2.69). For projectors yielding
a complete decoupling, then Πν−1 = P0 · · ·Pν−1 becomes uniquely defined.
See [192] for details in this regard.

Remark 2.9. The existence of a fine decoupling allows for the precise
statement of smoothness requirements on q. The continuous excitations
q(t) leading to a solvable (in C1

D) index ν DAE are defined, provided that
the coefficients Nkj , Mkj and Lk come from a fine decoupling, by the
conditions [191]

sν−1 = DLν−1q ∈ C1(J ,Rn), if ν ≥ 2,

sν−2 = DNν−2ν−1s
′
ν−1 +DLν−2q ∈ C1(J ,Rn), if ν ≥ 3,

and

sk =
ν−1∑

j=k+1

DNkjs
′
j +

ν−1∑
j=k+2

DMkjD
−sj +DLkq ∈ C1(J ,Rn)

for k = ν − 3, . . . , 1, if ν ≥ 4.

Theorem 2.3 was proved, with slight differences, by Roswitha März in a
remarkable tour de force [189, 191]. It involves many technicalities which
can be understood as the price for its broad generality. In the remainder of
this subsection, we detail a proof of this theorem which is essentially based
on the one in [191] (see specifically Section 3 and Appendix B there). The
use of Πi and Mi projectors somehow clarifies the proof and allows for some
simplification; compare e.g. the expressions for Kk and specially for Mkj

above with the ones given in [191]. See also Remark 2.10 on page 64.

Outline of the proof of Theorem 2.3. The proof of Theorem 2.3 will
be detailed after Lemmas 2.1 and 2.2. A brief outline may however be of
help at this point. The semistate vector x will be decomposed as

x = Πν−1x+Mν−1x+ . . .+M1x+M0x. (2.70)

This is allowed by the relationsM0 = I−Π0 andMi = Πi−1−Πi (cf. (2.49)),
which yield M0 + . . . + Mν−1 = I − Πν−1. It is worth emphasizing that,
due to (2.59a), all the components vk = Mkx will lie on the characteristic
space N0 ⊕ . . . ⊕ Nν−1. In the P -framework, (2.70) corresponds to the
decomposition

x = P0 · · ·Pν−1x+ P0 · · ·Pν−2Qν−1x+ . . .+ P0Q1x+Q0x.
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The decoupling of the DAE can be roughly summarized as follows.
Rescaling the DAE by G−1

ν will lead to equation (2.84); the projection
of (2.84) onto imDΠν−1 will then yield the inherent ODE (2.68). Addi-
tionally, premultiplication of (2.84) by Vk = QkPk+1 · · ·Pν−1 would project
the equation onto the Nk spaces (cf. Lemma 2.2); in order to obtain the
decoupling in terms of vk = Mkx, as depicted in (2.69), we would further
premultiply by Πk−1. Certainly, this amounts to premultiplying (2.84) di-
rectly by Uk = Πk−1Vk = P0 · · ·Pk−1QkPk+1 · · ·Pν−1 and we will proceed
this way in the proof.

Lemma 2.1 below shows that the premultiplication of the DAE (as will
be reformulated in (2.83) below) by G−1

ν drives certain key components of
the equation to the space N0 ⊕ . . .⊕Nν−1; note that Qi projects onto Ni

for 0 ≤ i ≤ ν − 1. This result extends to DAEs with arbitrary index the
properties stated in (2.30) for index one problems.

Lemma 2.1. Let the DAE (2.3) be regular with tractability index ν on J .
Then

G−1
ν G0 = I −Qν−1 −Qν−2 − . . .−Q0 (2.71)

and, for 0 ≤ j ≤ ν − 1,

G−1
ν BMj = Qj +

j∑
i=1

(I −Qν−1 − . . .−Qi)D−(DΠiD
−)′DMj . (2.72)

Proof. Since Gν = Gν−1 + Bν−1Mν−1, kerMν−1 = kerQν−1 = imPν−1

(see (2.59b) and (2.65)), and Pν−1 projects along kerGν , we have

GνPν−1 = Gν−1Pν−1 = Gν−1.

Similarly, Gν−1Pν−2 = Gν−2Pν−2 = Gν−2. Iteratively, this leads to the
relation GνPν−1 · · ·P0 = G0, that is,

G−1
ν G0 = Pν−1 · · ·P0. (2.73)

On the other hand, from (2.23) one gets

Pν−1 · · ·P0 = Pν−1 −Qν−2 − . . .−Q0. (2.74)

Equations (2.73) and (2.74) yield (2.71).
In order to prove the relation displayed in (2.72), write BjMj =

BMj −
∑j

i=1GiD
−(DΠiD

−)′DMj. Letting Gi = GνPν−1 · · ·Pi as above,
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premultiplying by G−1
ν and using the relation G−1

ν BjMj = Qj depicted in
(2.55), we get

G−1
ν BMj = Qj +

j∑
i=1

Pν−1 · · ·PiD
−(DΠiD

−)′DMj. (2.75)

Proceeding as before with the products Pν−1 · · ·Pi we finally obtain (2.72).
Note that, in particular, G−1

ν BM0 = G−1
ν BQ0 = Q0. �

Lemma 2.2. The products

Vk = QkPk+1 · · ·Pν−1 (2.76)

Uk = MkPk+1 · · ·Pν−1 = P0 · · ·Pk−1QkPk+1 · · ·Pν−1 (2.77)

are projectors, for which

imVk = Nk (2.78a)

kerVk = N0 ⊕ . . .⊕Nk−1 ⊕Nk+1 ⊕ . . .⊕Nν−1 ⊕ imΠν−1 (2.78b)

and

imUk = imΠk−1 ∩ (N0 ⊕ . . .⊕Nk) (2.79a)

kerUk = N0 ⊕ . . .⊕Nk−1 ⊕Nk+1 ⊕ . . .⊕Nν−1 ⊕ imΠν−1. (2.79b)

Additionally,

UkPi = MkPk+1 · · ·Pν−1Pi = MkPk+1 · · ·Pν−1 if i �= k (2.80)

UkPk = MkPk+1 · · ·Pν−1Pk = Mk(Pk+1 · · ·Pν−1 − I), (2.81)

and

UkΠi = MkPk+1 · · ·Pν−1Πi =



MkPk+1 · · ·Pν−1 if i < k

Mk(Pk+1 · · ·Pν−1 − I) if i = k

Mk(Pk+1 · · ·Pν−1 − Pk+1 · · ·Pi) if i > k.

(2.82)

Proof. The statements in (2.78a), (2.78b) for Vk = QkPk+1 · · ·Pν−1 fol-
low from item (ii) in Proposition 2.5. Consider first the product QkPk+1.
Due to (2.51) we have imQk = Nk ⊆ imPk+1 = N0 ⊕ . . .⊕Nk ⊕ imΠk+1,
and therefore QkPk+1 is a projector onto imQk = Nk along the space
kerPk+1 ⊕ (kerQk ∩ imPk+1), i.e.

Nk+1 ⊕ ([N0 ⊕ . . .⊕Nk−1 ⊕ imΠk] ∩ [N0 ⊕ . . .⊕Nk−1 ⊕Nk ⊕ imΠk+1]).
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Using the properties

[N0 ⊕ . . .⊕Nk−1 ⊕ imΠk] ∩Nk = ∅
N0 ⊕ . . .⊕Nk−1 ⊕ imΠk+1 ⊆ N0 ⊕ . . .⊕Nk−1 ⊕ imΠk,

the expression depicted above for kerPk+1 ⊕ (kerQk ∩ imPk+1) amounts to

N0 ⊕ . . .⊕Nk−1 ⊕Nk+1 ⊕ imΠk+1.

Inductively, assuming that QkPk+1 · · ·Pi is a projector onto Nk along
N0 ⊕ . . .⊕Nk−1 ⊕Nk+1 ⊕ . . .⊕Ni ⊕ imΠi for a given i with k + 1 ≤ i ≤
ν − 2, the product QkPk+1 · · ·Pi+1 = (QkPk+1 · · ·Pi)Pi+1 can be checked,
proceeding as above, to be a projector onto Nk along

N0 ⊕ . . .⊕Nk−1 ⊕Nk+1 . . .⊕Ni+1 ⊕ imΠi+1.

The case i = ν − 2 yields (2.78a) and (2.78b).
The claims for Uk = MkPk+1 · · ·Pν−1 = P0 · · ·Pk−1QkPk+1 · · ·Pν−1

follow in a simpler way from the identity Uk = Πk−1Vk together with item
(iv) in Proposition 2.5. Indeed, kerΠk−1 = N0 ⊕ . . . ⊕ Nk−1 ⊆ kerVk =
= N0 ⊕ . . . ⊕Nk−1 ⊕ Nk+1 ⊕ . . . ⊕Nν−1 ⊕ imΠν−1, according to (2.78b).
Therefore, Uk = Πk−1Vk is a projector along kerVk (the expression depicted
in (2.78b) thus proving (2.79b)) onto imΠk−1 ∩ (kerΠk−1 ⊕ imVk), that is,

imΠk−1 ∩ (N0 ⊕ . . .⊕Nk−1 ⊕Nk),

as claimed in (2.79a).
Finally, (2.80), (2.81) and (2.82) are obtained from the multiplication

of (2.24), (2.25) and (2.26), respectively, by Πk−1 = P0 · · ·Pk−1. �

Proof of Theorem 2.3. Assume first that a given map x ∈ C1
D solves

(2.3), and write

x = D−DΠν−1x+Mν−1x+ . . .+M1x+M0x,

where we have used D−DΠν−1 = P0Πν−1 = Πν−1, based on the relations
imΠν−1 ⊆ imΠ0 = imP0 and item (ii) of Proposition 2.5. We show below
that u = DΠν−1x and vk = Mkx (for k = ν− 1, . . . , 0) satisfy the relations
(2.68) and (2.69), respectively. For the sake of clarity we proceed via several
steps which are labeled with uppercase Roman numerals.

I. Reformulation. Since R = DD− is a projector along kerA, the leading
matrix A in (2.3) can be written as AR = ADD− = G0D

−. This makes it
possible to recast the DAE as

G0D
−(Dx)′ +Bx = q(t). (2.83)
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Premultiplying (2.83) by G−1
ν we get

G−1
ν G0D

−(Dx)′ +G−1
ν Bx = G−1

ν q(t), (2.84)

which reads, according to (2.71) in Lemma 2.1,

(I −Qν−1 −Qν−2 − . . .−Q0)D−(Dx)′ +G−1
ν Bx = G−1

ν q(t). (2.85)

II. The inherent ODE (2.68). Since Πν−1 projects along N0 ⊕ . . . ⊕ Nν−1

and Ni = imQi, premultiplying (2.85) by DΠν−1 we obtain

DΠν−1D
−(Dx)′ +DΠν−1G

−1
ν Bx = DΠν−1G

−1
ν q(t). (2.86)

On the other hand, using item (iii) of Proposition 2.5 one can check that
Πν−1D

−D = Πν−1P0 = Πν−1. From this relation we can write DΠν−1x

as DΠν−1D
−Dx, where the factors DΠν−1D

− and Dx are in C1, and
differentiating this product we are allowed to write

DΠν−1D
−(Dx)′ = (DΠν−1x)′ − (DΠν−1D

−)′Dx

to convert (2.86) into

(DΠν−1x)′ − (DΠν−1D
−)′Dx+DΠν−1G

−1
ν Bx = DΠν−1G

−1
ν q(t). (2.87)

In order to simplify the term DΠν−1G
−1
ν Bx, since Πν−1 projects along

N0 ⊕ . . .⊕Nν−1 we get from (2.72)

DΠν−1G
−1
ν BMj = DΠν−1D

−
j∑

i=1

(DΠiD
−)′DMj . (2.88)

Additionally Πν−1Πi = Πν−1 (cf. (2.61)) yields

DΠν−1D
−(DΠiD

−)′ = (DΠν−1D
−)′ − (DΠν−1D

−)′DΠiD
−

and because of the relations ΠiMj = Mj if i < j and ΠiMj = 0 if i = j

stated in (2.62), equation (2.88) amounts to

j∑
i=1

(DΠν−1D
−)′DMj−

j∑
i=1

(DΠν−1D
−)′DΠiD

−DMj = (DΠν−1D
−)′DMj,

that is,

DΠν−1G
−1
ν BMj = (DΠν−1D

−)′DMj . (2.89)

Since
∑ν−1

j=0 Mj = I − Πν−1, from (2.89) we get

DΠν−1G
−1
ν B(I − Πν−1) = (DΠν−1D

−)′D(I − Πν−1). (2.90)
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Decomposing x = Πν−1x + (I − Πν−1)x, the relation depicted in (2.90)
allows us to rewrite (2.87) in the form

(DΠν−1x)′ − (DΠν−1D
−)′DΠν−1x+

+DΠν−1G
−1
ν BD−DΠν−1x = DΠν−1G

−1
ν q(t).

(2.91)

With u = DΠν−1x, equation (2.91) yields the inherent ODE (2.68).
The space imDΠν−1D

− = imDΠν−1 is invariant for this ODE since
y = (I −DΠν−1D

−)u can be checked to satisfy the homogeneous equation
y′ + (DΠν−1D

−)′y = 0 on J ; the initial condition y0 = 0 for y, which
captures the relation u0 = DΠν−1D

−u(0) ∈ imDΠν−1D
− on an initial

condition for u, yields as unique solution the trivial one y ≡ 0 on J , and
then u(t) ∈ imDΠν−1D

− for all t ∈ J .

III. The algebraic components vk in (2.69). The relations depicted in (2.69)
for vk = Mkx, k = ν − 1, . . . , 0, are obtained after multiplying (2.84) by
Uk = MkPk+1 · · ·Pν−1 (cf. Lemma 2.2). This yields

UkG
−1
ν G0D

−(Dx)′ + UkG
−1
ν Bx = UkG

−1
ν q(t). (2.92)

The case k = ν − 1 is somehow simpler than the remaining ones and is
discussed in IIIa. For the cases k = ν − 2, . . . , 0 addressed in IIIb-IIId
below, the different terms arising in the computations will be arranged
according to the following scheme:

UkG
−1
ν G0D

−(Dx)′︸ ︷︷ ︸
−∑

j

Nkj(Dvj)′+K̃kD−u−∑
j

M̃kjvj

+ UkG
−1
ν Bx︸ ︷︷ ︸

vk+K̂kD−u−∑
j

M̂kjvj

= UkG
−1
ν q(t)︸ ︷︷ ︸

Lkq(t)

. (2.93)

IIIa. The vν−1 component. The case k = ν − 1 proceeds by premulti-
plying (2.84) by Uν−1 = Mν−1. From (2.71) we have Mν−1G

−1
ν G0 = 0,

since Mν−1Qν−1 = Mν−1 and Mν−1Qj = 0 if j < ν − 1 (see (2.64)).
Similarly, from (2.72) it follows that Mν−1G

−1
ν BMν−1x = Mν−1x and

Mν−1G
−1
ν BMjx = 0 for 0 ≤ j ≤ ν − 2.

Thereby, premultiplying equation (2.84) by Mν−1 we get, using x =
M0x+ . . .+Mν−1x+ Πν−1x and Πν−1x = D−DΠν−1x,

Mν−1x+Mν−1G
−1
ν BD−DΠν−1x = Mν−1G

−1
ν q(t),

that is,

vν−1 + Kν−1D
−u = Lν−1q(t), (2.94)

with vν−1 = Mν−1x and u = DΠν−1x. Note that in this case the terms
with coefficients Nkj and Mkj are not present in (2.69), and the coefficient
Kν−1 amounts to Mν−1G

−1
ν B.



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

2.2. Properly stated linear time-varying DAEs 59

IIIb. Terms coming from UkG
−1
ν G0D

−(Dx)′ in (2.93). For k = ν−2, . . . , 0
we make use of the fact that Uk = MkPk+1 · · ·Pν−1 projects along

N0 ⊕ . . .⊕Nk−1 ⊕Nk+1 ⊕ . . .⊕Nν−1 ⊕ imΠν−1,

as stated in (2.79b). This means that UkQi = 0 if k �= i. Using (2.71) we
then get

UkG
−1
ν G0D

−(Dx)′ = MkPk+1 · · ·Pν−1(I −Qk)D−(Dx)′

= Mk(Pk+1 · · ·Pν−1 − I)D−(Dx)′, (2.95)

where we have made use of (2.81).
Now, write

Pk+1 · · ·Pν−1 − I = −Qk+1 − Pk+1Qk+2 − . . .− Pk+1 · · ·Pν−2Qν−1. (2.96)

Since QjMj = Qj, as displayed in (2.66), (2.96) can be restated as

−Qk+1Mk+1 − Pk+1Qk+2Mk+2 − . . .− Pk+1 · · ·Pν−2Qν−1Mν−1,

which makes it possible to recast (2.95) in the form

−Mk[Qk+1Mk+1 + . . .+ Pk+1 · · ·Pν−2Qν−1Mν−1]D−(Dx)′. (2.97)

For j > 0, differentiating the product DMjx = DMjD
−Dx we have

DMjD
−(Dx)′ = (DMjx)′ − (DMjD

−)′Dx

and, since Mj = P0Mj = D−DMj for j > 0, the expression depicted in
(2.97) reads

−Mk[Qk+1D
−(DMk+1x)′ + . . .+ Pk+1 · · ·Pν−2Qν−1D

−(DMν−1x)′]

+Mk[Qk+1D
−(DMk+1D

−)′ + . . .+Pk+1 · · ·Pν−2Qν−1D
−(DMν−1D

−)′]Dx.
(2.98)

The first line of (2.98) yields the terms

−Nkk+1(Dvk+1)′ − . . .−Nkν−1(Dvν−1)′ = −
ν−1∑

j=k+1

Nkj(Dvj)′, (2.99)

with

Nkk+1 = MkQk+1D
−, Nkj = MkPk+1 · · ·Pj−1QjD

− for j ≥ k + 2. (2.100)

For the terms coming from the second line of (2.98), we decompose
Dx = DΠν−1x + D

∑ν−1
j=1 Mjx. Note that DM0x = 0 since M0 = Q0

projects onto N0 = kerD.
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The term in DΠν−1x reads

Mk[Qk+1D
−(DMk+1D

−)′ + Pk+1Qk+2D
−(DMk+2D

−)′ + . . .

+ Pk+1 · · ·Pν−2Qν−1D
−(DMν−1D

−)′]DΠν−1x.
(2.101)

The relation MjD
−DΠν−1 = MjΠν−1 = 0 (cf. (2.63)) yields

(DMjD
−)′DΠν−1D

− = −DMjD
−(DΠν−1D

−)′,

which makes it possible to rewrite (2.101), using (2.96), as

Mk(Pk+1 · · ·Pν−1 − I)D−(DΠν−1D
−)′DΠν−1x = K̃kD

−u (2.102)

with

K̃k = Mk(Pk+1 · · ·Pν−1 − I)D−(DΠν−1D
−)′D. (2.103)

The remaining terms from the second line of (2.98) are

Mk[Qk+1D
−(DMk+1D

−)′ + Pk+1Qk+2D
−(DMk+2D

−)′

+ . . .+ Pk+1 · · ·Pν−2Qν−1D
−(DMν−1D

−)′]D
ν−1∑
j=1

Mjx

= −
ν−1∑
j=1

M̃kjMjx, (2.104)

where, for later convenience, M̃kj will be written as

M̃kj = −Mk[Qk+1D
−(DMk+1D

−)′ + Pk+1Qk+2D
−(DMk+2D

−)′

+ . . .+ Pk+1 · · ·Pν−2Qν−1D
−(DMν−1D

−)′]DMjD
−D.

Using

(DMjD
−)′DMjD

− = (DMjD
−)′ −DMjD

−(DMjD
−)′

(DMiD
−)′DMjD

− = −DMiD
−(DMjD

−)′ if i �= j

from (2.60), and proceeding as above, the coefficient M̃kj amounts to

M̃kj = Mk(I − Pk+1 · · ·Pν−1 − Pk+1 · · ·Pj−1Qj)D−(DMjD
−)′D (2.105)

if j > k, and to

M̃kj = Mk(I − Pk+1 · · ·Pν−1)D−(DMjD
−)′D (2.106)

if j ≤ k.

Altogether, via (2.98) and subsequently (2.99), (2.102) and (2.104), we
have restated UkG

−1
ν G0D

−(Dx)′ in (2.93) as

−
ν−1∑

j=k+1

Nkj(Dvj)′ + K̃kD
−u−

ν−1∑
j=1

M̃kjvj (2.107)
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with u = DΠν−1x, vj = Mjx, and coefficients Nkj , K̃k and M̃kj given by
(2.100), (2.103) and (2.105)-(2.106), respectively.

IIIc. Terms coming from UkG
−1
ν Bx in (2.93). Via the decomposition

x = Πν−1x+
ν−1∑
j=0

Mjx,

write UkG
−1
ν Bx = MkPk+1 · · ·Pν−1G

−1
ν Bx in (2.93) as

MkPk+1 · · ·Pν−1G
−1
ν B(Πν−1x+

ν−1∑
j=0

Mjx). (2.108)

Using Πν−1 = D−DΠν−1, the first term gives

MkPk+1 · · ·Pν−1G
−1
ν BD−DΠν−1x = K̂kD

−u, (2.109)

where

K̂k = MkPk+1 · · ·Pν−1G
−1
ν B. (2.110)

The additional terms coming from (2.108) are
ν−1∑
j=0

MkPk+1 · · ·Pν−1G
−1
ν BMjx

which, using (2.72), (2.79b) and (2.81), can be written as

Mkx−
ν−1∑
j=1

M̂kjMjx (2.111)

with

M̂kj = −Mk

{
k∑

i=1

(Pk+1 · · ·Pν−1 − I)D−(DΠiD
−)′

+
j∑

i=k+1

Pk+1 · · ·Pν−1D
−(DΠiD

−)′
}
DMjD

−D if j > k (2.112)

and

M̂kj =−Mk

j∑
i=1

(Pk+1 · · ·Pν−1−I)D−(DΠiD
−)′DMjD

−D if j ≤ k. (2.113)

To simplify the expressions depicted in (2.112)-(2.113) for M̂kj we will
make use of the identities

D−(DΠiD
−)′DMjD

− = (I − Πi)D−(DMjD
−)′, i < j

D−(DΠjD
−)′DMjD

− = −ΠjD
−(DMjD

−)′,



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

62 Linear DAEs and projector-based methods

which follow from ΠiMj = Mj if i < j and ΠjMj = 0, as depicted in (2.62).
For the case j > k in (2.112), the reader can check from (2.82) that

−Mk(Pk+1 · · ·Pν−1 − I)(I − Πi) = 0

if 1 ≤ i ≤ k, whereas

−MkPk+1 · · ·Pν−1(I − Πi) = −MkPk+1 · · ·Pi

for the cases in which k + 1 ≤ i < j, and

MkPk+1 · · ·Pν−1Πj = Mk(Pk+1 · · ·Pν−1 − Pk+1 · · ·Pj)

since j > k. These expressions yield

M̂kj =Mk

(
−

j∑
i=k+1

Pk+1 · · ·Pi + Pk+1 · · ·Pν−1

)
D−(DMjD

−)′D (2.114)

if j > k.
Similarly, for the case j ≤ k in (2.113) we use the properties

−Mk(Pk+1 · · ·Pν−1 − I)(I − Πi) = 0

for i < j ≤ k, and

Mk(Pk+1 · · ·Pν−1 − I)Πj = Mk(Pk+1 · · ·Pν−1 − I)

for i = j ≤ k. These relations follow also from (2.82) and yield

M̂kj = Mk(Pk+1 · · ·Pν−1 − I)D−(DMjD
−)′D if j ≤ k. (2.115)

This way, splitting (2.108) via (2.109) and (2.111), we have rewritten
the term UkG

−1
ν Bx in (2.93) as

K̂kD
−u+ vk −

ν−1∑
j=1

M̂kjvj (2.116)

with u = DΠν−1x, vk = Mkx, vj = Mjx, and coefficients K̂k and M̂kj

given by (2.110) and (2.114)-(2.115), respectively.

IIId. The vk components, k = ν − 2, . . . , 0. According to IIIb and IIIc,
the expressions depicted in (2.107) and (2.116) transform (2.93) into the
equivalent form

vk = −(K̃k + K̂k)D−u+
ν−1∑

j=k+1

Nkj(Dvj)′ +
ν−1∑
j=1

(M̃kj + M̂kj)vj + Lkq.

Setting Kk = K̂k + K̃k, from (2.103) and (2.110) we get
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Kk = MkPk+1 · · ·Pν−1G
−1
ν B +Mk(Pk+1 · · ·Pν−1 − I)D−(DΠν−1D

−)′D.

In turn, if j > k then Mkj = M̃kj + M̂kj reads, from (2.105) and
(2.114),

Mkj = Mk(I − Pk+1 · · ·Pj−1Qj −
j∑

i=k+1

Pk+1 · · ·Pi)D−(DMjD
−)′D (2.117)

which, using Pk+1 · · ·Pj−1Qj + Pk+1 · · ·Pj = Pk+1 · · ·Pj−1 together with

I − Pk+1 · · ·Pj−1 =
j−1∑

i=k+1

Pk+1 · · ·Pi−1Qi, yields

Mkj = Mk

(
j−1∑

i=k+1

Pk+1 · · ·Pi−1(Qi − Pi)

)
D−(DMjD

−)′D if j ≥ k + 2

and Mkj = 0 if j = k + 1.
On the other hand, (2.106) and (2.115) lead to Mkj = 0 if j ≤ k.
These expressions make it possible then to write the algebraic compo-

nent vk, for k = ν − 2, . . . , 0 as

vk = −KkD
−u+

ν−1∑
j=k+1

Nkj(Dvj)′ +
ν−1∑

j=k+2

Mkjvj + Lkq,

as stated in (2.69). Note that this expression also accommodates the case
k = ν − 1 addressed in IIIa since the Nkj(Dvj)′ and Mkjvj terms are not
present in this situation, consistently with (2.94).

Remark finally that Dvk = DMkx is in C1 for k ≥ 1 due to the rela-
tion DMkx = DMkD

−Dx and the fact that both DMkD
− (which equals

DΠk−1D
− −DΠkD

−) and Dx are in C1.

The proof of the converse assertion, stating that u, vk from (2.68)-
(2.69) yield a solution of (2.3) via the decomposition x = D−u + vν−1 +
. . . + v1 + v0 stated in (2.67), is simpler; we just need to show that the
above process is reversible. Note first that the identity Dv0 = DM0v0 = 0
implies that Dx = DD−u+Dvν−1 + . . .+Dv1 = u+Dvν−1 + . . .+Dv1 is
in C1(J ,Rn×n); we have made use of the identity u = DD−u which owes
to u ∈ imDΠν−1D

−.
Additionally, due to the expressions displayed for the coefficients Kk,

Nkj , Mkj and Lk on p. 52, we have vk = Mkvk and this means that the
relations DΠν−1x = u, Mkx = vk hold since Πν−1Mk = 0, MkΠν−1 = 0
and MkMj = 0 if k �= j (cf. (2.62), (2.63) and (2.60), respectively).



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

64 Linear DAEs and projector-based methods

With these relations in mind, it only remains to note that the inherent
ODE (2.68) is a restatement of (2.84) premultiplied by DΠν−1, i.e.

DΠν−1G
−1
ν A(Dx)′ +DΠν−1G

−1
ν Bx = DΠν−1G

−1
ν q(t), (2.118)

which premultiplied in turn by D− yields, using D−DΠν−1 = Πν−1,

Πν−1G
−1
ν A(Dx)′ + Πν−1G

−1
ν Bx = Πν−1G

−1
ν q(t), (2.119)

whereas the algebraic relations (2.69) stand for

UkG
−1
ν A(Dx)′ + UkG

−1
ν Bx = UkG

−1
ν q(t), k = ν − 1, . . . , 0 (2.120)

(cf. (2.92)). Now, the expressions for Vk, Uk depicted in (2.76), (2.77)
together with the identity QkMk = Qk from (2.66), imply that QkUk = Vk.
Hence, premultiplying (2.120) by Qk we obtain

VkG
−1
ν A(Dx)′ + VkG

−1
ν Bx = VkG

−1
ν q(t), k = ν − 1, . . . , 0. (2.121)

The identities Πν−1 = P0 · · ·Pν−1 and Vk = QkPk+1 · · ·Pν−1 mean that
Πν−1 +

∑ν−1
k=0 Vk = I. Therefore, adding (2.119) and (2.121) for the values

k = ν − 1, . . . , 0, and multiplying by Gν , we finally obtain that

A(Dx)′ +Bx = q(t)

holds, as we aimed to show. �

Remark 2.10. As detailed below, the terms Nkj(Dvj)′ +Mkjvj in (2.69)
can be joined in a single one of the form N ∗

kj(Dvj)′. This makes it possible
to write (2.69) in the somewhat simpler form

vk = −KkD
−u+

ν−1∑
j=k+1

N ∗
kj(Dvj)′ + Lkq. (2.122)

The chance to do this stems from the factor D−(DMjD
−)′D at the end of

Mkj for j ≥ k + 2. Indeed, using vj = Mjvj , in the Mkjvj term within
(2.69) we may write (DMjD

−)′Dvj = (Dvj)′ −DMjD
−(Dvj)′ and then

D−(DMjD
−)′Dvj = D−(Dvj)′ −MjD

−(Dvj)′. (2.123)

Now, rewrite the term in front of D−(DMjD
−)′D in the expression de-

picted for Mkj in (2.117) as

Mk(I − Pk+1 − Pk+1Pk+2 − . . .− Pk+1 · · ·Pj−2 − 2Pk+1 · · ·Pj−1).

Use, for i ≤ j−1, the identities imMj ⊆ imΠj−1 ⊆ imΠi ⊆ imPi following
from (2.48), (2.51) and (2.59a), together with item (i) of Proposition 2.5,
to show that PiMj = Mj for i < j and then

Mk(I − Pk+1 − Pk+1Pk+2 − . . .− Pk+1 · · ·Pj−2 − 2Pk+1 · · ·Pj−1)Mj = 0
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in the light of (2.60).
This means that in Mkjvj there is actually no contribution coming

from the term −MjD
−(Dvj)′ in (2.123), so that Mkjvj can be rewritten

as M∗
kj(Dvj)′, with

M∗
kj = Mk

(
I − Pk+1 · · ·Pj−1Qj −

j∑
i=k+1

Pk+1 · · ·Pi

)
D−

= Mk

(
j−1∑

i=k+1

Pk+1 · · ·Pi−1(Qi − Pi)

)
D−,

the coefficient N ∗
kj = Nkj + M∗

kj in (2.122) thus having the expression

N ∗
kj = Mk

(
I −

j∑
i=k+1

Pk+1 · · ·Pi

)
D−

for j ≥ k + 1.

2.2.6 A tutorial example

The linear, time-varying analog of Chua’s circuit [69] with current-
controlled resistors depicted in Figure 2.1 was proposed in [195] to illustrate
the computation of the tractability index. Some singularities of this system
have been analyzed in [196]. We summarize below the index analysis of
[195] and then use the DAE modeling this circuit to illustrate the decou-
pling presented in Theorem 2.3. The interest of this problem relies on the
fact that, being simple enough as to keep computations at a minimum, dis-
plays however a rich variety of indices depending on device characteristics
and has therefore a value for illustrative purposes.

L(t)

2

Ref

eR

C
R (t)

C

1

2 1(t) (t)

(t)

2

e
1

Fig. 2.1 Linear time-varying Chua’s circuit with current-controlled resistors.



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

66 Linear DAEs and projector-based methods

The reader is here referred to Chapter 5 for details concerning the form of
the following model for the dynamics of this circuit:

(C1(t)e1)′ − ir1 + ir2 = 0 (2.124a)

(C2(t)e2)′ + il + ir1 = 0 (2.124b)

(L(t)il)′ − e2 = 0 (2.124c)

e2 − e1 −R1(t)ir1 = 0 (2.124d)

e1 −R2(t)ir2 = 0. (2.124e)

Here, e1 and e2 represent node potentials (cf. Figure 2.1), whereas il, ir1

and ir2 stand for the currents through the inductor and the resistors, respec-
tively. These variables define the semistate vector x = (e1, e2, il, ir1 , ir2).

All devices are linear and time-dependent, and their characteristics are
assumed to be defined on some working interval J ⊆ R. Both resistors
are supposed to be current-controlled via the relations vr1 = R1(t)ir1 and
vr2 = R2(t)ir2 . If both R1(t) and R2(t) do not vanish on J , then ir1 and ir2

can be written in terms of e1 and e2 using (2.124d) and (2.124e). Inserting
these relations into (2.124a) and (2.124b) one gets the linear time-varying
analog of Chua’s equation [69]. If, additionally, the reactances are in C1

and do not vanish, then the system can be rewritten as an explicit state
equation on e1, e2, il; this case is framed below as an index one problem.
By contrast, if we assume that the resistances R1(t) or R2(t) may vanish
then the attention must be driven to DAE models such as (2.124).

We remove hereafter explicit dependences on t. The differential-
algebraic model (2.124) can be written in the form A(Dx)′ +Bx = 0 with

A =




1 0 0
0 1 0
0 0 1
0 0 0
0 0 0


, D =


C1 0 0 0 0

0 C2 0 0 0
0 0 L 0 0


, B =




0 0 0 −1 1
0 0 1 1 0
0 −1 0 0 0

−1 1 0 −R1 0
1 0 0 0 −R2


.

In the sequel we analyze the index of this DAE under different assumptions
on the device characteristics, also showing how the decoupling of Theorem
2.3 unravels the circuit dynamics. Contrary to [195], we work with the
Π-framework of subsection 2.2.4. The reader should have in mind that the
goal is not just to provide the system solutions, but to illustrate how the
projector framework drives the analysis of the DAE to an explicit ODE on
the variable u, with explicit algebraic expressions for the vk components
of the solution (cf. (2.67)); the key aspect here is that exactly the same
arrangements can be used in the analysis of high-scale problems.
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2.2.6.1 Index one

Assume that the resistances R1(t), R2(t), the capacitances C1(t), C2(t),
and the inductance L(t) do not meet any zero on J . These conditions will
define an index one configuration which, as indicated above, amounts to
the standard state space setting for Chua’s circuit.

Indeed, from the non-vanishing of C1, C2 and L it follows that the
leading term is properly stated and we may take

D− =




1/C1 0 0
0 1/C2 0
0 0 1/L
0 0 0
0 0 0


 .

Note that R = DD− = I. The matrix G0 = AD reads

G0 =



C1 0 0 0 0
0 C2 0 0 0
0 0 L 0 0
0 0 0 0 0
0 0 0 0 0


 ,

and

N0(t) = kerG0(t) = kerD(t) = span







0
0
0
1
0


 ,




0
0
0
0
1





 . (2.125)

Take

Π0 =




1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0


 , M0 = I − Π0 =




0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1


 , (2.126)

which, together with B0 = B, yield

G1 = G0 +B0M0 =



C1 0 0 −1 1
0 C2 0 1 0
0 0 L 0 0
0 0 0 −R1 0
0 0 0 0 −R2


 . (2.127)
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The working assumptions R1 �= 0 �= R2, C1 �= 0 �= C2, L �= 0 make G1

nonsingular and the problem index one.
The decoupling (2.68)-(2.69) reads, in an index one context,

u′ + (−R′ +DG−1
1 BD−)u = DG−1

1 q, (2.128a)

v0 = −K0D
−u+ L0q, (2.128b)

having used the identities DΠ0D
− = DD− = R and DΠ0 = D. The

coefficients in (2.128b) read

K0 = M0G
−1
1 B, L0 = M0G

−1
1 . (2.129)

Since the circuit has no excitation we have q = 0, and then the terms
DG−1

1 q and L0q vanish. Additionally, R = I makes R′ = 0, so that the
only non-trivial term in (2.128a) comes from the product DG−1

1 BD−. A
straightforward computation yields for the inherent ODE (2.128a) the ex-
pression

u′ +




R1+R2
R1R2C1

−1
R1C2

0
−1

R1C1

1
R1C2

1
L

0 −1
C2

0


 u = 0, (2.130)

whereas the product −K0D
− = −M0G

−1
1 BD− in (2.128b) reads


0 0 0
0 0 0
0 0 0

−1
R1C1

1
R1C2

0
1

R2C1
0 0


 .

Solutions of the problem are then given by x = D−u+ v0, where the vector
u = (u1, u2, u3) solves (2.130) in the invariant space imDΠ0D

− = R3. This
yields the solutions of the DAE (2.124) in the form

x =




e1

e2

il

ir1

ir2




=




u1
C1

u2
C2

u3
L

0

0




+




0

0

0
−u1
R1C1

+ u2
R1C2

u1
R2C1



.
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2.2.6.2 Index two

Let us now assume that R1(t) = 0 on the working interval J , and that the
remaining device parameters do not vanish on J , namely, that R2(t) �= 0,
C1(t) �= 0 �= C2(t), and L(t) �= 0 for all t ∈ J . Suppose additionally that
C1(t)+C2(t) �= 0 on J . As detailed below, these conditions make the DAE
(2.124) index two.

In this situation, the matrix G1 depicted in (2.127) has constant rank
r1 = 4. The kernel N1 is defined by

N1(t) = kerG1(t) = span







1/C1

−1/C2

0
1
0







and satisfies the condition N0 ∩N1 = {0}, with N0 given in (2.125). Addi-
tionally,

N0(t) ⊕N1(t) = span







0
0
0
1
0


 ,




0
0
0
0
1


 ,




1/C1

−1/C2

0
0
0





 .

We may then take the projector Π1 along N0 ⊕N1 as

Π1 =




0 0 0 0 0
C1/C2 1 0 0 0

0 0 1 0 0
0 0 0 0 0
0 0 0 0 0


 ,

which satisfies the admissibility condition imΠ1 ⊆ imΠ0, with Π0 defined
in (2.126). Some simple computations yield

B1 =




0 0 0 0 0
0 0 1 0 0
0 −1 0 0 0

−1 1 0 0 0
1 0 0 0 0


, G2 =




C1 0 0 −1 1
0 C2 0 1 0

C1/C2 0 L 0 0
−1 − C1/C2 0 0 0 0

1 0 0 0 −R2


. (2.131)

Since C2, L, and R2 do not vanish, we conclude that the matrix G2 is
nonsingular if and only if 1 + C1/C2 �= 0, condition which holds indeed



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

70 Linear DAEs and projector-based methods

because of the assumption C1 + C2 �= 0. The DAE (2.124) is therefore
regular with index two under these assumptions on the devices.

For index two DAEs, the decoupling (2.68)-(2.69) is defined by

u′ + (−(DΠ1D
−)′ +DΠ1G

−1
2 BD−)u = DΠ1G

−1
2 q, (2.132)

together with

v1 = −K1D
−u+ L1q, (2.133a)

v0 = −K0D
−u+ N01(Dv1)′ + L0q. (2.133b)

The matrix mappings in (2.133) have the expressions

K1 = M1G
−1
2 B, L1 = M1G

−1
2 , (2.134a)

K0 = M0(P1G
−1
2 B −Q1D

−(DΠ1D
−)′D), (2.134b)

N01 = M0Q1D
−, L0 = M0P1G

−1
2 . (2.134c)

The inherent ODE (2.132) reads, for this configuration,

u′ +




0 0 0
1

R2(C1+C2)
1

R2(C1+C2)
1
L

−1
C1+C2

−1
C1+C2

0


u = 0, (2.135)

with invariant space

imDΠ1D
− = im


0 0 0

1 1 0
0 0 1


 = span




0

1
0


 ,


0

0
1




 .

Within this space, the inherent ODE (2.135) can be described in terms of
the components u2, u3 of u as

u′2 +
1

R2(C1 + C2)
u2 +

1
L
u3 = 0 (2.136a)

u′3 −
1

C1 + C2
u2 = 0. (2.136b)

The coefficient −K1D
− = −M1G

−1
2 BD− in (2.133a) is given by

−K1D
− =




−C2
C1(C1+C2)

1
C1+C2

0
1

C1+C2

−C1
C2(C1+C2)

0

0 0 0
0 0 0
0 0 0


 ,
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whereas −K0D
− and N01 in (2.133b) read

−K0D
− =




0 0 0
0 0 0
0 0 0
1

R2(C1+C2)
1

R2(C1+C2)
0

1
R2(C1+C2)

1
R2(C1+C2)

0


 , N01 =




0 0 0
0 0 0
0 0 0
1 0 0
0 0 0


 .

Solutions x = D−u+ v1 + v0 are then defined by

x =




e1

e2

il

ir1

ir2




=




0
u2
C2

u3
L

0

0




+




u2
C1+C2

−C1u2
C2(C1+C2)

0

0

0




+




0

0

0

u2
R2(C1+C2)

+
(

C1u2
C1+C2

)′
u2

R2(C1+C2)



,

where u2 and u3 are given by (2.136). Mind the term
(

C1u2
C1+C2

)′
coming

from N01(Dv1)′ in v0.

2.2.6.3 Index three

Finally, consider the setting of 2.2.6.2 with C1(t) + C2(t) = 0, i.e., assume
that R1(t) = 0, R2(t) �= 0, L(t) �= 0 and C1(t) = −C2(t) �= 0 for all t ∈ J .

The computations of 2.2.6.2 are still valid, but in this situation

G2 =




C1 0 0 −1 1
0 −C1 0 1 0

−1 0 L 0 0
0 0 0 0 0
1 0 0 0 −R2


 ,

is a singular matrix with rkG2 = r2 = 4. Now

N2(t) = kerG2(t) = span







1
1 + 1

R2C1
1
L

C1 + 1
R2

1
R2






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which satisfies (N0 ⊕N1) ∩N2 = {0}. Additionally,

N0(t) ⊕N1(t) ⊕N2(t) = span







0
0
0
1
0


 ,




0
0
0
0
1


 ,




1
1
0
0
0


 ,




0
L

R2C1

1
0
0





 .

An admissible choice for the projector Π2 along N0 ⊕N1 ⊕N2 is

Π2 =




0 0 0 0 0
−1 1 −L

R2C1
0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


 ,

which yields, after some computations,

B2 =




0 0 0 0 0

0 0 1 − L
(

1
R2

)′
0 0

1 −1 0 0 0
−1 1 0 0 0

0 0 0 0 0


, G3 =




C1 0 0 −1 1

0 −C1 1 − L
(

1
R2

)′
1 0

−1 0 L− L
R2C1

0 0
0 0 L

R2C1
0 0

1 0 0 0 −R2


.

The matrix G3 is nonsingular and then (2.124) is index three in this setting.
In an index three context, the decoupling (2.68)-(2.69) is given by

u′ + (−(DΠ2D
−)′ +DΠ2G

−1
3 BD−)u = DΠ2G

−1
3 q (2.137)

and

v2 = −K2D
−u+ L2q, (2.138a)

v1 = −K1D
−u+ N12(Dv2)′ + L1q (2.138b)

v0 = −K0D
−u+ N01(Dv1)′ + N02(Dv2)′ + M02v2 + L0q, (2.138c)

with coefficients

K2 = M2G
−1
3 B, L2 = M2G

−1
3 , (2.139a)

K1 = M1(P2G
−1
3 B −Q2D

−(DΠ2D
−)′D), (2.139b)

N12 = M1Q2D
−, L1 = M1P2G

−1
3 (2.139c)

K0 = M0(P1P2G
−1
3 B + (P1P2 − I)D−(DΠ2D

−)′D), (2.139d)

N01 = M0Q1D
−, N02 = M0P1Q2D

−, (2.139e)

M02 = M0(Q1 − P1)D−(DM2D
−)′D, L0 = M0P1P2G

−1
3 . (2.139f)
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The inherent ODE (2.137) reads for this index three configuration

u′ +


 0 0 0

R2
L + R′

2
R2

R2
L + R′

2
R2

R2
L + R′

2
R2

0 0 0


u = 0, (2.140)

with invariant space

imDΠ1D
− = im


0 0 0

1 1 1
R2

0 0 0


 = span




0

1
0




 ,

where (2.140) can be described in terms of the component u2 as

u′2 +
(
R2

L
+
R′

2

R2

)
u2 = 0. (2.141)

The coefficients in (2.138) read

−K2D
− =




0 0 0
1

C1

1
C1

0
R2
L

R2
L 0

0 0 0
0 0 0


 , −K1D

− =




−1
C1

0 0
−1
C1

0 0

0 0 0
0 0 0
0 0 0


 ,

N12 =




0 0 1
0 0 1
0 0 0
0 0 0
0 0 0


 , N01 =




0 0 0
0 0 0
0 0 0
1 0 0
0 0 0


 , N02 =




0 0 0
0 0 0
0 0 0
0 0 1

R2

0 0 1
R2


 ,

whereas −K0D
− = M02 = 0.

Solutions x = D−u+ v2 + v1 + v0 are finally defined by

x=




e1

e2

il

ir1

ir2




=




0
−u2
C1

0

0

0




+




0
u2
C1

R2u2
L

0

0




+




(R2u2)′

(R2u2)′

0

0

0




+




0

0

0

(C1(R2u2)′)′ + (R2u2)′

R2

(R2u2)
′

R2




with u2 given by (2.141).
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2.2.7 Regular points

The tractability index framework as discussed so far is directed to the
linear time-varying DAE (2.3) “globally” on the working interval J . We
reformulate here this approach in a local manner, introducing the notion of
a regular point. This will be done in a way such that if all points are regular
in a given interval, then the DAE itself is regular on the whole interval,
that is, in a somehow uniform manner. The ultimate aim is to provide the
background for the analysis of singularities carried out in Chapter 4.

Definition 2.7. A point t∗ ∈ J is said to be algebraically nice at level
k ≥ 1, nice at level k ≥ 0, or regular for (2.3) if the DAE itself is so,
according to Definitions 2.4 and 2.5, on some open interval I ⊆ J with
t∗ ∈ I. The set of regular points within J will be denoted by Jreg.

If a point t∗ is regular, we call I a regularity interval for t∗. The
tractability index of a regular point t∗ can be defined as the tractability
index of the DAE in I; the same happens with the characteristic values de-
fined by the ranks ri. Trivially, if the DAE (2.3) is regular with tractability
index ν on J , then all points in this interval are regular, that is, Jreg = J .
The same assertion holds for algebraically nice or nice at level k points.
Furthermore, all points inherit the index ν and the characteristic values
r0, . . . , rν (resp. r0, . . . , rk) of the DAE on J .

The converse is also true, as stated below and proved in [195] (see Propo-
sitions 5 and 6 there). For simplicity we restrict the statement to regular
points, although the obvious analogs for algebraically nice and nice points
hold as well. Note that this result guarantees in particular that the choice
of the regularity interval results in no ambiguity concerning the index and
the characteristic values of a given regular point.

Proposition 2.6. Let t1, t2 ∈ J be two different regular points of DAE
(2.3) with regularity intervals I1, I2, indices ν1, ν2, and characteristic
values r1,0, . . . , r1,ν1 and r2,0, . . . , r2,ν2 , respectively. If I1 ∩I2 �= ∅, then

(i) the indices and the characteristic values coincide, namely ν1 = ν2 and
r1,i = r2,i for i = 0, . . . , ν1, and

(ii) the DAE is regular on I1 ∪ I2 with the same index and characteristic
values.

Moreover, if all points of an open interval I ⊆ J are regular, then they
have uniform index and characteristic values ν, r0, . . . , rν , and the DAE is
regular on I with this index and these characteristic values.
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The set Jreg is open in J , and may hence be described as the union
of a (possibly infinite) number of disjoint open subintervals. Following
Proposition 2.10 of [189] (see Remark 2.3 on p. 43 above) this is independent
of the actual choice of admissible projectors. Additionally, Proposition 2.6
shows that the DAE has a uniform structure in each of these subintervals.
Points in J − Jreg are called singular and will be analyzed in Section 4.2.

2.3 Standard form linear DAEs

Projector-based methods were originally directed to the standard form DAE
(2.2) [107, 108, 125, 179–182, 185]. We can now profit from the frame-
work developed for the properly stated form (2.3), compiled in Section
2.2, to improve on the analysis of standard form problems presented in
[182]. Indeed, the tractability index of (2.2) has a nice characterization
(Theorem 2.4) in which all the requirements, including smoothness ones,
can be directed to the matrices Gi and the projector-independent spaces
N0 ⊕ . . .⊕Ni. Moreover, problems with arbitrary index can be fully char-
acterized by means of the decoupling presented in Theorem 2.5, which is a
restatement of the one discussed in Theorem 2.3 for properly stated DAEs.

2.3.1 The tractability index of standard form DAEs

Let us then drive our attention back to the standard form linear DAE (2.2).
The results of Section 2.2 apply to these problems, provided that kerA(t)
is a C1-space (cf. Remark 2.1 on p. 36), via the reformulation

A(t)(P (t)x(t))′ +B(t)x(t) = q(t), t ∈ J , (2.142)

with B(t) = E(t) − A(t)P ′(t). Here P (t) is a C1 projector along kerA(t).
Note that, according to Definition 2.2, the proper statement of (2.142)
follows from the C1 nature of the projector P (t).

Definition 2.8. The standard form linear DAE (2.2) is regular with
tractability index ν on J if kerA(t) is a C1-space on J and the prop-
erly stated reformulation (2.142) is regular with tractability index ν on J ,
for some (hence any) C1 projector P (t) along kerA(t).

In order to apply the framework of Section 2.2 we set D(t) = P (t), so
that R(t) = P (t). We also assume that D−(t) = P (t) (cf. Remark 2.6 in
[189]); this will lead to the identities Π0 = P and P0 = P used below.
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Other choices of D− (or, respectively, of Π0 and P0) are however possible;
we might e.g. construct the chain in the Π-framework beginning with the
orthogonal choice of Π0, without requiring P to be orthogonal. Neverthe-
less, the identities Π0 = P and P0 = P will provide several simplifications
in the matrix chain construction and also in the decoupling of the DAE.

Proposition 2.7. The index notion of Definition 2.8 for a standard form
linear DAE (2.2) is independent of the choice of the C1 projector P (t).

Proof. This is a consequence of Theorem 4.6 in [189]. Assume that
(2.142) is regular with index ν on J and let P̃ be another C1 projector
along kerA(t), yielding the reformulation

A(t)(P̃ (t)x(t))′ + B̃(t)x(t) = q(t)

with B̃(t) = E(t) −A(t)P̃ ′(t).
Since kerP = ker P̃ , item (iii) in Proposition 2.5 implies that PP̃ = P

and P̃P = P̃ . Theorem 4.6 in [189] then applies by setting H = H− = P̃

within equations (4.17) and (4.18) there. Specifically, the requirements
stated in equations (4.19) and (4.20) of [189] are met because of the relations
PP̃ P̃P = PP̃ = P and

A = AP̃ , P̃ = P̃P, E −AP̃ ′ = E −AP ′ +AP ′P̃ ,

respectively. In the last identity we have used P ′ = (PP̃ )′ = P ′P̃ + PP̃ ′,
which yields AP ′ = AP ′P̃ +AP̃ ′ since AP = A. �

The matrix chain construction based on the Π-framework of subsection
2.2.4 will be defined, for the reformulation (2.142) of the standard form
DAE (2.2), by Π0 = P and

G0 = A, B0 = B = E −AP ′, (2.143)

together with

G1 = G0 +B0M0, (2.144)

where M0 = I − Π0. Additionally

Bi = (Bi−1 −GiΠ0Π′
i)Πi−1 (2.145a)

Gi+1 = Gi +BiMi, (2.145b)

for i ≥ 1. Here, Πi is a C1 projector along the space N0⊕ . . .⊕Ni verifying
imΠi ⊆ imΠi−1, and Mi = Πi−1 − Πi.

Note that in (2.145a) we have used the identities D = D− = Π0, as
well as the properties (Π0ΠiΠ0)′ = Π′

i and Π0Πi−1 = Πi−1 following from
(2.61).
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In terms of the P -projectors of subsection 2.2.3, the matrix chain is
equivalently defined by (2.143), jointly with

G1 = G0 + B0Q0, (2.146)

where Q0 is defined from P0 = P as Q0 = I − P0, and

Bi = Bi−1Pi−1 −GiP0(P0 · · ·Pi)′P0 · · ·Pi−1, (2.147a)

Gi+1 = Gi +BiQi (2.147b)

for i ≥ 1. As usual, Pi is a projector along Ni = kerGi, and Qi = I − Pi.
The properties in the P -framework making it possible to write Bi in the
form depicted in (2.147a) can be simply derived from the ones within the
Π-framework via the identity Πi = P0 · · ·Pi.

In Theorem 2.4 below we state the conditions which support these con-
structions and thereby characterize the tractability index of the standard
form DAE (2.2). Such conditions are of course a particularization of those
arising in subsections 2.2.3 and 2.2.4, although the smoothness requirement
(c) admits a nice geometrical restatement in this context.

Theorem 2.4. The standard form linear DAE (2.2) is regular with
tractability index zero on J if and only if A(t) is nonsingular on J .

Provided that kerA(t) is a C1-space on J , the DAE (2.2) is regular with
tractability index ν ≥ 1 on J if and only if, for 1 ≤ i ≤ ν − 1

(a) Gi has constant rank ri < m on J ,
(b) Ni = kerGi verifies (N0 ⊕ . . .⊕Ni−1) ∩Ni = {0} for all t ∈ J ,
(c) the space N0 ⊕ . . .⊕Ni admits a C1-basis on J ,

and additionally Gν is nonsingular on J .

Here the chain construction can be (equivalently) assumed to be based
either on the Π- or the P -frameworks. In the Π-based construction, one can
choose Πi as the orthogonal projector along N0⊕. . .⊕Ni for i = 0, . . . , ν−1;
the C1-smoothness of this orthogonal projector is equivalent to that of the
space N0 ⊕ . . . ⊕ Ni itself. In terms of P -projectors, we need to require
explicitly forQi = I−Pi the admissibility conditionN0⊕. . .⊕Ni−1 ⊆ kerQi

and the C1-smoothness condition on the resulting product P0 · · ·Pi. Note
however that the Πi-projector captures these properties in a natural way.

We emphasize that conditions (a) and (b) above, as well as the spaces
N0 ⊕ . . . ⊕ Ni (and thereby condition (c)) are independent of the actual
choice of admissible projectors, according to Theorem 2.3 in [191]; see also
Proposition 2 in [195]. It follows that the tractability index of (2.2) is
independent of the choice of admissible projectors.
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2.3.2 Decoupling

The decoupling discussed in Theorem 2.3 applies to index ν standard form
DAEs (2.2) via the reformulation (2.142), with some simplifications which
are commented on below. We assume that q(t) meets the smoothness re-
quirements emanating from Remark 2.9 (cf. page 53).

Theorem 2.5. Assume that the standard form linear DAE (2.2) is regular
with tractability index ν on J . Then,

x(t) ∈ C1
P (J ,Rm) = {x ∈ C(J ,Rm) / Px ∈ C1(J ,Rm)},

solves the reformulation (2.142) if and only if it can be written as

x = u+ vν−1 + . . .+ v1 + v0, (2.148)

where u ∈ C1(J ,Rm) is a solution of the inherent ODE

u′ − Π′
ν−1u+ Πν−1G

−1
ν Bu = Πν−1G

−1
ν q (2.149)

lying on the invariant space imΠν−1, whereas

vk = −Kku+
ν−1∑

j=k+1

Nkjv
′
j +

ν−1∑
j=k+2

Mkjvj + Lkq (2.150)

for k = ν − 1, . . . , 0, with vk ∈ C1(J ,Rm) for k > 0 and v0 ∈ C(J ,Rm).
The coefficients of (2.150) read

Kk = MkPk+1 · · ·Pν−1G
−1
ν B +Mk(Pk+1 · · ·Pν−1 − I)Π′

ν−1

Nkj = MkPk+1 · · ·Pj−1Qj

Mkj = Mk

(
j−1∑

i=k+1

Pk+1 · · ·Pi−1(Qi − Pi)

)
Π0M

′
j

Lk = MkPk+1 · · ·Pν−1G
−1
ν ,

where the products Pk+1 · · ·Pl amount to the identity I whenever l < k+1.

Theorem 2.5 is just a restatement of Theorem 2.3. Note that we have
used D = D− = Π0 and Π0ΠiΠ0 = Π0Πi = Πi. The product D−u has
been written as u since solutions of the inherent ODE contribute to the
DAE solutions only when lying on the space imDΠν−1D

− = imΠν−1, and
then we can use D−Πν−1 = Πν−1. Similarly, vj = Mjvj holds because of
(2.150) and the leading factor Mk in all the coefficients Kk, Lk, Nkj and
Mkj ; since DMj = Π0Mj = Mj by (2.62) (note that j ≥ 1 always) we have
Dvj = vj . This explains in particular the C1 condition on vk for k > 0.
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The only additional aspects which need to be clarified are the following.
Regarding the D− factor within the Kk coefficient in Theorem 2.3, we have
used D− = Π0 and Mk(Pk+1 · · ·Pν−1 − I)Π0 = Mk(Pk+1 · · ·Pν−1 − I),
which owes to (2.82). The D term at the end of Kk and Mkj within the
general statement in Theorem 2.3 can be now removed since D = Π0 will
multiply D−u = Πν−1u and vj = Mjvj , respectively; use then the identities
Π0Πν−1 = Πν−1 and Π0Mj = Mj . Finally, the D− factor at the end of
Nkj in Theorem 2.3 is not present here because QjΠ0 = Qj if j > 0, which
in turn is due to the relation kerΠ0 = N0 ⊆ kerQj (cf. (2.65)).

Remark 2.11. The reader can easily check that the decoupling defined
by (2.33) and (2.34) for standard form DAEs with index one discussed in
subsection 2.2.1 is a particular instance of (2.149) and (2.150) above. Note
that in an index one problem we have K0 = M0G

−1
1 B and L0 = M0G

−1
1 ,

and that Π0, M0, G1 in the current setting stand for P , Q, A1 in 2.2.1.

It is worth indicating that if a solution of (2.142) given by Theorem
2.5 belongs to C1(J ,Rm), then it can be easily checked to solve the origi-
nal standard form equation (2.2). Note finally that the ideas discussed in
Remark 2.10 (p. 64) and in subsection 2.2.7 apply, with straightforward
modifications, in the standard form setting of (2.2).

2.3.3 Time-invariant problems revisited

The results above apply in particular to the linear time-invariant DAE (2.1)
considered in Section 2.1, provided that the pencil {A,E} is regular. In-
deed, in this situation all projectors can be chosen to be constant, so that all
time derivatives of projector products vanish. This idea was already present
in the original chain construction (see [179] and [108]). The construction
of the matrix chain for (2.1) via (2.143), (2.146) and (2.147) yields

G0 = A, B0 = E (2.151)

and

Gi+1 = Gi +BiQi, Bi+1 = BiPi, (2.152)

where Qi is a constant projector onto Ni = kerGi, and Pi = I −Qi. This
construction is identical to the one displayed in (2.21). Using Theorem 2.1,
this means that in constant coefficient cases the tractability index notion
depicted in Definition 2.8 amounts to the Kronecker index of the pencil.

The Π-framework provides the following simple characterization of a
regular pencil and its Kronecker index [251].
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Proposition 2.8. Consider the matrix pencil {A,E} with A,E ∈ Rm×m.
Write G0 = A and, for i ≥ 0,

Gi+1 = A+ ETi,

where Ti is the orthogonal projector onto N0 + . . .+Ni, with Ni = kerGi.
Then the matrix pencil {A,E} is regular with Kronecker index ν if and only
if Gi is singular for i < ν and Gν is nonsingular.

Proof. Use the chain construction based on (2.56), (2.57) and (2.58)
with the orthogonal choice of Πi. Since the derivatives (DΠiD

−)′ in (2.57)
vanish, we have Hi = H0 = E for all i ≥ 0 and then

Gi+1 = Gi + EMi = Gi + E(Πi−1 − Πi) = Gi−1 + E(Πi−2 − Πi−1)

+E(Πi−1 − Πi) = Gi−1 + E(Πi−2 − Πi) = . . . = A+ E(I − Πi).

The result then follows from the equivalence of this construction with the
one based on (2.152) (cf. Theorem 2.2), together with Theorem 2.1. �

Note that there is no need here to assume that N0 + . . . + Ni can be
written as a direct sum. This is due to the fact that any non-trivial inter-
section (N0 + . . .+Ni−1) ∩Ni can be shown to yield a singular matrix Gk

for any k; in this situation the pencil is necessarily a singular one [189].
The decoupling presented in Theorem 2.5 applies, with straightforward

simplifications, in the constant coefficient setting. If the pencil {A,E} is
regular, x ∈ C1

P (J ,Rm) solves (2.1) if and only if it can be written as

x = u+ vν−1 + . . .+ v1 + v0,

where u ∈ C1(J ,Rm) is a solution of the inherent ODE

u′ + Πν−1G
−1
ν Eu = Πν−1G

−1
ν q (2.153)

lying on the invariant space imΠν−1, and the components vk verify

vk = −Kku+
ν−1∑

j=k+1

Nkjv
′
j + Lkq (2.154)

for k = ν − 1, . . . , 0, with vk ∈ C1(J ,Rm) for k > 0 and v0 ∈ C(J ,Rm).
The coefficients of (2.154) read, in this constant coefficient context,

Kk = MkPk+1 · · ·Pν−1G
−1
ν E

Nkj = MkPk+1 · · ·Pj−1Qj

Lk = MkPk+1 · · ·Pν−1G
−1
ν .
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Mind the fact that, within these coefficients, all factors involving time
derivatives vanish in the time-invariant setting; this is in particular the
case for Mkj .

Remark 2.12. The reader can particularize (2.153) and (2.154) to derive
(2.15) and (2.16), respectively, in the index one setting considered in 2.1.3.2.
Note that in index one problems the terms Nkjv

′
j are not present.

2.4 Other approaches for linear DAEs: Reduction techniques

The reader is referred to [30, 42, 54] and [147, 148, 151], respectively,
for comprehensive discussions of the differentiation and strangeness index
frameworks for the analysis of linear time-varying DAEs. The differenti-
ation index and derivative arrays will be briefly examined, in a nonlinear
context, in Section 3.7. We sketch below the reduction framework of Rabier
and Rheinboldt for linear DAEs in the standard form (2.2), as presented in
[225, 228]; these techniques will be discussed in great detail for nonlinear
systems in Chapter 3. Reduction methods accommodating discontinuous
inputs and inconsistent initial conditions in linear problems are tackled
within a distributional framework in [226, 228]. Some interrelations of re-
duction techniques and projector-based methods are addressed in [250].

The reduction of (2.2) is supported on the assumption that {A(t), E(t)}
is a regular pair on the interval J , in the sense that, for some fixed r ≤ m

and all t in J , the conditions

rkA(t) = r (2.155a)

rk (A(t) E(t)) = m (2.155b)

hold; here (A E) stands for the m×2m matrix map constructed by joining
the columns of A and E. It is also assumed that both A(t) and E(t) belong
to C1(J ,Rm×m).

If r < m, from the above-mentioned requirements it follows that both
imA(t) and S(t) = {x ∈ Rm : E(t)x ∈ imA(t)} are C1-spaces (cf. Remark
2.1 on page 36). This is due to the existence of a C1, maximal rank map-
ping H(t) : J → R(m−r)×m such that v ∈ imA(t) ⇔ H(t)v = 0. The
product H(t)E(t) has constant rank m − r due to (2.155b) and the iden-
tity H(t)A(t) = 0. Hence, the set S(t) may be described as the C1-space
kerH(t)E(t), which is r-dimensional for every fixed t.

The C1-structure of imA(t) and S(t) makes it possible to choose matrix-
valued maps C(t) ∈ C1(J ,Rm×r), D(t) ∈ C1(J ,Rr×m) such that, for
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every t ∈ J , C(t) and the restriction of D(t) to imA(t) yield isomorphisms
Rr → S(t) and imA(t) → Rr, respectively. The pair

A1 = DAC, E1 = D(EC +AC′), (2.156)

is then called a reduction of {A,E}.
The regular pair {A,E} is said to have (geometric) index one if A1(t)

is nonsingular for all t ∈ J . This index one notion is proved in [228] inde-
pendent of the choice of C, D, and equivalent to the tractability index one
notion provided that the C1 smoothness condition required by the reduction
framework is met. See [225] for a discussion in the analytic setting.

The analysis of (2.2) in this index one context requires also the in-
troduction of a “reduced” excitation q1 = D(q − Eu0 − Au′0), where
Eu0 − q ∈ imA. This requirement can be met since it holds in particu-
lar for u0 = ET(AAT + EET)−1q. Classical solutions of a DAE (2.2) with
an index one, C1 pair {A(t), E(t)} and a C1 excitation q(t) can be then
recovered from those of the reduced ODE

A1(t)ξ′ + E1(t)ξ = q1(t), (2.157)

through the relation x = Cξ + u0.

In cases in which the matrix mapping A1 is singular, under additional
regularity and smoothness assumptions the same procedure can be applied
to {A1, E1}. If the procedure can be continued indefinitely, it will eventually
become stationary, and the number of reduction steps defines the (so-called
geometric) index: cf. [225, 228]. In these higher index cases the reduced
ODE is formulated in terms of the pair {Aν(t), Bν(t)} which results from
the iteration of the reduction procedure outlined above.

When compared with projector methods and the tractability index
framework, the reduction approach presents some limitations which con-
cern the need to parametrize the set S(t), and also the smoothness require-
ments on A(t), E(t) and q(t); for instance, the explicit appearance of the
derivative u′0 in the expression for q1 depicted above might lead to the erro-
neous interpretation that solutions of index one problems actually depend
on the first derivative of the excitation, against common understanding in
the context of the perturbation index [121, 122]; compare also with the
solution characterization (2.33)-(2.34) provided by projector methods, not
involving any derivative of q(t). On the other hand, this approach provides
a rather direct method for the analysis of DAE, suitable for extension to
higher index cases without additional complexity. Reduction techniques
define also a nice framework for the analysis of nonlinear DAEs, as detailed
in the next Chapter.
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Chapter 3

Nonlinear DAEs and
reduction methods

The present Chapter addresses nonlinear differential-algebraic equations,
with special emphasis on quasilinear problems. Our attention will be mainly
centered on reduction methods which, roughly speaking, unveil the behav-
ior of a given nonlinear DAE in terms of an explicit ODE defined on a
lower dimensional manifold. This approach is particularly well-suited for
the analysis of dynamical aspects in nonlinear semistate systems; model
reduction aspects and state formulations may also be advantageously tack-
led within this framework. The focus on reduction methods will provide
the reader with a perspective and a set of tools different, and somehow
complementary, to the projector-based ones presented in Chapter 2, and
also to those supported on the differentiation index and derivative arrays,
widely discussed in the DAE literature: see [30, 45, 46, 94] and references
therein.

A key reference within the reduction framework is the paper [238] by
W. C. Rheinboldt. The geometric spirit of this approach is also present
in [239], as well as in the research of S. Reich on this topic [229–231] and
in the joint work of P. Rabier and Rheinboldt [220, 221, 228]. See also
[106, 284, 285]. The geometric motivation is also strong in other related
references [17, 73, 101, 102, 170, 171, 205, 208, 261–263], whose origins
can be traced back to the work of Dirac on generalized Hamiltonian dy-
namics [79–81]. An excellent compilation of the framework of Rabier and
Rheinboldt can be found in Chapter 4 of [228], where the focus on quasilin-
ear DAEs provides a significant simplification of the fully nonlinear setting
of [221].

The reduction approach will be motivated via some structured problems
(semiexplicit index one and Hessenberg DAEs) in Sections 3.1 and 3.2.
They are intended to provide a friendly introduction to these methods for

83
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readers without a background on this topic. The somewhat simple structure
of these systems allows also for a discussion of some relations and differences
with the framework based on the differentiation index.

From the relatively simple form of semiexplicit and Hessenberg systems
and the easy derivation of a reduced ODE for regular instances of them,
the reader should not conclude that state reductions are straightforward.
Reduction methods become highly non-trivial when applied to the analysis
of general quasilinear DAEs and specially in the presence of singularities
(cf. Chapter 4). Section 3.3 compiles some elementary prerequisites from
differential geometry aimed at the study of quasilinear problems.

The reduction of quasilinear DAEs of the form (1.20), discussed in Sec-
tion 3.4, is the main topic of this Chapter. Our point of view will be a local
one. The global framework of Rabier and Rheinboldt, summarized follow-
ing [228] in 3.4.1, requires of course global conditions which often fail to
hold in practical cases. Their approach will be rephrased in a local manner
by means of the geometric index notion for a regular point, around which
solutions of the DAE can be locally characterized. This will yield an exact
description of the so-called regular manifold where the reduction is actually
feasible. This is detailed in subsections 3.4.2-3.4.4.

The local setting allows naturally for descriptions of the (local) dynamics
via explicit ODEs defined on open subsets of R

r, in terms of a subset of
the original problem variables. This will be important in circuit modeling,
where state models for higher index configurations can be formulated in
terms of variables linked with reactive elements, with a well-defined and
clear physical meaning. As a byproduct, this makes the reduction approach
easier for readers not so familiar with differential geometry.

Different properties concerning local equivalence of quasilinear DAEs
will be considered in 3.4.5. The local equivalence relation introduced there
will turn out to be intimately linked with the reduction procedure, and
naturally yields the invariance of notions such as the index as well as their
independence of the choice of reduction operators. This discussion includes
as well certain results of independent interest, in particular the one stating
that any two reductions of locally equivalent DAEs are themselves locally
equivalent, which leads to the conclusion that any two state space local
descriptions of a DAE around a regular point are locally conjugate.

Several examples illustrating the reduction procedure for quasilinear
DAEs are presented in 3.4.6. Section 3.4 ends with a discussion of nonau-
tonomous quasilinear problems in 3.4.7. Additional results concerning
projector-based methods for quasilinear DAEs arising in electrical circuit
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theory can be found in Chapter 5.
The suitability of reduction methods for the study of local dynamic as-

pects of DAEs will be illustrated in Section 3.5 by the analysis of qualitative
properties of equilibria in quasilinear DAEs. Section 3.6 briefly examines
geometric reduction methods for fully nonlinear DAEs; the reasons for this
shorter treatment are their rare appearance in practical applications and
the fact that fully nonlinear problems can be naturally rewritten in quasi-
linear form by taking the time derivative of the semistate vector as an ad-
ditional variable, which renders the system semiexplicit (cf. (1.7)). Finally,
the differentiation index and derivative arrays are discussed in Section 3.7.

Due to the intrinsic complexity of nonlinear problems, we will try to
keep the terms of the discussion as simple as possible in order to improve
readability. In this direction, we restrict the attention to standard form
DAEs, instead of using proper formulations [157, 190, 193, 293] which may
be less familiar for many readers. Also for the sake of simplicity, from
Section 3.3 on all operators will be assumed to be in C∞, although this
requirement can be easily relaxed along the lines indicated in Sections 3.1
and 3.2. Technically, we avoid stating local results in terms of germs (see
e.g. [7, 99, 100]), which would yield much more synthetic statements but at
the same time would significantly obscure the discussion for many readers.

3.1 Semiexplicit index one DAEs

Consider the autonomous semiexplicit DAE

y′ = h(y, z) (3.1a)

0 = g(y, z), (3.1b)

and assume that h ∈ Ck(W0,R
r) and g ∈ Ck(W0,R

p) for some k ≥ 1, the
set W0 being open in R

r+p.
Let (y∗, z∗) ∈ W0 satisfy g(y∗, z∗) = 0. If the derivative gz(y∗, z∗)

defines an invertible matrix, then gz is nonsingular on some open neighbor-
hood U of (y∗, z∗) and the DAE (3.1) is said to have differentiation index
one on U . We will often say the index to be one around the point (y∗, z∗),
without explicit mention of U . This notion (cf. [30, 45, 46] and Section 3.7
below) is supported on the fact that one differentiation in (3.1b) suffices to
obtain, locally around (y∗, z∗), an explicit underlying ODE

y′ = h(y, z) (3.2a)

z′ = −g−1
z (y, z)gy(y, z)h(y, z), (3.2b)
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for which g(y, z) = 0 is an invariant comprising the solutions of the original
DAE.

The right-hand side of (3.2) defines, at least locally around (y∗, z∗), a
Ck−1 vector field v = (v1, v2) given by(

v1(y, z)
v2(y, z)

)
=
(

h(y, z)
−g−1

z (y, z)gy(y, z)h(y, z)

)
. (3.3)

Actually v(y, z) is well-defined on the set of points (y, z) ∈ W0 where
gz(y, z) is nonsingular. The invariance of the set g = 0 for the underlying
equation (3.2) relies on the fact that the derivative of g along any integral
curve of the vector field (3.3) reads gyv1 + gzv2 = gyh+ gz(−g−1

z gyh) = 0.
Note also that the vector field v(y, z) is in Ck if the smoothness require-
ments h ∈ Ck(W0,R

r), g ∈ Ck+1(W0,R
p) hold for the mappings in (3.1).

Reduction methods will unveil the behavior of (3.1) in a different man-
ner. The nonsingularity of gz(y∗, z∗) implies that the set

W1 = {(y, z) ∈ W0 / g(y, z) = 0} ⊂W0, (3.4)

which accommodates the solutions of the DAE, has an r-dimensional man-
ifold structure locally around (y∗, z∗) (cf. Section 3.3). Moreover, if the
nonsingularity condition on gz(y, z) holds at every (y, z) ∈ W1, then the
whole set W1 will be an r-dimensional Ck-manifold. Under this global as-
sumption, system (3.1) will be said to be a regular DAE with geometric
index one; throughout this Chapter we will often omit the label ‘geometric’
to refer to the index. In this index one setting, a Ck-vector field is globally
defined on the manifold W1, and its integral curves give the solutions of
the DAE. This vector field can be shown to be the restriction of (3.3) to
the tangent bundle (see again Section 3.3) TW1. The set W1 may in this
situation be called the solution manifold of the semiexplicit DAE (3.1).

From a local point of view, this behavior can be described without
resorting to these geometric concepts. Provided that g(y∗, z∗) = 0, the
hypothesis that gz(y∗, z∗) is nonsingular makes it possible to apply the
implicit function theorem to describe the set g(y, z) = 0 locally as z = ψ(y)
with ψ ∈ Ck(Ω1,R

p), Ω1 being an open neighborhood of y∗ in Rr. In terms
of the y-variables the local behavior can be described via the reduced ODE

y′ = h(y, ψ(y)), (3.5)

defined on Ω1 ⊆ Rr. Now, h(y, ψ(y)) can be seen as a Ck-vector field locally
defined on an open subset of Rr, and (3.5) can be understood as a local
state space description of the problem. Solutions of the DAE (3.1) near



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

3.1. Semiexplicit index one DAEs 87

(y∗, z∗) are defined from those of the explicit ODE (3.5) by using addition-
ally z = ψ(y). The vanishing of g(y∗, z∗) together with the nonsingularity
of gz(y∗, z∗) will define (y∗, z∗) as a regular point with geometric index one
or simply as an index one point.

The connection between the approaches sketched in the last two para-
graphs comes from looking at the mapping y → (y, ψ(y)) as a local
parametrization (cf. Section 3.3) of the manifold W1. The right-hand side
of the state space description (3.5) can be understood as a local coordi-
nate representation of the above-defined vector field on W1. It is important
to emphasize that other parametrizations of W1 would lead to different
state space descriptions of the DAE. Nevertheless, all state representations
will be equivalent in a sense made precise in subsection 3.4.5 (see specif-
ically Theorem 3.4 there). In this case, the y-variables are privileged by
the semiexplicit form of the system, which makes it possible to distinguish
these “dynamic” variables from the “algebraic” ones, namely, z. But a fea-
ture that will be shared with general quasilinear DAEs with a well-defined
geometric index is that a local state space representation in terms of some
of the original problem variables will always be available, actually coming
out in a natural way from the reduction procedure.

At this point it is worth clarifying the distinction between two concepts
which, though elementary, are sometimes confused in the literature. We
mean the notion of an underlying ODE such as (3.2), defined on the whole
semistate spaceW0 (which is open in Rr+p) and for which the r-dimensional
manifold W1 is an invariant, and that of a reduced ODE, which is defined
only on the lower-dimensional manifold W1 and, in local coordinates, yields
an equation such as (3.5) on some Ω1 ⊆ Rr. The same distinction can be
made in terms of vector fields or flows, and also holds in higher index and
unstructured problems.

Note finally that initial value problems for (3.1) are only well-posed for
initial conditions lying on W1. Specially within the numerical literature,
points on the solution manifold W1 are called consistent initial conditions
for an index one DAE. Characterizing the solution manifold or, in these
terms, the set of consistent initial conditions for higher index DAEs is a
more involved problem, as discussed below.
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3.2 Hessenberg systems

The ideas presented above need to be refined in order to apply to higher
index equations. Consider the autonomous Hessenberg DAE of size two

y′ = h(y, z) (3.6a)

0 = g(y), (3.6b)

where h ∈ Ck(W0, Rr), g ∈ Ck+1(Ŵ0, Rp), k ≥ 1 and r ≥ p. Here W0 and
Ŵ0 are open subsets of Rr+p and Rr, respectively, and Ŵ0 is assumed to
include the y-projection of W0.

Taking the time derivative of g along trajectories of (3.6) we can check
that solutions of the DAE (3.6) must satisfy the hidden constraint

0 = gy(y)h(y, z). (3.7)

Assume that a given (y∗, z∗) satisfies g(y∗) = 0, gy(y∗)h(y∗, z∗) = 0. If
the product gyhz is invertible at (y∗, z∗), then it is so on a neighborhood
U of this point and (3.6) is said to have differentiation index two on U or,
simply, around (y∗, z∗). Indeed, differentiating (3.7) we get

y′ = h(y, z) (3.8a)

z′ = −(gyhz)−1(y, z)(gyh)y(y, z)h(y, z), (3.8b)

which is an underlying ODE for (3.6). Analogously to the index one case,
the right-hand side of (3.8) is a vector field defined on points of W0 with
a nonsingular gyhz, and the equations g(y) = 0, gy(y)h(y, z) = 0 can be
checked to define an invariant set comprising the DAE solutions.

From the point of view of reduction methods, the nonsingularity require-
ment on gyhz implies in particular that gy has maximal rank p. Globally,
if rkgy(y) = p whenever g(y) = 0, then the set

W1 = {(y, z) ∈ W0 / g(y) = 0} (3.9)

naturally admits an r-dimensional Ck+1-manifold structure. Furthermore,
if we define

W2 = {(y, z) ∈ W0 / g(y) = 0, gy(y)h(y, z) = 0} ⊂W1 (3.10)

then the assumption rkgy(y)hz(y, z) = p for all (y, z) ∈ W2 makes this set
an (r − p)-dimensional Ck-manifold. This will be due (see Section 3.3) to
the maximal rank condition

rk
(

gy 0
(gyh)y gyhz

)
= 2p (3.11)
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which follows from rkgy(y)hz(y, z) = p. Note in particular that the identity
rkgy(y)hz(y, z) = p comprises the “intermediate” requirement rkgy(y) = p.

The global assumption rkgy(y)hz(y, z) = p for all (y, z) ∈ W2 yields a
well-defined vector field and a flow on W2. This manifold is filled by the
solutions of (3.6), which are integral curves of this vector field, and therefore
W2 will be termed the solution manifold of the problem. The DAE (3.6)
will be said to be a regular DAE with geometric index two. Points in W2

are sometimes called consistent initial values for index two DAEs.
Locally, from the condition rkgy(y∗) = p it follows that y can be split

into r − p variables u (which for simplicity can be assumed w.l.o.g. to be
y1, . . . , yr−p), and p variables w (corresponding to yr−p+1, . . . , yr) in a
way such that rk gw(y∗) = p. Hence, by the implicit function theorem, g = 0
amounts to w = ψ(u) for some locally defined Ck+1-map ψ. Additionally,
using the condition rkgy(y∗)hz(y∗, z∗) = p and the splitting y = (u,w), we
can describe locally the set gyh = 0 by a Ck-relation of the form z = η(u,w).
On the intersection with g = 0 we get z = η(u, ψ(u)).

Using these coordinates and splitting h = (h1, h2), where h1 (resp. h2)
denotes the first r − p (resp. last p) components of h, we get from (3.6a)
the reduced explicit ODE

u′ = h1((u, ψ(u)), η(u, ψ(u))). (3.12)

In cases in which the u-variables qualifying for the description w = ψ(u)
via the implicit function theorem are not the first r−p ones of y, we simply
have to partition h taking the indices which define h1 and h2 from the
corresponding splitting of y into u and w.

The state equation (3.12), together with w = ψ(u) (or, equivalently,
y = (u, ψ(u))) and z = η(u, ψ(u)), yields a complete description of the
local solution behavior. Here u lies on an open set Ω2 ⊆ Rr−p. The three
conditions g(y∗) = 0, gy(y∗)h(y∗, z∗) = 0 and rkgy(y∗)hz(y∗, z∗) = p will
define (y∗, z∗) as a regular point with geometric index two or an index two
point for the Hessenberg DAE (3.6).

In terms of the above-defined manifolds W1 and W2, the relation
w = ψ(u) leads to a local parametrization (u, z) → ((u, ψ(u)), z) of W1,
with (u, z) ∈ Ω1 ⊆ Rr for some open set Ω1. In turn, z = η(u,w) defines,
via (u,w) → ((u,w), η(u,w)), a parametrization of the “hidden” manifold
gyh = 0. Finally, the mapping z = η(u, ψ(u)) yields the local parametriza-
tion u→ ((u, ψ(u)), η(u, ψ(u))) of the solution manifold W2.

These ideas also apply, mutatis mutandis, to the Hessenberg DAE of
arbitrarily large size (1.18), under the assumption that the product in (1.19)
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is nonsingular. For instance, solutions of an autonomous Hessenberg DAE
of size three

y′1 = h1(y1, y2, z)

y′2 = h2(y1, y2)

0 = g(y2)

lie on the manifold W3 defined by the identities g = 0, gy2h2 = 0 and
gy2h2y1h1 + (gy2h2)y2h2 = 0, provided that the product gy2h2y1h1z is non-
singular.

The notions here presented can be extended in a non-trivial way to gen-
eral quasilinear DAEs, as detailed in Section 3.4, using some elementary
concepts from differential geometry which are previously compiled in Sec-
tion 3.3. Hessenberg DAEs will be revisited in 3.4.6 in order to illustrate the
discussion performed in subsections 3.4.2 - 3.4.5. Nonautonomous analogs
of the problems above will be considered in 3.4.7.

3.3 Some notions from differential geometry

The reader is referred to [1, 27, 31] for extensive introductions to differ-
ential geometry and, in particular, for a more detailed discussion of the
notions compiled here for later use. Henceforth we will restrict the atten-
tion to smooth (this term being used to mean C∞ in the remainder of the
Chapter) problems, although virtually all results can be restated in a Ck

context with finite k.
We will assume throughout that Rm is furnished with the usual topology,

and restrict the attention to subsets of Rm equipped with the relative topol-
ogy. In this context, an r-dimensional local parametrization of a nonempty
set W ⊆ Rm is a pair (Ω, ϕ), with Ω and ϕ(Ω) nonempty and open in
R

r and W , respectively, such that the C∞-mapping ϕ : Ω → R
m verifies

rkϕ′(ξ) = r for all ξ ∈ Ω and yields a homeomorphism Ω → ϕ(Ω) ⊆ W .
With terminological abuse, sometimes we will use ‘parametrization’ to mean
the mapping ϕ, regardless of the domain Ω. Hereafter we will refer to the
inverse mapping ϕ−1 : ϕ(Ω) → Ω ⊆ Rr as a local coordinate system or a
chart, which is of course defined only on the image of ϕ.

Now, a nonempty set W ⊆ Rm is said to be a smooth manifold if
for every nonisolated point x ∈ W there exists a local parametrization
(Ω, ϕ) with x ∈ ϕ(Ω); if this parametrization is r-dimensional, r is termed
the local dimension of W at x. As it is done e.g. in [1, 6], we do not
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require the domains of all parametrizations of W to be open subsets of
the same space Rr; should all parametrizations be r-dimensional for some
constant r, the manifold is said to be r-dimensional. We also assume that
any set composed of isolated points is a 0-dimensional manifold, and allow
isolated points to be 0-dimensional components of any manifold; actually,
accommodating these 0-dimensional components will be only necessary for
the sake of completeness in 3.4.4, and throughout the present Section we
exclude isolated points without explicit mention in situations in which they
become meaningless. Note that R

m itself, as well as any open subset of Rm,
can be seen as an m-dimensional smooth manifold by using the identity as
a parametrization. Hence, a smooth manifold in Rm may have different
components whose dimensions range from 0 to m.

Roughly speaking, a submanifold of a given smooth manifold W ⊆ Rm

is a subset of W which has the relative topology and is itself a manifold.
Formally, given a manifold W , a nonempty subset S ⊆ W is said to be
a smooth submanifold of W either if S is open in W (being then an open
submanifold of W ), or if for every x ∈ S there exists a local parametrization
(Ω1×Ω2, ϕ) of W in which Ω1 and Ω2 are open neighborhoods of the origin
in R

d1 and R
d2 , respectively, x = ϕ(0, 0), and S∩ϕ(Ω1×Ω2) = ϕ(Ω1×{0})

(see e.g. [59]). The corresponding chart ϕ−1 yields a preferred coordinate
system for W relative to S [27]. In particular, if W is r-dimensional and
there exists a constant d ≥ 1 such that d1 = r − d and d2 = d for all local
parametrizations of S of the form above, S is said to be a codimension-d
submanifold ofW ; S is then (r−d)-dimensional. Note that an r-dimensional
manifold W ⊆ Rm is a submanifold of Rm with codimension m− r.

A mapping f : W → W̃ is said to be smooth if for every x ∈ W there
exist local parametrizations (Ω, ϕ) and (Ω̃, ϕ̃) of W and W̃ , with x ∈ ϕ(Ω)
and f(ϕ(Ω)) ⊆ ϕ̃(Ω̃) (thus in particular f(x) ∈ ϕ̃(Ω̃)) such that ϕ̃−1 ◦ f ◦ϕ
belongs to C∞(Ω, Ω̃). Since Ω and Ω̃ are open sets within certain spaces
Rr and Rs, this relies on standard concepts of real differential calculus. It
is easy to check that this notion does not depend on the specific choice
of the parametrizations. A smooth bijection f of W onto W̃ is called a
diffeomorphism if the inverse f−1 : W̃ → W is also smooth.

Letting W ⊆ Rm be a smooth manifold, the set of tangent vectors at
x ∈W of all smooth curves on W that pass through x is called the tangent
space to W at x and will be denoted by TxW . Mind that we are restricting
the attention to submanifolds of Rm; in abstract settings, this space can
be defined as the quotient set under an equivalence relation given by the
tangency of smooth curves leaving x, cf. [1]. The tangent space can be
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shown to be a vector subspace of Rm, its dimension given by the local
dimension of W at x. If ϕ is a local parametrization of W with x = ϕ(ξ),
then imϕ′(ξ) defines the tangent space to W at x. The disjoint union⋃

x∈W TxW is called the tangent bundle of W ; it can be given a manifold
structure, which is 2r-dimensional if W is r-dimensional. In particular,
the tangent space to Rm (or to an open set Ω ⊆ Rm) at any point can
be canonically identified with Rm itself, and we may therefore write the
corresponding tangent bundles as Rm × Rm and Ω × Rm, respectively.

A smooth mapping f : W → W̃ induces at every x ∈ W a linear
map dfx : TxW → Tf(x)W̃ called the differential. It can be defined as the
mapping which carries a vector v tangent at t = 0 to a smooth curve φ(t) on
W leaving x (i.e. a smooth curve such that φ(t) ∈W for all t, with φ(0) = x,
φ′(0) = v), to the vector (f ◦ φ)′(0), which is tangent to the curve f(φ(t))
at t = 0; see e.g. [1, 6]. This notion does not depend on the particular
choice of the smooth curve φ. The rank of a smooth mapping f : W → W̃

at x ∈ W is then defined as the rank of the differential dfx, that is, as the
dimension of the image space dfx(TxW ). It can be proved to be given by
the rank of the Jacobian matrix in any coordinate representation; with the
parametrizations used in the above definition of a smooth mapping, the
rank of f at x = ϕ(ξ) equals the rank of (ϕ̃−1 ◦ f ◦ ϕ)′(ξ).

A smooth map f : W → W̃ is said to be an immersion at x ∈ W

if the rank of f at x equals the local dimension of W at x; it is called
an immersion if it is an immersion at every x ∈ W . An immersion f :
W → W̃ that is a homeomorphism of W onto f(W ) is called an embedding
of W in W̃ . In particular, a local parametrization ϕ : Ω → W is an
embedding of Ω in W . Locally, if f : W → W̃ is an immersion at x, then
there exists a neighborhood U of x such that f |U is an embedding of U
in W̃ and a diffeomorphism of U onto f(U) (see Theorem 3.5.7 in [1] and
Theorem III.4.12 in [27]). These notions will be the key to guaranteeing
that the reduction procedure discussed below preserves all the local dynamic
information of a given quasilinear DAE.

In Sections 3.1 and 3.2 we assumed at several points that the derivative
of the map g defining explicit constraints (cf. (3.1) and (3.6)) has maximal
rank. A smooth mapping g : W → W̃ is called a submersion at x ∈ W if
the rank of g at x equals the local dimension of W̃ at g(x), and it is called
a submersion if it is a submersion at every x ∈ W . As it happens in the
DAEs (3.1) and (3.6), smooth manifolds will often be implicitly described in
terms of submersions. Actually this idea provides an alternative manifold
definition (cf. Definition 9.2 in [59]). The key remark in this regard is that
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a local r-dimensional parametrization of W ⊆ Rm exists around x ∈ W if
and only if there is an open set U ⊆ Rm containing x and a submersion
g ∈ C∞(U,Rm−r) such that W ∩ U = {x ∈ U / g(x) = 0}. This type
of local description will also be used in the general quasilinear setting of
Section 3.4, in particular with g(x) = H(x)f(x) in (3.23); see also Lemma
3.1. In this setting, the tangent space to W at x is defined by kerg′(x).

The submersion condition on g at a given x∗ verifying g(x∗) = 0 yields,
via the implicit function theorem, a variable splitting x = (u,w) which
makes it possible to describe locally the set g = 0 as w = ψ(u) for some
locally defined smooth map ψ, thereby yielding a local parametrization of
the form u→ (u, ψ(u)) of g = 0 around x∗; here the choice of the variables
w is of course defined by a nonsingular derivative gw(x∗). In particular,
the nonsingularity of gz(y∗, z∗) in the index one setting of Section 3.1 led
to the local description z = ψ(y) of the set W1 in (3.4).

Immersions and submersions are particular instances of a subimmersion,
which in this finite-dimensional setting can be defined as a smooth map of
locally constant rank, cf. Definition 3.5.15 and Proposition 3.5.16(ii) in [1].
The subimmersion theorem, which can be understood as a geometric analog
of the rank theorem [78], states that if W and W̃ are smooth manifolds with
dimensions r and s, and a given smooth mapping g : W → W̃ has constant
rank d on W , then for every y in g(W ) the set g−1(y) is a submanifold of
W with dimension r− d (see e.g. Th. III.5.8 in [27]). The result also holds
if g has constant rank on an open neighborhood of g−1(y) (cf. Th. 3.5.17
in [1]). If g is a submersion (i.e. if d = s) then g−1(y) has dimension r− s;
in this maximal rank case, it is enough to require that the rank of g equals
s on the set g−1(y), as stated for instance in Corollary III.5.9 of [27]. We
already used this idea in the above-mentioned local implicit description of
a manifold as g−1(0), g : U → Rm−r being a submersion defined on the m-
dimensional manifold U ⊆ Rm. This result supports the manifold structure
of W1 in (3.4) under the assumption of nonsingularity on gz, as well as that
of W2 in (3.10) under the maximal rank requirement (3.11).

3.4 Quasilinear DAEs: The geometric index

As already indicated in subsection 1.4.3, the semiexplicit problems (3.1)
and (3.6) considered in Sections 3.1 and 3.2 can be rewritten in the form(

Ir 0
0 0

)(
y′

z′

)
=
(
h

g

)
.
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Writing (y, z) = x and (h, g) = f , these equations can be seen as particular
instances of the autonomous quasilinear DAE

A(x)x′ = f(x), (3.13)

with A ∈ C∞(W0,R
m×m), f ∈ C∞(W0,R

m), W0 open in Rm. The results
in this Section also hold if the smoothness requirement is reduced to Cm

and, eventually, to Cν if the index does not exceed ν. The pair (A(x), f(x))
is sometimes called a generalized vector field [67, 68, 202, 203], and the
quasilinear DAE (3.13) will be often referred to simply as (A, f). We detail
in this Section a reduction procedure for general problems of the form
(3.13) which extends the ideas introduced in Sections 3.1 and 3.2. The
nonautonomous counterpart of (3.13) (namely, the DAE (3.70) on page
123) will be considered in subsection 3.4.7.

3.4.1 The framework of Rabier and Rheinboldt

Geometric methods for the reduction of nonlinear DAEs have been de-
veloped in the last two decades mainly by Rheinboldt [238, 239], Reich
[229, 230], and Rabier and Rheinboldt [220, 221, 228], among other au-
thors. We summarize in this subsection the global reduction method of
Rabier and Rheinboldt for quasilinear problems of the form (3.13), follow-
ing Chapter 4 of [228].

The attention will be focused on DAEs defined on an open submanifold
W0 of Rm, although the results also hold if the problem domain is a lower-
dimensional submanifold of Rm as it is assumed in [228]. Note that any C1

solution to (3.13) must obviously lie on the set (cf. in particular (3.4) and
(3.9) above)

W1 = {x ∈W0 / f(x) ∈ imA(x)}, (3.14)

which by certain global conditions will be guaranteed to be an r-dimensional
submanifold of W0.

With this aim, define the map F : TW0 �W0 × Rm → Rm as

F (x, p) = A(x)p − f(x), (3.15)

and let

M0 = F−1(0) = {(x, p) ∈ TW0 / A(x)p− f(x) = 0}. (3.16)

Denoting by π : Rm×Rm → Rm the projection onto the first factor we have
W1 = π(M0). Now, if a given mapping x(t) solves (3.13), then it follows
immediately from (3.16) that the pair (x(t), x′(t)) must belong to M0.
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The reduction method as discussed by Rabier and Rheinboldt then proceeds
through the following two assumptions.

(G1) A(x) has constant rank r1 ≤ m for all x ∈ W1.

(G2) F (x, p) is a submersion on its zero set M0.

As explained in Section 3.3, the submersion hypothesis G2 requires the
derivative F ′ to have maximal rank m at every point of M0. Assumption
22.1 in [228] is a slightly more general condition which, nevertheless, is
acknowledged by the authors to be checked in practice via the above-stated
submersion assumption.

Under these working conditions, the mapping π|M0 : M0 →W1 is proved
to have constant rank r1 and also to be an open map, that is, to carry M0

and open subsets of M0 to open subsets of W1. Via the subimmersion the-
orem, it follows that W1 = π(M0) is a smooth r1-dimensional submanifold
of W0; find details in Theorems 21.1 and 22.3 of [228].

A key remark at this stage is the following. Provided that x(t) is a
solution to (3.13), thereby lying entirely on W1, the pair (x(t), x′(t)) must
belong to the tangent bundle TW1. This means that x′(t) must be tangent
not only to W0 but also to W1 itself. Hence, the pair (x(t), x′(t)) needs to
be in the intersection M1 = TW1 ∩M0 and, in particular, x(t) must lie on
W2 = π(M1). Letting F1 = F |TW1 , we can describe M1 = TW1 ∩M0 as
F−1

1 (0), whereas the set W2 reads

W2 = {x ∈W1 / f(x) ∈ imA(x)|TxW1}. (3.17)

Again, (3.17) can be checked to amount to (3.10) for the Hessenberg prob-
lem (3.6) considered in Section 3.2. If the analogs of assumptions G1 and
G2 hold when applied to F1 and A(x)|TxW1 , W2 will be an r2-dimensional
manifold with r2 = rkA(x)|TxW1 , and the same reasoning can be performed
one step further.

This way, if the the above-mentioned working assumptions hold at every
step, the procedure yields two sequences of smooth manifolds which will
eventually stabilize, namely, M0 ⊃M1 ⊃ . . . ⊃Mν = Mν+1 and

W0 ⊃W1 ⊃ . . . ⊃ . . . ⊃Wν ⊇Wν+1 = Wν+2. (3.18)

The dimensions of the manifolds in (3.18) are given by the rank sequence

r0 > r1 > r2 > . . . > rν = rν+1 = rν+2,

where r0 stands for m. Under these conditions the pair (W0,M0) is said
to be completely reducible; Rabier and Rheinboldt then call the smallest
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integer ν such that either Mν = ∅ or Mν �= ∅ and rν = rν+1 the geometric
index of the quasilinear DAE (3.13).

The procedure involves ν+1 steps, although in the (ν+1)−th one only
the constant rank condition rν+1 = rkA(x)|TxWν = rν for x ∈Wν+1 needs
to be checked, as shown in Theorem 26.4 of [228]. In index ν problems with
Mν �= ∅, the manifold Wν+1 turns out to be open in Wν . Always under the
above-stated working assumptions, this manifold comprises all the smooth
solutions of the DAE, which can be described in terms of a vector field
uniquely defined on Wν+1. Details can be found in Theorems 23.2 and 24.1
of [228].

Via local parametrizations, solutions of index ν DAEs can also be locally
described in terms of reduced equations. As detailed in Sects. 26 and 27 of
[228], if U is an open set such that Wν ∩ U admits a local parametrization
x = ϕ(u) with domain Ω ⊆ Rrν , and U is small enough as to guarantee
the existence of P ∈ Rrν×m yielding an isomorphism from imA(x)|TxWν−1

onto Rrν for all x in Wν ∩ U , then x(t) is proved to be a solution of (3.13)
lying on U if and only if x(t) ∈ Wν+1 ⊆ Wν for all t and u(t) = ϕ−1(x(t))
is a solution of the reduced equation

Aν(u)u′ = fν(u) (3.19)

on Ω ⊆ Rrν , with

Aν(u) = PA(ϕ(u))ϕ′(u), fν(u) = Pf(ϕ(u)). (3.20)

The leading matrix Aν in (3.19) can be proved to be nonsingular along
solutions of the DAE, and actually on ϕ−1(Wν+1 ∩ U). This makes it
possible to describe locally the solutions of the DAE via the state space
representation

u′ = A−1
ν (u)fν(u), (3.21)

on ϕ−1(Wν+1 ∩ U) ⊆ Ω. Equation (3.21) is a generalization of the local
state space descriptions (3.5) and (3.12).

Why a local approach?

The above-summarized framework provides a nice approach for the analysis
of quasilinear DAEs when the global assumptions G1 and G2 on page 95
hold at every reduction step. But its obvious limitation is the exclusion of
DAEs for which these assumptions are not met. Consider for example a
situation in which the constant rank assumption in G1 does not hold (not
even locally) around a given x∗ ∈ W1 (cf. for instance (4.35) or (4.63) on
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pages 167 and 186, respectively). In this case W1 may not admit locally a
manifold structure, and thereby Tx∗W1 need not be well-defined. In turn
this rules out the definition of M1, W2, and so on.

This is actually a non-trivial, two-fold problem. First, restating the
working conditions and the construction in a local manner will make it
possible, by means of the concept of a regular point, to characterize the
so-called regular set where a complete reduction is actually feasible, possi-
bly with different dimensions and indices in different components. In the
terms detailed in subsections 3.4.2 - 3.4.4, and disregarding for the moment
minor differences, behind the approach of Rabier and Rheinboldt is the re-
quirement that all points on W1 are 0-regular (see Definition 3.2 below). In
the forthcoming framework, even if W1 does not have a manifold structure,
the regular part W reg

1 will be indeed a smooth manifold (cf. Proposition
3.2, p. 109). The same will happen in later steps, thus allowing to rename
the above-mentioned regular set the regular manifold of the DAE, which is
well-defined for any quasilinear problem. The concepts of a locally regular
DAE and its solution manifold follow naturally, as detailed in subsection
3.4.4.

The second aspect of this problem concerns the points where the (so
far vague) regularity notion fails; these singular problems will be tackled
in Chapter 4. In the above-sketched situation in which the constant rank
assumption fails locally around a given x∗ ∈W1, this point would be called
an inner singularity; see the example (4.63) discussed in 4.4.6.3. These
singular points cannot be accommodated in the framework of Rabier and
Rheinboldt; the singular phenomena discussed in [228] (see specifically p.
353) amount to what may be called “last-step singularities”, which do not
affect the validity of the reduction procedure. In terms of the reduced
equation (3.19), Aν(u) will not be invertible on Ω − ϕ−1(Wν+1 ∩ U) and
therefore (3.19) will be in general a quasilinear ODE with singularities, but
the reduction procedure was assumed to be feasible up to step ν. A more
general setting will be discussed in Chapter 4.

3.4.2 Index zero and index one points

The present subsection, together with 3.4.3, introduces a local reduction
procedure that overcomes the limitations discussed at the end of 3.4.1.
Readers without a previous background on this topic might profit from
taking a look at the examples in subsection 3.4.6 before or in parallel to
reading this construction.
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3.4.2.1 Index zero points

Definition 3.1. A point x∗ ∈ W0 is called regular with geometric index
zero for the DAE (3.13) if A(x∗) ∈ Rm×m is a nonsingular matrix.

The set of regular points with index zero will be denoted by W ind0.

We use hereafter the expression ‘index zero point’ (and later on ‘index ν

point’) for regular points with index zero (resp. with index ν). Note that we
are often omitting the label ‘geometric’ for the index within this Chapter.

The set W ind0, if nonempty, is immediately seen by the condition
detA(x) �= 0 to be an open submanifold of W0. The behavior on this
submanifold trivially amounts to that of the explicit ODE

x′ = A−1(x)f(x), x ∈W ind0.

3.4.2.2 Index one points

As already remarked in 3.4.1, an obvious necessary condition for a C1

solution of (3.13) to pass through a given point is that it belongs to the
set W1 = {x ∈ W0 / f(x) ∈ imA(x)} defined in (3.14). This set plays a
key role in the analysis of points which are not index zero, as detailed in
the sequel. Specifically, the below-defined subset W reg

1 ⊆ W1 of so-called
0-regular points captures the algebraic requirements which yield a smooth
manifold structure, supporting not only the local reduction of Theorem 3.1
but also the notion of an index one point (see Definition 3.3 on p. 102) and
the analysis of higher index problems undertaken in 3.4.3. Recall that the
map F : W0 × Rm → Rm was defined in (3.15) as F (x, p) = A(x)p − f(x).

Definition 3.2. A point x∗ ∈W0 is said to be 0-regular for the DAE (3.13)
if x∗ ∈W1 and the following two conditions hold:

(R1) A(x) has constant rank r1 ≤ m on some neighborhood of x∗.
(R2) F is a submersion at (x∗, p∗), for some p∗ satisfying A(x∗)p∗ = f(x∗).

The set of 0-regular points will be denoted by W reg
1 .

By construction W reg
1 is open in W1 and therefore the sets W reg

1 and
W1 coincide locally around any 0-regular point. More precisely, for all
x∗ ∈W reg

1 there exist a neighborhood U of x∗ such that W reg
1 ∩U = W1∩U .

Henceforth we will abbreviate this kind of relation as

W reg
1

loc= W1. (3.22)

Further relations between W0, W
ind0, W1 and W reg

1 can be found in 3.4.4.
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The constant rank condition in R1 above is a local version of G1 on page
95, with the slightly stronger requirement that the rank is constant within a
whole neighborhood (say Ũ0) of x∗ in W0. Note that a local rank deficiency
in A along W1 seems to be unlikely to occur except in incidental examples.
If this locally constant rank r1 verifies r1 < m, then there will exist another
open neighborhood Û0 ⊆ Ũ0 ∩ U of x∗ and a smooth matrix-valued map
H ∈ C∞(Û0,R

(m−r1)×m) such that

kerH(x) = imA(x) ∀x ∈ Û0,

see e.g. Proposition 3.4.18(ii) in [1] or Lemma 22.1 in [228]. Note that
kerH(x) = imA(x) yields of course H(x)A(x) = 0 but also the maximal
rank condition rkH(x) = m− r1 on Û0. Now v ∈ imA(x) ⇔ H(x)v = 0 for
x ∈ Û0, allowing for the following local implicit description of W reg

1
loc= W1:

W reg
1 ∩ Û0 = W1 ∩ Û0 = {x ∈ Û0 / H(x)f(x) = 0}. (3.23)

The submersion condition R2 requires rkF ′(x∗, p∗) = m. This is a
key hypothesis because it characterizes the situations in which the product
H(x)f(x) is a submersion, as shown in Lemma 3.1 below; in this setting
the implicit description (3.23) will lead to a local parametrization of the
set W reg

1
loc= W1, guaranteeing a local smooth structure on it and thereby

paving the way for the local reduction discussed in Theorem 3.1. Lemma
3.1 also shows that, under assumption R1, the submersion condition in R2
does not depend on the specific choice of p∗ such that A(x∗)p∗ = f(x∗);
this means that R2 is an exact local version of G2 on page 95.

Lemma 3.1. Let x∗ ∈ W1. Assume that A(x) has constant rank r1, with
0 < r1 < m, on some open neighborhood Ũ0 of x∗, and let the matrix-valued
map H ∈ C∞(Û0,R

(m−r1)×m) verify kerH(x) = imA(x) ∀x ∈ Û0 ⊆ Ũ0.
Then the following two statements are equivalent:

(i) H(x)f(x) is a submersion at x∗;
(ii) F (x, p) is a submersion at (x∗, p∗) for some (hence any) p∗ satisfying

A(x∗)p∗ = f(x∗).

Proof. We will denote (Hf)′(x∗)· = (H ′(x∗)·)f(x∗) +H(x∗)f ′(x∗)· and,
with notational abuse, the Jacobian matrix F ′(x∗, p∗) will be written as

((A′(x∗)·)p∗ − f ′(x∗) · A(x∗)) ,

in order to denote F ′(x∗, p∗)(v1, v2) = (A′(x∗)v1)p∗ − f ′(x∗)v1 +A(x∗)v2.
Assume that (i) holds, that is, rk (Hf)′(x∗) = m − r1, and suppose

that for some p∗ satisfying A(x∗)p∗ = f(x∗) the submersion condition on



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

100 Nonlinear DAEs and reduction methods

F (x∗, p∗) fails, i.e., that rkF ′(x∗, p∗) < m. This would mean that there
exists a non-vanishing v ∈ Rm � Rm×1 such that vTF ′(x∗, p∗) = 0, namely

vT[(A′(x∗)·)p∗ − f ′(x∗)·] = 0 (3.24a)

vTA(x∗) = 0. (3.24b)

From the latter and the definition of H , vT can be written as wTH(x∗) for
some non-vanishing w ∈ Rm−r1 . Equation (3.24a) then reads

wTH(x∗)[(A′(x∗)·)p∗ − f ′(x∗)·] = 0. (3.25)

Due to the relation H(x∗)A′(x∗)· = −(H ′(x∗)·)A(x∗) following from
H(x)A(x) = 0, (3.25) reads wT[−(H ′(x∗)·)A(x∗)p∗ − H(x∗)f ′(x∗)·] = 0;
in turn, this can be written as −wT[(H ′(x∗)·)f(x∗) + H(x∗)f ′(x∗)·] = 0,
against the maximal rank condition on (Hf)′(x∗). This shows that, if (i)
is met, then (ii) holds for any p∗ as long as it satisfies A(x∗)p∗ = f(x∗).

Let now the statement (ii) hold for some p∗ satisfying A(x∗)p∗ = f(x∗).
The product H(x∗)F ′(x∗, p∗) must then have maximal rank, that is,
rk ( H(x∗)((A′(x∗)·)p∗ − f ′(x∗)·) 0 ) = m− r1, and then

rk (−(H ′(x∗)·)A(x∗)p∗ −H(x∗)f ′(x∗)·)
= rk (−(H ′(x∗)·)f(x∗) −H(x∗)f ′(x∗)·) = m− r1,

so that rk (Hf)′(x∗) = m− r1, which is the submersion condition in (i).
Note finally that, as shown above, when (i) holds, (ii) holds for any p∗

verifying A(x∗)p∗ = f(x∗). This proves that the submersion condition on
F at (x∗, p∗) does not depend on the specific choice of p∗. �

Theorem 3.1. Let x∗ ∈W0 be a 0-regular point for (3.13), and denote by
r1 the locally constant rank of A(x) around x∗. If r1 > 0, then there exists
an open neighborhood U0 ⊆W0 ⊆ Rm of x∗ such that

(i) W reg
1 ∩U0 = W1 ∩U0 admits a smooth r1-dimensional parametrization

x = ϕ1(ξ) with surjective ϕ1 : Ω1 →W reg
1 ∩ U0;

(ii) there exists a C∞ matrix-valued mapping P1 : U0 → Rr1×m verifying
that P1(x)

∣∣
im A(x) is an isomorphism imA(x) → Rr1 for all x ∈ U0.

For any such ϕ1, P1, x(t) is a solution of (3.13) within U0 if and only if
x(t) ∈W reg

1
loc= W1 for all t and ξ(t) = ϕ−1

1 (x(t)) is a solution of

A1(ξ)ξ′ = f1(ξ), ξ ∈ Ω1 ⊆ R
r1 (3.26)

with

A1(ξ) = P1(ϕ1(ξ))A(ϕ1(ξ))ϕ′
1(ξ) (3.27a)

f1(ξ) = P1(ϕ1(ξ))f(ϕ1(ξ)). (3.27b)
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Proof. Choose U0 small enough as to guarantee the coincidence on it
of W1 and W reg

1 pointed out in (3.22), as well as the existence of the
parametrization ϕ1 in (i) which follows from the local conditions supporting
the notion of a 0-regular point together with Lemma 3.1, and the existence
of P1(x) in (ii) which is due to the vector bundle structure locally associated
with imA(x) (cf. Proposition 3.4.18(ii) in [1] and Lemma 22.1 in [228]).

Now, assume that x(t) solves (3.13) with x(t) ∈ U0 for all t. Since
x′(t) solves pointwise the linear system A(x(t))p = f(x(t)), it must be
x(t) ∈ W1

loc= W reg
1 for all t. Therefore ξ(t) = ϕ−1

1 (x(t)) is well-defined.
Writing x(t) = ϕ1(ξ(t)), x′(t) = ϕ′

1(ξ(t))ξ
′(t), and premultiplying (3.13) by

P1(ϕ1(ξ(t))) we get that (3.26) holds.
Conversely, the assumption that ξ(t) solves (3.26) reads, in the light of

(3.27),

P1(ϕ1(ξ(t)))A(ϕ1(ξ(t)))ϕ′
1(ξ(t))ξ

′(t) = P1(ϕ1(ξ(t)))f(ϕ1(ξ(t))). (3.28)

Note that ϕ1(ξ(t)) = x(t) ∈ W1 and then f(ϕ1(ξ(t))) ∈ imA(ϕ1(ξ(t))).
Since P1 yields an isomorphism when restricted to imA, (3.28) leads to

A(ϕ1(ξ(t)))ϕ′
1(ξ(t))ξ

′(t) = f(ϕ1(ξ(t))),

showing that x(t) = ϕ1(ξ(t)) solves (3.13); obviously x(t) ∈ U0 since ϕ1

maps onto W reg
1 ∩ U0. �

Theorem 3.1 holds trivially if r1 = m, that is, in an index zero setting,
although in this case the result is only needed for later consistency; in
this situation, (3.27) actually yields a form of local equivalence which will
examined in detail in subsection 3.4.5.

Equation (3.26), as well as the pair (A1, f1), will be called a one-step
local reduction or, sometimes, simply a local reduction of (3.13), whereas
(P1, ϕ1) will be termed a reduction pair. Allowing the mapping P1 to be
non-constant (in contrast to [228]) may simplify the reduced equations; see
for instance example (4.61) on p. 185. Additional remarks on the reduction
operator P1 can be found in 3.4.5.3 below.

Just for the sake of completeness, if x∗ is 0-regular with r1 = 0 we may
think of a local reduction simply as the algebraic problem f(ϕ1(ξ)) = 0
defined from a trivial map ϕ1 : {ξ∗} → {x∗} (cf. Remark 3.3).

Remark 3.1. According to Lemma 3.1, the “reduced” variables ξ in item
(i) of Theorem 3.1 can be taken as a subset of the original variables x, by a
straightforward application of the implicit function theorem to H(x)f(x) =
0. This particular choice is not necessary for the validity of the reduction,
but will be important from the modeling point of view e.g. in Chapter 6.
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Definition 3.3. A point x∗ ∈ W0 is called regular with geometric index
one for (3.13)

(a) either if it is 0-regular with m > r1 > 0 and A1(ξ∗) is nonsingular for
some (hence any) reduction pair (P1, ϕ1) satisfying x∗ = ϕ1(ξ∗);

(b) or if it is 0-regular with r1 = 0.

The set of index one points will be denoted by W ind1.

The independence of the specific choice of the reduction pair will be
proved in broader generality in Theorem 3.3 (cf. subsection 3.4.5, p. 112).

In the index one setting described by item (a) of Definition 3.3, the
reduction (3.26) can be rewritten as a explicit ODE on some neighborhood
of ξ∗, possibly smaller than Ω1. This will be stated in more generality in
Theorem 3.2.

Remark 3.2. If x∗ is 0-regular with m > r1 > 0, the index one condition
may be equivalently formulated as the requirement that ξ∗ = ϕ−1(x∗) is
an index zero point for the local reduction (3.26).

Remark 3.3. The cases accommodated in item (b), in which the rank r1 of
A(x) verifies r1 = 0 locally around x∗, correspond to DAEs in which A(x)
vanishes on some neighborhood of x∗. The problem then amounts locally
to the algebraic one f(x) = 0. The 0-regularity requirement yields in this
situation the conditions f(x∗) = 0, rkf ′(x∗) = m; these index one points
are therefore isolated, and can be understood as equilibrium solutions of the
DAE. Most problems of interest correspond of course to cases with r1 > 0.

The index one condition may be checked without actually computing a
parametrization of W1, as detailed below.

Proposition 3.1. A point x∗ ∈ W1 is regular with index one for (3.13) if
A(x) has constant rank r1 around x∗, 0 < r1 < m, and the matrix(

P1(x∗)A(x∗)
(Hf)′(x∗)

)
(3.29)

is nonsingular, with P1 and H given by Theorem 3.1 and Lemma 3.1, re-
spectively.

Proof. Note first that x∗ is 0-regular because of Lemma 3.1 and the
maximal rank condition on (Hf)′(x∗) which follows from the nonsingularity
of (3.29). The latter is equivalent to kerP1(x∗)A(x∗)∩ker (Hf)′(x∗) = {0}.
In addition, ker (Hf)′(x∗) = Tx∗W reg

1 because W reg
1

loc= W1 is locally defined
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by the condition H(x)f(x) = 0, as depicted in (3.23). We may hence
restate the nonsingularity of (3.29) as kerP1(x∗)A(x∗) ∩ Tx∗W reg

1 = {0}.
This implies that

rkP1(x∗)A(x∗)|Tx∗W reg
1

= r1.

The result then follows from the fact that this maximal rank condi-
tion is equivalent to the nonsingularity of the r1 × r1 matrix A1(ξ∗) =
P1(ϕ1(ξ∗))A(ϕ1(ξ∗))ϕ′

1(ξ∗) since, for any local parametrization ϕ1(ξ) of
W reg

1
loc= W1 with x∗ = ϕ1(ξ∗), it is imϕ′

1(ξ∗) = Tx∗W reg
1 . �

3.4.3 Higher index points

3.4.3.1 Index two points

The expert reader may directly jump to 3.4.3.2, which comprises as a par-
ticular case the index two setting here considered. The present discussion
is intended to glance at the recursion process which supports the geomet-
ric index concept. Being deliberately vague, our aim is to introduce an
index two notion in a way such that the point x∗ is index two for (3.13) if
ξ∗ = ϕ−1

1 (x∗) is index one for the one-step reduction (3.26).
In order to make this idea precise, let x∗ ∈W0 be a 0-regular point with

m > r1 > 0, assume for the moment A1(ξ∗) in (3.26) to be singular, and
define

V2 = {ξ ∈ Ω1 / f1(ξ) ∈ imA1(ξ)} ⊆ Ω1 ⊆ R
r1 . (3.30)

This set can be seen as a local coordinate description of the below-defined
set W2. Let us elaborate. In the setting of Rabier and Rheinboldt discussed
in subsection 3.4.1, the manifold structure on W1 given by assumptions G1
and G2 made the tangent space TxW1 (and thereby W2 in (3.17)) well-
defined. Instead, we now make use of the manifold structure on the set of
0-regular points which follows from item (i) of Theorem 3.1 (see Proposition
3.2 in subsection 3.4.4 for a more detailed discussion) to define

W2 = {x ∈W reg
1 / f(x) ∈ imA(x)|TxW reg

1
} ⊆W reg

1 ⊆W1, (3.31)

where it is worth emphasizing the identity TxW
reg
1 = TxW1 following at

0-regular points from (3.22). The precise relation between V2 and W2 is

W2 ∩ U0 = ϕ1(V2), (3.32)

where U0 is defined in Theorem 3.1. Indeed, since ϕ1 is a local parametriza-
tion of the set W reg

1
loc= W1 and P1 is an isomorphism when restricted to
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imA, the condition f1(ξ) ∈ imA1(ξ) is easily proved to be equivalent to
f(x) ∈ imA(x)|TxW reg

1
for x = ϕ1(ξ), and (3.32) follows.

The set V2 and the reduced equation (3.26) make it possible to extend
the above-introduced notions in a straightforward manner, via the replace-
ment of W0 and W1 in 3.4.2.2 by Ω1 and V2, respectively. Indeed, if ξ∗ is a
0-regular point for (3.26), then x∗ = ϕ1(ξ∗) will be called a 1-regular point
of the original DAE (3.13); denote by W reg

2 the set of 1-regular points. This
requirement expresses not only that ξ∗ ∈ V2 (and then x∗ ∈ W2), but also
that the analogs of the regularity conditions R1 and R2 in Definition 3.2
hold in the second reduction step, namely:

(R1’) A1(ξ) has constant rank r2 ≤ r1 around ξ∗; and
(R2’) F1(ξ, p) = A1(ξ)p − f1(ξ) is a submersion at (ξ∗, p∗) for some p∗

satisfying A1(ξ∗)p∗ − f1(ξ∗) = 0.

Note that, if r2 = r1, A1(ξ∗) would be nonsingular; the point x∗ would be
index one and the discussion makes sense but becomes largely unnecessary.
In any case, if r2 > 0 there will exist an open neighborhood U1 ⊆ Ω1 of ξ∗

accommodating both an r2-dimensional local parametrization ϕ2 : Ω2 →
V2 ∩ U1 of V2 and a matrix-valued map P2 ∈ C∞(U1,R

r2×r1) which makes
P2(ξ)

∣∣
im A1(ξ) an isomorphism imA1(ξ) → Rr2 for all ξ ∈ U1. The reader

can also check that ϕ1 ◦ ϕ2 defines a local parametrization of W reg
2

loc= W2

near x∗.
This way we arrive at a reduction of (3.26) defined by

A2(γ)γ′ = f2(γ), γ ∈ Ω2 ⊆ R
r2 , (3.33)

where γ stands for the variables within Ω2, so that ξ = ϕ2(γ), and

A2(γ) = P2(ϕ2(γ))A1(ϕ2(γ))ϕ′
2(γ) (3.34a)

f2(γ) = P2(ϕ2(γ))f1(ϕ2(γ)). (3.34b)

Equation (3.33) can be seen as a two-step local reduction of (3.13). Now,
setting γ∗ = (ϕ1 ◦ ϕ2)−1(x∗), x∗ is said to be regular with geometric index
two if m > r1 > r2 > 0 and A2(γ∗) is nonsingular, or else if m > r1 > r2 =
0. Note that this is equivalent to requiring that ξ∗ = ϕ−1

1 (x∗) be index one
for the first reduction A1(ξ)ξ′ = f1(ξ) derived in (3.26), provided that x∗

is 0-regular with m > r1 > 0. If x∗ is not index two (neither one nor zero),
then the procedure is suitable for assessment one step further. The general
case is described below.
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3.4.3.2 Index ν points

The idea above can be generalized as follows in order to yield a recursive
definition of a k-regular point and thereby support a general index notion.
To begin with, assume that we are given the set W reg

k , open in Wk, for
some k ≥ 1: see specifically (3.14) and Definition 3.2 for k = 1. Let
(P1, ϕ1), . . . , (Pk, ϕk) be a sequence of reduction pairs in which, for i ≥ 3,
ϕi and Pi extend in the natural way the cases i = 1, 2 detailed in Theorem
3.1 and p. 104, respectively. Points in W reg

k are (k−1)-regular and, via the
sequence above, admit a local reduction of the form

Ak(ζ)ζ′ = fk(ζ), ζ ∈ Ωk ⊆ R
rk , (3.35)

cf. (3.26) and (3.33) for k = 1 and k = 2. Here we are implicitly assuming
that the locally constant rank rk of Ak−1 (or that of A if k = 1) is not null;
item (b) in Definition 3.4 below accommodates the case rk = 0. Define

Wk+1 = {x ∈ W reg
k / f(x) ∈ imA(x)|TxW reg

k
} ⊆W reg

k ⊆Wk (3.36)

or, in local coordinates,

Vk+1 = {ζ ∈ Ωk / fk(ζ) ∈ imAk(ζ)} ⊆ Ωk ⊆ R
rk , (3.37)

which yields a local description of Wk+1 as ϕ1 ◦ · · · ◦ ϕk(Vk+1).
From the notion of a 0-regular point introduced in Definition 3.2, we

may then define recursively a k-regular point as follows.

Definition 3.4. A point x∗ ∈ W0 is said to be k-regular, k ≥ 1, for the
DAE (3.13)

a) either if it is (k− 1)-regular with rk > 0 and ζ∗ = (ϕ1 ◦ · · · ◦ϕk)−1(x∗)
is 0-regular for the k-th reduction (3.35);

b) or if it is (k − 1)-regular with rk = 0.

The set of k-regular points will be denoted by W reg
k+1.

If rk > 0, the 0-regularity of ζ∗ implies that ζ∗ ∈ Vk+1 by (3.37) and then
x∗ ∈ Wk+1, and also that the analogs of R1’ and R2’ stated for k = 1 on
page 104 hold; in particular, Ak(ζ) will have constant rank rk+1 around
ζ∗, with rk ≥ rk+1 ≥ 0. It is worth mentioning at this point that the rank
rk+1 of Ak(ζ) can be checked by construction to equal that of A(x)|TxW reg

k
,

with x = ϕ1 ◦ · · · ◦ ϕk(ζ). Under the condition rk = 0 stated in (b) we set
rk+1 = 0 and understand that the corresponding isolated points of W reg

k

automatically belong to Wk+1 (cf. Remark 3.3).
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Locally around a k-regular point for which rk+1 > 0, a reduction pair
(Pk+1, ϕk+1) is well-defined and yields a reduction

Ak+1(η)η′ = fk+1(η), η ∈ Ωk+1 ⊆ R
rk+1 (3.38)

with

Ak+1(η) = Pk+1(ϕk+1(η))Ak(ϕk+1(η))ϕ′
k+1(η) (3.39a)

fk+1(η) = Pk+1(ϕk+1(η))fk(ϕk+1(η)). (3.39b)

The above concept of a k-regular point together with this construction
supports the following definition.

Definition 3.5. A point x∗ ∈W0 is called regular with geometric index ν,
ν ≥ 1, for (3.13)

(a) either if it is (ν − 1)-regular with m > r1 > r2 > . . . > rν > 0, and the
matrix Aν(u∗) is nonsingular, for some (hence any) reduction sequence
(P1, ϕ1), . . . , (Pν , ϕν) satisfying x∗ = ϕ1 ◦ · · · ◦ ϕν(u∗);

(b) or if it is (ν − 1)-regular with m > r1 > . . . > rν = 0.

The set of index ν points will be denoted by W indν .

A point will be said to be regular if it is regular with any index ≥ 0;
recall Definition 3.1 on page 98 for the index zero case. It is clear from
the decreasing rank sequences in this Definition that, in an m-dimensional
problem, the index cannot exceed m.

Theorem 3.3 and Proposition 3.4 will show that the above-introduced
concepts are consistently defined; namely, they do not depend on the choice
of the reduction operators and are invariant with respect to the local equiv-
alence relation introduced in Definition 3.6.

Remark 3.4. Equivalently, stemming from the index one notion in Defini-
tion 3.3, x∗ can be recursively defined as index ν ≥ 2 if it is 0-regular with
m > r1 > 0, and ξ∗ = ϕ−1

1 (x∗) is index ν − 1 for the one-step reduction
A1(ξ)ξ′ = f1(ξ) depicted in (3.26).

Actually, according to Definition 3.5, x∗ is index ν ≥ 2 for the original
DAE (3.13) if and only if for some (hence any) k verifying 1 ≤ k ≤ ν − 1
the point x∗ is (k− 1)-regular with rk > 0 and ζ∗ = (ϕ1 ◦ · · · ◦ϕk)−1(x∗) is
index ν − k for the k-th reduction Ak(ζ)ζ′ = fk(ζ) in (3.35). This reflects
the fact that the DAE reduction conveys an index reduction process.

As a cautionary remark, note that we use the symbols ν and ri for
the geometric index and the ranks of the matrices Ai for the quasilinear
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DAE (3.13), as we did in the linear time-varying context of Chapter 2
for the tractability index and the ranks of the Gi matrices, respectively.
Mind the fact that both constructions are directed to different types of
DAEs and therefore these magnitudes cannot be compared in the current
setting; the general characterization of their relation, for instance when
applying reduction methods to linear DAEs or projector-based methods to
quasilinear problems, is an open problem. With this prevention, we may
call the ranks ri of the matrices Ai the (geometric) characteristic values of
a regular point of the quasilinear DAE (3.13).

It is also worth emphasizing that Remark 3.3 (p. 102) holds, with the
obvious modifications, under item (b) of Definition 3.5, which yields iso-
lated index ν points; this will be for instance the case of the origin for the
DAE (3.66) considered in 3.4.6.3, which is an index three isolated point.
Excluding these situations, the recursive definition of Remark 3.4 can be
easily modified to stem from the index zero notion in Definition 3.1; cf. in
this direction Remark 3.2.

Solutions of the original DAE (3.13) near a given (ν − 1)-regular point
with rν > 0 are mapped bijectively into those of the local reduction
Aν(u)u′ = fν(u), as stated in Theorem 3.2 below. In particular, under
an index ν assumption an explicit ODE reduction is possible and thereby
local unique solvability properties follow from the corresponding theory for
explicit ODEs (see e.g. [3, 110, 123, 127]).

In the statement of the following result, U denotes a neighborhood of
x∗ for which the identity W reg

ν ∩ U = ϕ1 ◦ · · · ◦ ϕν(Ων) holds; if ν = 1 we
may take U = U0, the latter given by Theorem 3.1.

Theorem 3.2. Assume that x∗ ∈ W0 is a (ν − 1)-regular point for (3.13)
with rν > 0, ν ≥ 1, and let

Aν(u)u′ = fν(u), u ∈ Ων ⊆ R
rν (3.40)

be a ν-th step reduction of (3.13), given by a sequence of reduction pairs
(P1, ϕ1), . . . , (Pν , ϕν), on a neighborhood Ων of u∗ = (ϕ1 ◦ · · · ◦ ϕν)−1(x∗).
Then x(t) is a solution of (3.13) within U if and only if x(t) ∈ W reg

ν
loc= Wν

for all t and u(t) = (ϕ1 ◦ · · · ◦ ϕν)−1(x(t)) solves (3.40).
Moreover, if x∗ is index ν, then the matrix Aν(u) is nonsingular on

some neighborhood of u∗ within Ων , and on this neighborhood the reduction
(3.40) can be rewritten in the explicit form

u′ = A−1
ν (u)fν(u). (3.41)
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The proof of Theorem 3.2 can be derived in a straightforward manner from
the repeated application of Theorem 3.1 and is therefore omitted. For the
local coincidence of W reg

ν and Wν the reader is referred to subsection 3.4.4.
Equation (3.41) is a local state space description of the DAE behavior

which generalizes the ones given for semiexplicit index one DAEs and Hes-
senberg index two problems in (3.5) and (3.12), respectively. Of course,
different reduction pairs will yield different state space descriptions, al-
though all of them will be equivalent in the sense specified in Theorem 3.4
(p. 116). As we did in Remark 3.1 we also emphasize that, as a byprod-
uct of the reduction procedure, u in the state space equation (3.41) can be
taken as a subset of the original problem variables.

Finally, according to the recursive definition of Ak and fk (see (3.39)),
Aν(u) is easily shown to read

Pν(ϕν(u)) · · ·P1(ϕ1 ◦ · · · ◦ ϕν(u))A(ϕ1 ◦ · · · ◦ ϕν(u))(ϕ1 ◦ · · · ◦ ϕν)′(u)

and, similarly,

fν(u) = Pν(ϕν(u)) · · ·P1(ϕ1 ◦ · · · ◦ ϕν(u))f(ϕ1 ◦ · · · ◦ ϕν(u)),

where it is worth clarifying the meaning of the involved operators; the
composition

ϕ = ϕ1 ◦ · · · ◦ ϕν (3.42)

is actually a local parametrization of W reg
ν

loc= Wν , mapping Ων ⊆ Rrν onto
W reg

ν ∩ U = Wν ∩ U , whereas the product

Pν((ϕ1 ◦ · · · ◦ ϕν−1)−1(x))Pν−1((ϕ1 ◦ · · · ◦ ϕν−2)−1(x)) · · ·P1(x)

can be checked to yield an isomorphism from imA(x)|TxW reg
ν−1

onto Rrν .
This makes it clear that the reduction procedure naturally provides a step-
by-step construction of the operators depicted in (3.20). Note that here the
matrix-valued maps Pk are allowed to be non-constant.

3.4.4 Manifold sequences and locally regular DAEs

The sets of k-regular points and index ν points define smooth manifolds
which are interrelated in the way stated below. For notational consistency,
write A0 = A, W reg

0 = W0.
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Proposition 3.2. The sets Wk, W reg
k and W indk introduced in (3.14),

(3.36) and Definitions 3.1 - 3.5 verify the following.

(i) If nonempty, the set W reg
k is, for k ≥ 1, a smooth submanifold of W0.

(ii) The set W reg
k is open in Wk ⊆W reg

k−1, for any k ≥ 1.
(iii) If nonempty, W indk is an open submanifold of W reg

k , for 0 ≤ k ≤ m.

The manifold W ind0 is m-dimensional. For k ≥ 1, the local dimensions of
W reg

k (and thereby of W indk for 1 ≤ k ≤ m) are given by the locally constant
values rk of the rank of A(x)|TxW reg

k−1
or, equivalently, of the matrix Ak−1

coming, if k > 1, from any reduction sequence (P1, ϕ1), . . . , (Pk−1, ϕk−1).

Proof. For item (i), it is enough to observe that ϕ1 ◦ · · · ◦ ϕk yields a
local parametrization of W reg

k with a domain Ωk which is open in Rrk ; this
means that W reg

k (and eventually W indk, according to (iii)) has a smooth
manifold structure with local dimensions given by the ranks rk.

In turn, (ii) is an easy consequence of Definitions 3.2 and 3.4, whereas
(iii) follows also in a simple manner from Definitions 3.1, 3.3 and 3.5. �

In light of this result the manifold sequence (3.18) can be replaced by

W0 ⊇W reg
1 ⊇W reg

2 ⊇ . . . ⊇W reg
m . (3.43)

The manifolds in this sequence are well-defined for any quasilinear DAE.
Note that W reg

k is actually defined for any k ∈ N; nevertheless, since the
DAE (3.13) is defined on an open submanifold of Rm, one can check that
W reg

k = W reg
m for any k > m. Recall that in an m-dimensional problem the

index cannot exceed m.
Near an index ν point x∗, the nonsingularity of Aν(u∗) (with the nota-

tion of Theorem 3.2) implies that W reg
ν

loc= Wν+1
loc= W reg

ν+1. This means that,
locally around an index ν point, the above sequence stabilizes as follows:

W0 ⊃W reg
1 ⊃ . . . ⊃W reg

ν
loc= W reg

ν+1
loc= W indν , (3.44)

the local dimensions being given by the corresponding rank sequence

r0 > r1 > r2 > . . . > rν = rν+1, (3.45)

with r0 = m, r1 = rkA(x) and rk = rkAk−1((ϕ1◦· · ·◦ϕk−1)−1(x)) if k ≥ 2.
For later purposes it will useful to include the sets Wk within the se-

quence (3.43). This yields

W0 ⊇W1 ⊇W reg
1 ⊇W2 ⊇W reg

2 ⊇ . . . ⊇Wm ⊇W reg
m , (3.46)

which locally stabilizes, around index ν points, in the form

W0 ⊃W1 ⊇W reg
1 ⊃ . . . ⊃Wν

loc= W reg
ν

loc= Wν+1
loc= W reg

ν+1
loc= W indν . (3.47)



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

110 Nonlinear DAEs and reduction methods

3.4.4.1 Regular manifold, solution manifold, and locally regular DAEs

The notion of a regular point following Definition 3.5 supports defining as
the regular manifold of (3.13) the set

W reg = W ind0 ∪W ind1 ∪ . . . ∪W indm, (3.48)
which, by the local stabilization property depicted in (3.47), verifies

W reg =
⋂
k≥1

W reg
k = W reg

m . (3.49)

The information about the index is however hidden in (3.49) and therefore
we prefer describing W reg in the form (3.48). A vector field and a flow are
defined by the DAE on the regular manifold, which is well-defined for any
quasilinear problem (although it might be empty, as it happens e.g. for the
DAE 0 = 1). We avoid using the term ‘solution manifold’ in this general
context since certain singular points may accommodate smooth solutions,
as discussed in Chapter 4.

Additionally, the DAE (3.13) will be said to be locally regular if, for
k = 1, . . . , m,

(a) Wk = W reg
k ; and

(b) Wk is closed in Wk−1.

Under item (a), and in particular for locally regular DAEs, we may
properly refer to (3.48) as the solution manifold. It may be composed of
several components with different dimensions and indices. A locally regular
DAE for which all regular points have the same index, that is, for which
W reg = W indν , will be said to be locally regular with geometric index ν.
Note that even in this context the solution manifold might have different
local dimensions, since the rank sequence (3.45) need not be the same at
different points. We reserve the term regular DAE with geometric index ν
for locally regular problems displaying the same rank sequence (3.45) (and
hence having the same index ν) at all regular points. The term index ν DAE
will also be used for the latter, e.g. for semiexplicit index one equations.

The meaning of items (a) and (b) will become clearer in Chapter 4,
where they will be shown to rule out inner and boundary singularities,
respectively. For the moment, let us mention that they imply in particular
that the regular manifold W reg is closed in W0, and that the requirement
depicted in (b) prevents for instance the DAE

xx′ = 1, x ∈W0 = R,

from being labeled as regular, since W1 = R−{0} is not closed in W0 = R.
Note that (a) holds since W1 = W reg

1 = R − {0} = Wk = W reg
k for k ≥ 2.
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3.4.4.2 Manifold sequences within different reduction approaches

Disregarding technical differences, which concern e.g. the nature of constant
rank conditions or the Pk operators allowed in the reduction, the DAEs
accommodated in the framework or Rabier and Rheinboldt (cf. subsection
3.4.1) are those for which
W0 ⊃W1 = W reg

1 ⊃ . . . ⊃Wν = W reg
ν ⊇Wν+1 = W reg

ν+1 = Wν+2. (3.50)
This sequence displays two major differences with (3.46) and (3.47). The
first one stems from the global nature of assumptions G1 and G2 (p. 95) in
the framework of Rabier and Rheinboldt, which somehow force all points
to stabilize at the same reduction step, in contrast to the local approach
supporting (3.47). The second difference relies on the identities Wk = W reg

k

for k = 1, . . . , ν in (3.50), which express the requirement that, for any k,
all points in Wk must be (k − 1)-regular. This excludes from the approach
of [228] singular points affecting the validity of the reduction procedure,
which by contrast can be tackled within the framework here introduced;
find details in Chapter 4 (Section 4.4).

Note that the reduction method of Rabier and Rheinboldt do include
some singularities, namely, impasse points arising in the last reduction step
(cf. again Chapter 4): mind the relation W reg

ν ⊇ Wν+1 in (3.50). In this
regard it is worth clarifying that, in the working setting of Rabier and
Rheinboldt, the geometric index notion introduced in Definition 3.5 above
would label as regular points with index ν only those belonging to Wν+1,
which is open in Wν and therefore locally coincident with it. The index
concept as defined by Rabier and Rheinboldt applies to the whole of Wν

and therefore includes last-step impasse points, but rules out the existence
of other singularities, which in practice may well arise in the last step. Our
point of view links the index with the existence of local explicit descriptions
such as (3.41) and with the solvability results supported on them.

Other approaches, in particular the one proposed by Reich [229], assume
that the index conditions hold globally and exclude singularities at all; in
the present terms, this working setting would be characterized by a manifold
sequence of the form

W0 ⊃W1 = W reg
1 ⊃ . . . ⊃Wν = W reg

ν = Wν+1. (3.51)

3.4.5 Local equivalence

Within the reduction procedure described in subsections 3.4.2-3.4.3, we
used at several points the reduction pairs (Pk, ϕk) in order to introduce
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different notions, notably that of the index in Definition 3.5. We prove
here that the index concept, as well as other related ones such as that of
a k-regular point in Definition 3.4, are actually independent of the specific
choice of reduction operators, thereby supporting the “hence any” assertion
in Definitions 3.3 and 3.5.

To achieve this goal, we make use of the local equivalence relation for
quasilinear DAEs depicted below [67, 229, 247]. This equivalence notion
arises in a natural way from the relation between two one-step local reduc-
tions of a given DAE; see specifically the second statement in Proposition
3.3. This connection between the equivalence notion and reduction opera-
tors will be further explored at the end of this subsection (cf. 3.4.5.3). As
shown in 3.4.5.1, the above-mentioned index and k-regularity notions will
turn out to be invariant with respect to this equivalence relation, which
will be additionally shown in 3.4.5.2 to amount to C∞-conjugacy for index
zero cases, that is, for explicit ODEs. This will clarify the precise relation
between different local state space descriptions of the DAE.

Definition 3.6. Two quasilinear DAEs A(x)x′ = f(x), B(y)y′ = g(y)
defined on W a

0 , W b
0 open in Rm, will be said to be C∞-equivalent locally

around x∗, y∗ if there exist open neighborhoods Ub ⊆ W b
0 of y∗, Ua ⊆ W a

0

of x∗, a C∞-diffeomorphism φ : Ub → Ua with φ(y∗) = x∗, and a C∞

nonsingular matrix-valued mapping E : Ub → Rm×m, such that

B(y) = E(y)A(φ(y))φ′(y) (3.52a)

g(y) = E(y)f(φ(y)) (3.52b)

for all y ∈ Ub.

It is left as an exercise for the reader to check that this is actually an
equivalence relation. Equation (3.52b) yields a contact equivalence between
f and g [100, 200]. Note that, for the equivalence of the quasilinear systems,
the pair (E, φ) is required to link additionally A and B through (3.52a).

3.4.5.1 The index: Independence of reduction pairs and invariance

Theorem 3.3. The notion of an index ν point introduced in Definition 3.5
does not depend on the choice of the reduction pairs (P1, ϕ1), . . . , (Pν , ϕν).

Moreover, this notion is invariant with respect to the local equivalence
relation of Definition 3.6; namely, x∗ is regular with index ν for (A, f) if
and only if y∗ = φ−1(x∗) is so for the locally equivalent DAE (B, g).



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

3.4. Quasilinear DAEs: The geometric index 113

The proof of this result will be derived from Lemma 3.2 and Propositions
3.3 and 3.4.

In Lemma 3.2 below we denote W a
1 = {x ∈ W a

0 / f(x) ∈ imA(x)}
and W b

1 = {y ∈ W b
0 / g(y) ∈ imB(y)} whereas, similarly, W a reg

1 and
W b reg

1 stand for 0-regular points of (A, f) and (B, g), respectively. We
additionally set Fa(x, p) = A(x)p − f(x) and Fb(y, q) = B(y)q − g(y).

Lemma 3.2. Let A(x)x′ = f(x), B(y)y′ = g(y) be C∞-equivalent locally
around x∗, y∗ via the relations depicted in Definition 3.6. Then:

(i) W a
1 ∩ Ua = φ(W b

1 ∩ Ub).
(ii) rkB(y) = rkA(φ(y)) for all y ∈ Ub.
(iii) If A, B have constant rank r1 around x∗ ∈W a

1 , y∗ ∈ W b
1 , respectively,

and p∗, q∗ are such that A(x∗)p∗ − f(x∗) = 0, B(y∗)q∗ − g(y∗) = 0,
then Fa is a submersion at (x∗, p∗) if and only if so it Fb at (y∗, q∗).

(iv) W a reg
1 ∩ Ua = φ(W b reg

1 ∩ Ub).

Proof. For item (i), it is enough to prove that W a
1 ∩ Ua ⊇ φ(W b

1 ∩ Ub)
since the reciprocal inclusion holds automatically working with φ−1. Let
x = φ(y) ∈ φ(W b

1 ∩ Ub). Obviously x ∈ Ua and we only need to check that
x ∈ W a

1 , i.e., that f(x) ∈ imA(x). But y ∈ W b
1 means g(y) ∈ imB(y) or,

equivalently, E(y)f(φ(y)) ∈ imE(y)A(φ(y))φ′(y). Since E(y) and φ′(y) are
isomorphisms, this yields f(φ(y)) ∈ imA(φ(y)), that is, f(x) ∈ imA(x).

Item (ii) follows immediately from (3.52a).
For item (iii), the proof of the cases r1 = 0 and r1 = m is straight-

forward. If 0 < r1 < m we use the characterization given in Lemma
3.1. Let Ha(x) satisfy Ha(x)A(x) = 0 is some neighborhood of x∗, with
rkHa(x∗) = rk (Haf)′(x∗) = m− r1, and define

Hb(y) = Ha(φ(y))E−1(y).

We have Hb(y)B(y) = Ha(φ(y))E−1(y)E(y)A(φ(y))φ′(y) = 0 due to the
identity Ha(φ(y))A(φ(y)) = 0. Moreover, rkHb(y∗) = rkHa(x∗) = m− r1.
Finally, Hb(y)g(y) = Ha(φ(y))E−1(y)E(y)f(φ(y)) = Ha(φ(y))f(φ(y)), so
that

(Hbg)′(y∗) = (Haf)′(φ(y∗))φ′(y∗)

and therefore rk (Hbg)′(y∗) = rk (Haf)′(φ(y∗)) = rk (Haf)′(x∗) = m− r1.
Finally, (iv) is a straightforward consequence of (i), (ii) and (iii). �

In the next result, by a local reduction we mean the one-step reduction of
the form (3.26)-(3.27) arising in Theorem 3.1. The particular case r1 = 0
renders the statement trivial.
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Proposition 3.3. Any two local reductions of locally equivalent quasilinear
DAEs around 0-regular points are locally equivalent.

In particular, any two local reductions of a quasilinear DAE around a
0-regular point are locally equivalent.

Proof. Assume that x∗ and y∗ are 0-regular points of A(x)x′ = f(x) and
B(y)y′ = g(y), and that these DAEs are C∞-equivalent locally around x∗,
y∗ via the relations depicted in Definition 3.6. Let two local reductions of
(A, f) and (B, g) be defined by P1(x), x = ϕ1(ξ) and Q1(y), y = ψ1(�),
respectively, yielding A1(ξ)ξ′ = f1(ξ) and B1(�)�′ = g1(�). The neigh-
borhoods Ua, Ub arising in Definition 3.6, as well as the parametrization
domains Ωa, Ωb of ϕ1 and ψ1, are assumed to be shrunk as to guaran-
tee that ϕ1 and ψ1 map Ωa and Ωb onto W a

1 ∩ Ua = W a reg
1 ∩ Ua and

W b
1 ∩ Ub = W b reg

1 ∩ Ub, respectively, and also to meet the below-depicted
requirement on P̂1(x).

We then need to show that there exist a local diffeomorphism ξ = φ1(�)
and a nonsingular matrix-valued mapping E1(�) yielding an equivalence
between A1(ξ)ξ′ = f1(ξ) and B1(�)�′ = g1(�). In order to define φ1, note
that y = ψ1(�) is onto W b

1 ∩ Ub and, as shown in item (i) of Lemma 3.2,
φ maps W b

1 ∩ Ub onto W a
1 ∩ Ua. Since ϕ1 is onto W a

1 ∩ Ua we may write
ϕ−1

1 : W a
1 ∩ Ua → Rr1 , and then the composition

φ1 = ϕ−1
1 ◦ φ ◦ ψ1 (3.53)

is well-defined and yields a local diffeomorphism of Ωb onto Ωa. For later
use remark that ϕ1 ◦ φ1 = φ ◦ ψ1.

For the definition of E1(�) we use the fact that the local matrix-
valued map P1(x) yields an isomorphism P1(x)

∣∣
im A(x) : imA(x) → Rr1

and, provided that Ua is small enough, there will exist a matrix mapping
P̂1(x) ∈ C∞(Ua,R

m×r1) such that P̂1(x)P1(x)
∣∣
im A(x) = id|im A(x). Define

then

E1(�) = Q1(ψ1(�))E(ψ1(�))P̂1(φ(ψ1(�))). (3.54)

From (3.53) and (3.54), we need to check thatB1(�) = E1(�)A1(φ1(�))φ′1(�)
and that g1(�) = E1(�)f1(φ1(�)).

The product E1(�)A1(φ1(�))φ′1(�) reads

Q1(ψ1(�))E(ψ1(�))P̂1(φ(ψ1(�)))P1(ϕ1(φ1(�)))A(ϕ1(φ1(�)))ϕ′
1(φ1(�))φ′1(�).

By means of ϕ1(φ1(�)) = φ(ψ1(�)) and P̂1(x)P1(x)
∣∣
im A(x) = id|im A(x), we

may simplify P̂1(φ(ψ1(�)))P1(ϕ1(φ1(�)))A(ϕ1(φ1(�))) = A(φ(ψ1(�))). Note
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additionally that ϕ′
1(φ1(�))φ′1(�) = φ′(ψ1(�))ψ′

1(�). Using these properties,
the product E1(�)A1(φ1(�))φ′1(�) amounts to

Q1(ψ1(�))E(ψ1(�))A(φ(ψ1(�)))φ′(ψ1(�))ψ′
1(�). (3.55)

Now E(ψ1(�))A(φ(ψ1(�)))φ′(ψ1(�)) = B(ψ1(�)) and then the expres-
sion displayed in (3.55) reads Q1(ψ1(�))B(ψ1(�))ψ′

1(�) = B1(�), so that
E1(�)A1(φ1(�))φ′1(�) = B1(�), as we aimed to show.

Finally, write

E1(�)f1(φ1(�)) = Q1(ψ1(�))E(ψ1(�))P̂1(φ(ψ1(�)))P1(ϕ1(φ1(�)))f(ϕ1(φ1(�))).

Since the composition φ ◦ ψ1 maps onto W a
1 ∩ Ua we have ϕ1(φ1(�)) =

φ(ψ1(�)) ∈ W a
1 and therefore f(ϕ1(φ1(�))) ∈ imA(ϕ1(φ1(�))). The prod-

uct P̂1(φ(ψ1(�)))P1(ϕ1(φ1(�)))f(ϕ1(φ1(�))) then amounts to f(φ(ψ1(�)))
and the expression depicted above for E1(�)f1(φ1(�)) reads

Q1(ψ1(�))E(ψ1(�))f(φ(ψ1(�))) = Q1(ψ1(�))g(ψ1(�)) = g1(�),

which shows that indeed E1(�)f1(φ1(�)) = g1(�), thus completing the
proof. �

Proposition 3.4. The notion of a k-regular point introduced in Defini-
tion 3.4 does not depend on the choice of the sequence of reduction pairs
(P1, ϕ1), . . . , (Pk, ϕk).

Additionally, this notion is invariant with respect to the local equivalence
relation of Definition 3.6; namely, x∗ is k-regular for A(x)x′ = f(x) if and
only if y∗ = φ−1(x∗) is so for the locally equivalent DAE B(y)y′ = g(y).

Proof. Note that there is no reduction involved in the notion of a 0-
regular point (cf. Definition 3.2 on page 98), whereas item (iv) of Lemma
3.2 explicitly shows the invariance of 0-regular points with respect to local
equivalence. A straightforward inductive reasoning proves, for k ≥ 1, that
k-regular points do not depend on the choice of reduction operators and
are invariant, using Proposition 3.3 and item (iv) of Lemma 3.2, or item
(ii) in the particular case in which a vanishing rank rk is met. �

Proposition 3.4 expresses that the sets W reg
k are independent of the

choice of reduction operators and invariant with respect to local equiv-
alence. Thereby, from (3.36) it follows that the sets Wk are themselves
independent of reduction pairs; these sets are also invariant with respect to
local equivalence, following item (i) of Lemma 3.2.

Proof of Theorem 3.3. Recall from Definition 3.5 that a given point
x∗ is regular with index ν if it is (ν − 1)-regular and Aν(u∗) is nonsingu-
lar. Proposition 3.4 shows that being (ν − 1)-regular is independent of the
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reduction sequence and invariant with respect to local equivalence. Addi-
tionally, by Proposition 3.3 any two ν-th step reductions of a given DAE,
or of two locally equivalent DAEs, are locally equivalent: the result then
follows from item (ii) of Lemma 3.2. �

In an analogous way, the reader can easily check that the ranks in (3.45)
do not depend on the choice of reduction pairs, and also that they are
invariant with respect to local equivalence.

3.4.5.2 C∞-conjugacy of state space descriptions

Finally, Theorem 3.4 below shows that any two local state space reductions
of the form (3.41) are locally equivalent in a strong sense. The key idea is
that the local equivalence of Definition 3.6 amounts to a local conjugacy
of explicit ODEs when the leading matrices of the quasilinear DAEs are
nonsingular. Two explicit ODEs u′ = h1(u) and v′ = h2(v) are said to be
C∞-conjugate if there exists a C∞-diffeomorphism φ which carries integral
curves of h2 onto integral curves of h1 preserving parametrization by time.
The conjugacy notion can be reformulated locally in the obvious way, and
may be expressed via the relation φ′(v)h2(v) = h1(φ(v)). Note that, in the
context of explicit ODEs, the weaker term equivalence usually allows for
time-reparametrization of trajectories [3, 110].

Theorem 3.4. Any two local state space descriptions (3.41) of the DAE
(3.13) around an index ν point with rν > 0 are locally C∞-conjugate.

Proof. Using Proposition 3.3 it is straightforward to check that any two
ν-th step local reductions, say Aν(u)u′ = fν(u) and Ãν(v)v′ = f̃ν(v), are
locally equivalent in the sense depicted in Definition 3.6; that is, there will
exist a local diffeomorphism φν and a nonsingular matrix-valued mapping
Eν such that

Ãν(v) = Eν(v)Aν(φν (v))φ′ν(v). (3.56a)

f̃(v) = Eν(v)fν(φν(v)). (3.56b)

Due to the index ν notion, by shrinking domains if necessary the matrices
Aν(u) and Ãν(v) can be assumed to be nonsingular. Therefore

Eν(v) = Ãν(v)(Aν (φν(v))φ′ν (v))−1

and then

f̃(v) = Ãν(v)(Aν (φν(v))φ′ν (v))−1fν(φν(v)),
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which obviously can be rewritten as

φ′ν(v)Ã−1
ν (v)f̃(v) = A−1

ν (φν(v))fν(φν(v)). (3.57)

Equation (3.57) expresses that the diffeomorphism φν carries solutions of
v′ = Ã−1

ν (v)f̃(v) onto those of u′ = A−1
ν (u)fν(u), thereby proving that

both reductions are locally C∞-conjugate. �

This result is of course consistent with the fact that state space de-
scriptions of the form (3.41) are local coordinate representations of the
differential equation defined by a vector field on the regular manifold. Ac-
tually, the strong form of equivalence depicted in Theorem 3.4 somehow
reflects that the reduction procedure near regular points preserves all the
local dynamic information of the DAE. Some implications of this will be
examined in Section 3.5.

Remark 3.5. The reader should be aware of the fact that the equivalence
relation of Definition 3.6 requires more than the existence of a local mapping
between solutions of both DAEs, and therefore should not be thought as a
mere mapping of phase portraits. Note that, even for regular DAEs, the dif-
feomorphism φ is not restricted to the regular manifolds. The invariance of
the index proved in Theorem 3.3 suggests that this equivalence, which gen-
eralizes the linear one given for matrix pencils in subsection 2.1.1, preserves
important structural properties of the DAE. Weaker equivalence notions for
DAEs, reflecting only their trajectory behavior (either in a topological or
differentiable sense, and maybe allowing for time reparametrization and re-
version), may be of interest from a dynamical perspective. In this regard,
it is worth noting that DAEs with different indices may depict the same
solution behavior, as it is the case in particular for the local reductions at
different steps of a given DAE. For instance, the index two system

x′ = f(x), y′ = z, 0 = y,

behaves as the index one problem

x′ = f(x), 0 = z, 0 = y,

coming from a one-step reduction of the former. Actually the identity map
carries the phase portraits of both systems into one another.

3.4.5.3 On the link between local equivalence and reduction operators

It was already mentioned after Theorem 3.1 that allowing for a non-constant
operator P1(x) (vs. the constant P1 used in the framework of Rabier and
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Rheinboldt) may simplify the reduced equations. Nevertheless, the form of
this reduction operator admits further consideration, in connection to the
local equivalence concept introduced in Definition 3.6. A brief digression
in this regard follows, mainly aimed at motivating future study.

From Proposition 3.3 we know that two one-step reductions of locally
equivalent DAEs are locally equivalent. The same result holds if we use
in particular constant operators P1 in the reduction. But consider now
the following related problem. Assume we are given two locally equivalent
quasilinear DAEs (A, f), (B, g), a one-step reduction (A1, f1) of the former
around a 0-regular point, and (B1, g1) which is locally equivalent to (A1, f1).
Is (B1, g1) a one-step local reduction of (B, g)? Note that the notation for
(B1, g1) is supported on the forthcoming positive answer to this question.

This can be indeed answered in the affirmative, the construction pro-
ceeding in parallel to the proof of Proposition 3.3. For the sake of brevity
we leave details to the reader: we only sketch that now ψ1 is constructed as
φ−1 ◦ϕ1 ◦φ1, whereas Q1(y) is given by Ẽ1(y)P1(φ(y))E−1(y), Ẽ1(y) being
any smooth extension to the whole of Ub of E1(ψ−1

1 (y)), which is defined
only for y ∈W b

1 ∩ Ub.
The reasoning outlined above is not valid for reductions based on a

constant operator P1, since Q1 may not turn out to be independent of
y. This suggests that there seems to be a natural correspondence between
equivalence notions and allowable reduction operators for quasilinear DAEs.
In this direction, the reduction technique with constant P1 proposed by
Rabier and Rheinboldt seems to be linked with a semilinear equivalence
relation for quasilinear DAEs, defined by the requirement that E is constant
in Definition 3.6 (cf. [247]).

3.4.6 Examples

We illustrate below the ideas introduced in subsections 3.4.2-3.4.5 by means
of some examples. In 3.4.6.1 and 3.4.6.2 we recast the results of Sections
3.1 and 3.2 for semiexplicit index one and Hessenberg DAEs in terms of
the reduction approach here introduced; nonautonomous analogs of these
problems will be considered in 3.4.7. Mind that we frame the discussion in
the C∞ setting just for simplicity, since the smoothness requirements can be
weakened along the lines indicated in Sections 3.1 and 3.2. The example in
3.4.6.3 illustrates how a locally regular DAE may display different indices.
The reduction approach will be applied to the analysis of electrical circuits
in Chapter 6, where additional examples can be found.
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3.4.6.1 Semiexplicit index one DAEs

Let us drive our attention back to the autonomous semiexplicit DAE (3.1),
namely,

y′ = h(y, z) (3.58a)

0 = g(y, z), (3.58b)

with h ∈ C∞(W0,R
r), g ∈ C∞(W0,R

p), and W0 open in Rr+p.
The set W1 is explicitly defined by the condition g = 0 in (3.58b). A

point (y, z) ∈ W0 is easily checked to be 0-regular if g(y, z) = 0 and

rkg′(y, z) = p, (3.59)

that is, if g is a submersion at (y, z). Therefore, the set W reg
1 is defined by

the conditions

g(y, z) = 0, rkg′(y, z) = p.

Note that W reg
1 is an r-dimensional smooth manifold but W1 need not be

so, since it may obviously include points where (3.59) does not hold.
Setting P1 = (Ir 0), H = (0 Ip), Proposition 3.1 states the index one

condition on (y, z) as the nonsingularity of(
Ir 0

gy(y, z) gz(y, z)

)
,

which obviously amounts to the nonsingularity of gz(y, z). This yields the
result anticipated in Section 3.1 and displayed in Proposition 3.5 below. A
different derivation of the corresponding result for nonautonomous prob-
lems can be found in 3.4.7.2.

Proposition 3.5. The point (y, z) is regular with geometric index one for
the semiexplicit DAE (3.58) if and only if g(y, z) = 0 and gz(y, z) is non-
singular.

If the nonsingularity of gz(y, z) holds whenever g(y, z) = 0, then (3.58)
is a regular DAE with geometric index one.

Note that the nonsingularity of gz(y, z) comprises in particular the condi-
tion (3.59). The set W ind1 is defined by the conditions g(y, z) = 0 and
det gz(z) �= 0, being open in W1 and an open submanifold of W reg

1 .
Locally around any index one point, via the implicit function theorem

we may describe the set g = 0 as z = ψ(y) for some locally defined map ψ.
The local parametrization ϕ1(y) = (y, ψ(y)) yields the reduction (3.26) in
the form y′ = h(y, ψ(y)) depicted in (3.5).
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3.4.6.2 Hessenberg DAEs

Consider again the autonomous Hessenberg DAE of size two (3.6)

y′ = h(y, z) (3.60a)

0 = g(y), (3.60b)

where h ∈ C∞(W0,R
r), g ∈ C∞(Ŵ0,R

p); the set W0 is open in R
r+p, and

Ŵ0 is open in Rr and contains the y-projection of W0.
As in the general semiexplicit case considered in (3.58), the set W1 reads

{(y, z) ∈ W0 / g(y) = 0}. A point (y, z) is 0-regular if g(y) = 0 and the
submersion condition (3.59) holds, now reading

rkgy(y) = p. (3.61)

It is clear from Proposition 3.5 that a 0-regular point (y, z) cannot be index
one for (3.60). From (3.61) there must exist a nonsingular, p×p submatrix
gw of gy and then, by the implicit function theorem, (3.60b) is equivalent
to writing locally the p variables w from within y in terms of the remaining
r − p ones of y (to be denoted by u) as w = ψ(u). This yields a one-step
reduction of (3.60) of the form

u′ = h1((u, ψ(u)), z) (3.62a)

ψ′(u)u′ = h2((u, ψ(u)), z) (3.62b)

where, as in Section 3.2, we have assumed w.l.o.g. that u are the first r− p

variables of y.
We now make use of the second statement in Theorem 3.3, which guar-

antees that the index is not affected by premultiplication of nonsingular
matrix mappings. Rewrite (3.62) as(

Ir−p 0
ψ′(u) 0

)(
u′

z′

)
=
(
h1((u, ψ(u)), z)
h2((u, ψ(u)), z)

)
(3.63)

and premultiply (3.63) by(
Ir−p 0

gu(u, ψ(u)) gw(u, ψ(u))

)
.

To avoid a cumbersome notation we have written gu(u, ψ(u)) instead of
gu((u, ψ(u))); the same holds for gw and (later on) for gy. We then ob-
tain, via the relation gu(u, ψ(u))+ gw(u, ψ(u))ψ′(u) = 0 following from the
implicit function theorem,

u′ = h1((u, ψ(u)), z)

0 = gu(u, ψ(u))h1((u, ψ(u)), z) + gw(u, ψ(u))h2((u, ψ(u)), z),
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that is,

u′ = h1((u, ψ(u)), z) (3.64a)

0 = gy(u, ψ(u))h((u, ψ(u)), z). (3.64b)

Note that (3.64b) describes the set V2 (cf. (3.30)), which is given by the
hidden constraint gyh = 0 in (u, z)-coordinates; this means that, within the
original domain W0, the set W2 is defined by the two conditions g(y) = 0,
gy(y)h(y, z) = 0.

Since (3.64) is a semiexplicit DAE, we can use again Proposition 3.5 to
conclude that an index one point of (3.64) is characterized by the nonsin-
gularity of gy(u, ψ(u))hz((u, ψ(u)), z). We have thus proved the following.

Proposition 3.6. The point (y, z) is regular with geometric index two for
the Hessenberg DAE of size two (3.60) if and only if the identities g(y) = 0,
gy(y)h(y, z) = 0 hold and gy(y)hz(y, z) is nonsingular.

If the nonsingularity of gy(y)hz(y, z) holds whenever the conditions
g(y) = 0 and gy(y)h(y, z) = 0 are met, then (3.60) is a regular DAE with
geometric index two.

Note that around an index two point the above-mentioned nonsingular-
ity of the matrix gy(u, ψ(u))hz((u, ψ(u)), z) allows for a local description of
gy(u, ψ(u))h((u, ψ(u)), z) = 0 as z = ζ(u), thereby yielding the local state
equation

u′ = h1((u, ψ(u)), ζ(u)), (3.65)

which is nothing but (3.12) with ζ(u) = η(u, ψ(u)).
Analogous results hold for Hessenberg DAEs of higher size, as indicated

in Section 3.2; in particular, the Hessenberg DAE (1.18) is regular with
geometric index k if the matrix in (1.19) is nonsingular on the manifold
Wk. Details in this regard are left to the reader.

3.4.6.3 A locally regular DAE with different indices

Consider now the Hessenberg DAE

x′ = z (3.66a)

y′ = x+ yz (3.66b)

0 = y(y − 1) (3.66c)

with (x, y, z) ∈ R3. The set W1 is explicitly defined by (3.66c) and is
thereby composed of the planes y = 0 and y = 1. It is straightforward to
check that all points within these planes are 0-regular.
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On y = 0, the DAE admits the parametrization (x, y, z) = ϕ1(ξ1, ξ2)
defined by x = ξ1, y = 0, z = ξ2. We have

ϕ′
1(ξ1, ξ2) =


1 0

0 0
0 1




and with P1 =
(

1 0 0
0 1 0

)
we arrive at

A1 =
(

1 0 0
0 1 0

)1 0 0
0 1 0
0 0 0




1 0

0 0
0 1


 =

(
1 0
0 0

)

and f1(ϕ1(ξ1, ξ2)) = (ξ2, ξ1, 0). This yields the reduction

ξ′1 = ξ2 (3.67a)

0 = ξ1. (3.67b)

Although for notational consistency we have detailed here the reduction
procedure in terms of ϕ1(ξ1, ξ2) and P1, in practice it is simpler to retain
the original name of the variables, the reduction often following from simple
inspection of the DAE. Indeed, (3.67) can be rephrased as

x′ = z (3.68a)

0 = x, (3.68b)

which, according to 3.4.6.2, is a regular Hessenberg DAE with index two.
The hidden constraint reads z = 0 and the regular manifold of (3.68)
amounts to (x, z) = (0, 0). It then follows that the origin x = y = z = 0,
which belongs toW3, is regular with index three for the original DAE (3.66).

On the other hand, on y = 1 the DAE (3.66) admits the reduction

x′ = z (3.69a)

0 = x+ z (3.69b)

which is an index one problem with reduced equation x′ = −x. Therefore,
points within the line y = 1, x + z = 0, belonging to W2, are regular with
index two for the DAE (3.66). Together with the result above, this implies
that for this system the regular manifold

W reg = W ind2 ∪W ind3 = {(x, y, z) ∈ R
3 / y = 1, x+ z = 0} ∪ {(0, 0, 0)}

is composed of a one-dimensional, index two component and an isolated
index three (equilibrium) point. The DAE is a locally regular one and
hence the regular manifold may also be properly labeled as the solution
manifold.
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3.4.7 Nonautonomous problems

We extend below the ideas introduced in subsections 3.4.2 and 3.4.3 to
nonautonomous quasilinear DAEs, that is, to problems of the form

A(x, t)x′ = f(x, t), (3.70)

with A ∈ C∞(W0,R
m×m) and f ∈ C∞(W0,R

m); now W0 is open in Rm+1.
We work for simplicity in the C∞ context but, as in the autonomous setting,
this smoothness requirement can be relaxed. The ideas follow closely those
of 3.4.2 and 3.4.3 and, for the sake of brevity, we present a summarized
discussion in which many details are left to the reader. Note also that the
chance to parallelize the autonomous case provides a more efficient way to
handle nonautonomous problems than the one resulting from considering t
as an additional autonomous variable via t′ = 1, as it is proposed in [228].

3.4.7.1 Geometric index and reduction in the nonautonomous context

We will say that a point (x∗, t∗) ∈ W0 is regular with geometric index zero
or, simply, an index zero point for (3.70) if A(x∗, t∗) is a nonsingular matrix.

In order to analyze the behavior at points where this condition is not
met, let us define the set W1 for the nonautonomous DAE (3.70) as

W1 = {(x, t) ∈W0 / f(x, t) ∈ imA(x, t)},
and the mapping F as F (t, x, p) = A(x, t)p− f(x, t). Inspired in conditions
R1 and R2 in Definition 3.2 (page 98), assume that A(x, t) has constant
rank r1 on some neighborhood of (x∗, t∗) ∈W1, and that

rk
(
∂F

∂x

∂F

∂p

)∣∣∣∣
(t∗,x∗,p∗)

= m (3.71)

for some p∗ satisfying A(x∗, t∗)p∗ = f(x∗, t∗).
Following the ideas introduced in Theorem 3.1, one can show that there

exists an open neighborhood U0 ⊆W0 of (x∗, t∗) such that W1 ∩U0 admits
an (r1 + 1)-dimensional parametrization Ψ1 : Ω1 → W1 ∩ U0 of the form
(x, t) = Ψ1(ξ, t) = (ϕ1(ξ, t), t), and that there exists a C∞ matrix-valued
mapping P1 : U0 → R

r1×m such that P1(x, t)
∣∣
im A(x,t) is an isomorphism

imA(x, t) → R
r1 for all (x, t) ∈ U0. Denote by Ψ−1

1 (x, t) = (θ(x, t), t) the
inverse map from W1 ∩ U0 onto Ω1.

For any such ϕ1, P1, x(t) is a solution of (3.13) within U0 if and only if
(x(t), t) ∈W1 for all t and ξ(t) = θ(x(t), t) solves the one-step reduction

A1(ξ, t)ξ′ = f1(ξ, t), (3.72)
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with

A1(ξ, t) = P1(ϕ1(ξ, t), t)A(ϕ1(ξ, t), t)ϕ1ξ(ξ, t), (3.73a)

f1(ξ, t) = P1(ϕ1(ξ, t), t)[f(ϕ1(ξ, t), t) −A(ϕ1(ξ, t), t)ϕ1t(ξ, t)]. (3.73b)

Setting ξ∗ = θ(x∗, t∗), the requirement that A1(ξ∗, t∗) is a nonsingular
matrix or, equivalently, that m = r1, defines (x∗, t∗) as a regular point with
geometric index one (or index one point).

If this is not the case, iterating the procedure as in subsection 3.4.3 we
derive the notion of a regular point with geometric index ν (or, again, index
ν point), which is characterized by a local rank sequence of the form

m > r1 > r2 > . . . > rν = rν+1.

A local solvability result analogous to Theorem 3.2 follows. The cases in
which a given rank ri vanishes can be accommodated as in subsections
3.4.2 and 3.4.3; for instance, around an index one point (x∗, t∗) with r1 = 0
the DAE amounts to an algebraic equation of the form f(x, t) = 0, which
locally around (x∗, t∗) defines implicitly a curve x(t) because of (3.71).

Additionally, proceeding as in subsection 3.4.5, one can show that this
index notion is independent of reduction operators, and that it is invariant
with respect to the following equivalence notion: equation (3.70) will be
said to be C∞-equivalent to

B(y, t)y′ = g(y, t), (y, t) ∈ W̃0 (3.74)

locally around (x∗, t∗), (y∗, t∗) if there exist open neighborhoods Ũ ⊆ W̃0

of (y∗, t∗) and U ⊆ W0 of (x∗, t∗), a C∞-diffeomorphism Φ : Ũ → U of
the form Φ(y, t) = (φ(y, t), t) with φ(y∗, t∗) = x∗, and a C∞ nonsingular
matrix-valued mapping E : Ũ → Rm×m, such that, for all (y, t) ∈ Ũ ,

B(y, t) = E(y, t)A(φ(y, t), t)φy(y, t). (3.75a)

g(y, t) = E(y, t)[f(φ(y, t), t) −A(φ(y, t), t)φt(y, t)]. (3.75b)

The reader can check that this is indeed an equivalence relation and that
it preserves the geometric index notion.

3.4.7.2 Semiexplicit index one DAEs

In the nonautonomous setting, semiexplicit DAEs read

y′ = h(y, z, t) (3.76a)

0 = g(y, z, t), (3.76b)

where h ∈ C∞(W0,R
r), g ∈ C∞(W0,R

p), the setW0 being open in Rr+p+1.
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Akin to the autonomous context, the set W1 is explicitly defined by the
condition g = 0 depicted in (3.76b). A point (y, z, t) ∈ W1 satisfies the
maximal rank condition (3.71) if and only if rk (gy gz) = p, which implies
that the submatrix (gȳ gz̄) is nonsingular for certain components, grouped
in ȳ and z̄, of the variables y and z, respectively. Write, via the implicit
function theorem, ȳ = ψ1(ŷ, ẑ, t), z̄ = ψ2(ŷ, ẑ, t), where ŷ and ẑ stand for
the remaining components of y and z. Denoting by r̂ and r̄ the dimensions
of ŷ and ȳ, respectively, and using P1 = (Ir 0), the index one condition
can be checked to amount to the nonsingularity of the matrix(

Ir̂ 0
ψ1ŷ ψ1ẑ

)
.

Via the implicit function theorem, this matrix can be seen to be the Schur
complement (cf. Lemma 3.3 below) of the matrix (gȳ gz̄) in

 Ir̂ 0 0 0
0 0 Ir̄ 0
gŷ gẑ gȳ gz̄


 ,

which is nonsingular if and only if so it is gz(y, z, t). This means that
the point (y, z, t) is regular with geometric index one for the semiexplicit
DAE (3.76) if and only if g(y, z, t) = 0 and gz(y, z, t) is nonsingular. If the
nonsingularity of gz(y, z, t) holds whenever g(y, z, t) = 0, then (3.76) will
be said to be an index one DAE.

From the nonsingularity of gz defining index one points, we may describe
the set g = 0 locally around an index one point (y∗, z∗, t∗) as z = ψ(y, t),
for some locally defined mapping ψ. This corresponds to the case ŷ = y,
z̄ = z above, and yields a local reduction of the form

y′ = h(y, ψ(y, t), t). (3.77)

3.4.7.3 Nonautonomous Hessenberg DAEs

Hessenberg DAEs of size two are defined in the nonautonomous context by
a system of the form

y′ = h(y, z, t) (3.78a)

0 = g(y, t), (3.78b)

with h ∈ C∞(W0,R
r) and g ∈ C∞(Ŵ0,R

p); now W0 is open in Rr+p+1,
whereas Ŵ0 is open in Rr+1 and contains the (y, t)-projection of W0.
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Again, the set W1 reads {(y, z, t) ∈ W0 / g(y, t) = 0}. Proceeding as in
3.4.6.2, if gy has maximal rank then we can derive a one-step reduction of
(3.78) of the form

u′ = h1((u, ψ(u, t)), z, t) (3.79a)

ψu(u, t)u′ = h2((u, ψ(u, t)), z, t) − ψt(u, t), (3.79b)

where we have assumed w.l.o.g. that the last p components w of y yield
a nonsingular derivative gw; the variable u then stands for the first r − p

components of y and the implicit function theorem makes g(y, t) = 0 locally
equivalent to w = ψ(u, t).

Premultiplying (3.79) by(
Ir−p 0

gu((u, ψ(u, t)), t) gw((u, ψ(u, t)), t)

)
we now get, via the implicit function theorem,

u′ = h1 (3.80a)

0 = guh1 + gwh2 + gt, (3.80b)

where we have removed the arguments of the different mappings for the sake
of notational simplicity. Note that (3.80b) stands for the hidden constraint
gyh+ gt = 0, so that (3.80) reads, equivalently,

u′ = h1((u, ψ(u, t)), z, t) (3.81a)

0 = gy((u, ψ(u, t)), t)h((u, ψ(u, t)), z, t) + gt((u, ψ(u, t)), t). (3.81b)

System (3.81) represents a semiexplicit DAE. Mind that, in the con-
straint (3.81b), only h depends on the algebraic variable z; therefore, (3.81)
is index one if and only if the derivative gyhz is nonsingular. The point
(y, z, t) will be then regular with geometric index two for the Hessenberg
DAE (3.78) if and only if g(y, t) = 0, gy(y, t)h(y, z, t) + gt(y, t) = 0, and
gy(y, t)hz(y, z, t) is nonsingular. If the nonsingularity of gyhz holds when-
ever the pair of conditions g = 0 and gyh+ gt = 0 are met, then (3.78) will
be said to be an index two DAE.

Finally, around an index two point the nonsingularity of the product
gyhz allows for a local description of (3.81b) of the form z = ζ(u, t). This
leads to the local state space equation

u′ = h1((u, ψ(u, t)), ζ(u, t), t). (3.82)

This type of reduction will be used in the derivation of state space models
for index two circuit configurations in subsection 6.2.5.
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3.4.7.4 Schur reduction and semiexplicit DAEs

In different semistate systems it is often the case that several variables are
eliminated in a model reduction process which leads to somehow “interme-
diate” formulations. In many cases these eliminations are special (so-called
Schur) reductions which, as detailed here, preserve the geometric index
of the model. This will the case, in particular, in the semiexplicit circuit
models considered in Chapter 6.

Let us then consider again the nonautonomous semiexplicit DAE (3.76).
Split the variable z as (z1, z2), z1 and z2 being p1- and p2-dimensional,
respectively, with p1 > 0, p2 > 0 and p = p1 + p2, and split accordingly the
mapping g as (g1, g2) with g1 ∈ C∞(W0,R

p1) and g2 ∈ C∞(W0,R
p2). This

makes it possible to rewrite (3.76) in the form

y′ = h(y, z1, z2, t) (3.83a)

0 = g1(y, z1, z2, t) (3.83b)

0 = g2(y, z1, z2, t). (3.83c)

Assume that the derivative g2z2
is nonsingular whenever g2(y, z1, z2, t) = 0.

By the implicit function theorem, locally around any point satisfying (3.83c)
this set can be described in terms of a local map α as z2 = α(y, z1, t).
Inserting this into (3.83a)-(3.83b), we get the (locally defined) model

y′ = h(y, z1, α(y, z1, t), t) ≡ h̃(y, z1, t) (3.84a)

0 = g1(y, z1, α(y, z1, t), t) ≡ g̃(y, z1, t). (3.84b)

The importance of this kind of reduction (which will be called a Schur re-
duction) relies on the fact that, under the nonsingularity assumption on
g2z2

, the geometric index of (3.83) and (3.84) at regular points coincides,
as stated in Proposition 3.7 below. More precisely, a point (y, z1, z2, t) sat-
isfying (3.83c) and where g2z2

is nonsingular will be regular with geometric
index ν for (3.83) if and only if (y, z1, t) is so for (3.84).

Lemma 3.3. Let

E =
(
E11 E12

E21 E22

)
(3.85)

be a matrix in Rp×p, with E11 ∈ Rp1×p1 , E12 ∈ Rp1×p2 , E21 ∈ Rp2×p1 ,

E22 ∈ Rp2×p2 , p = p1 + p2. Assume that E22 is nonsingular, and let
SE(E22) stand for the Schur complement of E22 in E, that is,

SE(E22) = E11 − E12E
−1
22 E21. (3.86)

Then rkE = rkSE(E22) + p2. In particular, the matrix E is nonsingular if
and only if SE(E22) is nonsingular.
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This result (see e.g. [137]) can be directly derived from the identity(
I −E12E

−1
22

0 E−1
22

)(
E11 E12

E21 E22

)
=
(
E11 − E12E

−1
22 E21 0

E−1
22 E21 I

)
, (3.87)

since the first matrix is nonsingular and the rank of the last one equals
rk (E11 − E12E

−1
22 E21) + p2.

Remark 3.6. The property rkE = rkSE(E22) + p2 holds also, with the
same proof, if E11 ∈ Rp1×p3 , E21 ∈ Rp2×p3 , with p3 > p1.

Proposition 3.7. Consider the semiexplicit DAE (3.83) and assume that
the derivative g2z2

(y, z1, z2, t) is nonsingular whenever g2(y, z1, z2, t) = 0.
Then the geometric index of (3.83) at regular points equals that of the Schur
reduction (3.84).

Proof. We work locally around a given point (y, z1, z2, t) satisfying
g2(y, z1, z2, t) = 0 without further explicit mention. Let us consider the
index one case separately. In the light of the results in 3.4.7.2, (3.83) and
(3.84) have geometric index one if and only if gz and g̃z1 are nonsingular,
respectively. The equivalence of both conditions follows easily from Lemma
3.3 by setting E = gz, E11 = g1z1

, E12 = g1z2
, E21 = g2z1

and E22 = g2z2
,

since the implicit function theorem yields

g̃z1 = g1z1
+ g1z2

αz1 = g1z1
− g1z2

g2
−1
z2
g2z1

= Sgz(g2z2
). (3.88)

Assume in the sequel that (y, z, t) is not index one for (3.83). We show
below that the maximal rank condition

rk (gy gz) = p (3.89)

holds for (3.83) if and only if

rk (g̃y g̃z1) = p1 (3.90)

is met in the Schur reduction (3.84) and, furthermore, that a common one-
step reduction may be defined for both DAEs in this situation.

The equivalence of (3.89) and (3.90) follows from the identity

(g̃y g̃z1) =
(
g1y − g1z2

g2
−1
z2
g2y g1z1

− g1z2
g2

−1
z2
g2z1

)
, (3.91)

which owes to the implicit function theorem, and the fact that the matrix
displayed in (3.91) is the Schur reduction of g2z2

in(
g1y g1z1

g1z2

g2y g2z1
g2z2

)
= (gy gz).
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We may then apply the result stated in Remark 3.6 to conclude that the
conditions depicted in (3.89) and (3.90) are indeed equivalent.

In turn, the chance to derive the same one-step reductions for (3.83)
and (3.84) is supported on the following. Provided that (3.89) is met, let
ȳ, z̄ be certain components of y, z1 such that the matrix(

g1ȳ g1z̄ g1z2

g2ȳ g2z̄ g2z2

)
(3.92)

is nonsingular, ŷ and ẑ being the remaining components of y and z1. This
is always possible because of the nonsingularity of g2z2

, and without loss of
generality we may assume that ŷ and ẑ are the first components of y and
z1, respectively. We can hence describe the set g1 = 0, g2 = 0 locally as

ȳ = ψ1(ŷ, ẑ, t) (3.93a)

z̄ = ψ2(ŷ, ẑ, t) (3.93b)

z2 = ψ3(ŷ, ẑ, t), (3.93c)

which yields the one-step reduction of (3.83)

ŷ′ = h1((ŷ, ψ1(ŷ, ẑ, t)), (ẑ, ψ2(ŷ, ẑ, t), ψ3(ŷ, ẑ, t)), t) (3.94a)

(ψ1(ŷ, ẑ, t))′ = h2((ŷ, ψ1(ŷ, ẑ, t)), (ẑ, ψ2(ŷ, ẑ, t), ψ3(ŷ, ẑ, t)), t), (3.94b)

where (ψ1(ŷ, ẑ, t))′ stands for ψ1ŷ ŷ
′ + ψ1 ẑ ẑ

′ + ψ1t.
Additionally, proceeding as above the nonsingularity of (3.92) is easily

proved equivalent to that of

(g̃ȳ g̃z̄) ,

which in turn leads to the local description

ȳ = β1(ŷ, ẑ, t) (3.95a)

z̄ = β2(ŷ, ẑ, t) (3.95b)

of the set g1(y, z1, α(y, z1, t), t) = 0. The corresponding one-step reduction
of (3.84) reads

ŷ′ = h̃1((ŷ, β1(ŷ, ẑ, t)), (ẑ, β2(ŷ, ẑ, t)), t) (3.96a)

(β1(ŷ, ẑ, t))′ = h̃2((ŷ, β1(ŷ, ẑ, t)), (ẑ, β2(ŷ, ẑ, t)), t). (3.96b)

Now, since z2 = α(y, z1, t)) locally describes the manifold g2 = 0, from
(3.93) and (3.95) it must be ψ1(ŷ, ẑ, t) = β1(ŷ, ẑ, t), ψ2(ŷ, ẑ, t) = β2(ŷ, ẑ, t),
and α((ŷ, β1(ŷ, ẑ, t)), (ẑ, β2(ŷ, ẑ, t)), t) = ψ3(ŷ, ẑ, t). Together with the iden-
tities defining h̃ and g̃ in (3.84), this shows that the one-step reductions
(3.94) and (3.96) are locally coincident. Therefore, the geometric index of
(3.83) at a regular point (y, z1, z2, t) with z2 = α(y, z1, t) equals that of the
Schur reduction (3.84) at (y, z1, t). �



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

130 Nonlinear DAEs and reduction methods

3.5 Dynamical aspects

The reduction procedure discussed in subsections 3.4.2 - 3.4.4 opens a way
to characterize local dynamical aspects near regular points of autonomous
quasilinear DAEs. The key aspect in this direction is that, around an
index ν point with rν > 0, the mapping x = ϕ(u) defined in (3.42) is a
local embedding which maps the phase portrait of the state space equation
(3.41) onto that of the DAE (3.13); this means that the dynamical behavior
is exactly the same for both systems.

Now, if a given local property is known to be preserved in the reduc-
tion process, it is useful to have tools allowing one to assess this property
directly in the DAE setting, without the need to compute explicitly a state
reduction. This idea will be illustrated by examining linear stability proper-
ties of regular equilibria in quasilinear DAEs, in terms of the matrix pencil
associated with the linearized problem; this problem will be revisited in the
circuit context in Chapter 6 (Section 6.3). Nevertheless, the scope of this
approach seems to be broader; for instance, it might be used as well in local
bifurcation analyses of parametrized DAEs, under a suitable extension of
the above reduction framework to parametrized problems which is however
beyond the scope of this book.

Qualitative properties of regular equilibria

We refer the reader to [3, 6, 7, 110, 127] for comprehensive discussions of
qualitative aspects of explicit ODEs and of differential equations on man-
ifolds. For an explicit ODE u′ = f(u), with f ∈ C1(Ω,Rr), Ω open in Rr,
linear stability properties of an equilibrium u∗ (i.e. a point in Ω satisfying
f(u∗) = 0) are those which can be assessed just in terms of the spectrum
of the Jacobian matrix f ′(u∗). In particular, the equilibrium is said to
be hyperbolic or exponentially stable if all the eigenvalues of f ′(u∗) verify
Reλ �= 0 or Reλ < 0, respectively. Owing to Lyapunov’s theorem (see e.g.
Th. 15.6 in [3]), an exponentially stable equilibrium point is asymptotically
stable, that is, it is a stable attractor of nearby trajectories.

In the quasilinear DAE context of (3.13), a given x∗ is said to be an
equilibrium point if x(t) ≡ x∗ is a solution, namely, if f(x∗) = 0. It will
be said to be a regular equilibrium if, additionally, it is a regular point in
the sense specified after Definition 3.5 (p. 106), i.e., if it is regular with any
index ν ≥ 0; we will also assume that rν > 0, so that x∗ is not isolated in
the regular manifold W reg.
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Our present goal is to characterize the linear stability properties of a
given regular equilibrium x∗ for the local flow of the DAE or, equivalently,
the linear stability properties of u∗ for any reduction of the form (3.41).
Note, incidentally, that the invariance property stated in Theorem 3.4 (p.
116) is consistent with the idea that the local qualitative features of the
DAE should be independent of the specific form of the state space descrip-
tion obtained in the reduction. The point is, of course, to perform the
above-mentioned characterization in the original problem setting, i.e. in
terms of (3.13) and without computing explicitly a state space reduction.

This will be possible via the matrix pencil notion discussed in subsection
2.1.1; as shown below, the (pencil) spectrum of the linearized problem will
characterize the linear stability properties of equilibria in regular contexts.
This result can be seen as an extension of the corresponding property for the
linear DAE (2.4) under an assumption of regularity on the pencil; in that
setting the results follows immediately from the identity stated in (2.7).

Theorem 3.5. Let x∗ be a regular equilibrium of the DAE (3.13) with
rν > 0. Then the matrix pencil λA(x∗)−f ′(x∗) is regular, and the spectrum
at u∗ = ϕ−1(x∗) of the Jacobian matrix of the vector field A−1

ν (u)fν(u) in
the state reduction (3.41) equals the spectrum of the pencil λA(x∗)−f ′(x∗).

This result has appeared in different forms in the literature, cf. [228, 231].
Related results are discussed in [183, 184, 186, 240, 291]. It is anyway of
interest to look at its proof, which follows from the one-step property stated
in Lemma 3.4 below. We will make use of the fact that, if x∗ is 0-regular
and f(x∗) = 0, the tangent space to W reg

1 at x∗ can be described as

{v ∈ R
m / H(x∗)f ′(x∗)v = 0}, (3.97)

with H(x) defined in Lemma 3.1. This can be easily seen by differentiating
the identity H(x)f(x) = 0 which by (3.23) locally describes W reg

1 , and
noting that f(x∗) = 0 at the equilibrium.

Lemma 3.4. Consider the quasilinear DAE A(x)x′ = f(x) and a one-step
local reduction A1(ξ)ξ′ = f1(ξ) around a 0-regular equilibrium x∗ = ϕ1(ξ∗)
with r1 > 0. Then, for any λ ∈ C, det(λA(x∗) − f ′(x∗)) = 0 if and only if
det(λA1(ξ∗) − f ′

1(ξ
∗)) = 0.

Proof. Recall from (3.27) that the operators in the local reduction
A1(ξ)ξ′ = f1(ξ) given in (3.26) read A1(ξ) = P1(ϕ1(ξ))A(ϕ1(ξ))ϕ′

1(ξ) and
f1(ξ) = P1(ϕ1(ξ))f(ϕ1(ξ)); since f(ϕ1(ξ∗)) = 0, the latter leads to

f ′
1(ξ

∗) = P1(ϕ1(ξ∗))f ′(ϕ1(ξ∗))ϕ′
1(ξ

∗).
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Assume that det(λA(x∗) − f ′(x∗)) = 0 and let v ∈ Cm − {0} be such
that

(λA(x∗) − f ′(x∗))v = 0. (3.98)

Premultiplication by H(x∗) yields H(x∗)f ′(x∗)v = 0, which shows that
v ∈ Tx∗W reg

1 . Since ϕ1 is a local parametrization of W reg
1

loc= W1, we can
write v = ϕ′

1(ξ
∗)w for some w ∈ Cr1 − {0}. Inserting v = ϕ′

1(ξ
∗)w into

(3.98) and premultiplying this equation by P1(ϕ1(ξ∗)) we arrive at

(λA1(ξ∗) − f ′
1(ξ

∗))w = 0, (3.99)

proving that det(λA1(ξ∗) − f ′
1(ξ

∗)) = 0.
Conversely, the assumption that det(λA1(ξ∗) − f ′

1(ξ
∗)) = 0 means that

(3.99) holds for some w ∈ Cr1 −{0}. Define v = ϕ′
1(ξ

∗)w, and remark that
v does not vanish and belongs to Tx∗W reg

1 because ϕ1 is a parametrization
of W reg

1 . Rewrite (3.99) as

(λP1(x∗)A(x∗) − P1(x∗)f ′(x∗))v = 0. (3.100)

By the characterization of Tx∗W reg
1 depicted in (3.97) we have

H(x∗)f ′(x∗)v = 0, meaning that f ′(x∗)v ∈ imA(x∗). Since additionally
A(x∗)v ∈ imA(x∗), and P1(x∗) is an isomorphism imA(x∗) → Rr1 , from
(3.100) we get that (λA(x∗)− f ′(x∗))v = 0, showing that (3.98) is met and
therefore det(λA(x∗) − f ′(x∗)) = 0. �

In Lemma 3.4 we do not need to assume that the involved pencils are
regular. However, this is necessarily the case at regular points, as stated in
Theorem 3.5 and proved below.

Proof of Theorem 3.5. The spectrum preservation proved in Lemma
3.4 applies to all reduction steps. Since the Jacobian matrix of the state
space reduction (3.41) at the equilibrium has only a finite number of eigen-
values, so it does the spectrum of the original matrix pencil which is thereby
a regular one. The assertion then follows in a straightforward manner from
an iterative application of Lemma 3.4. �

It is worth emphasizing that a somehow converse result which might
be conjectured at this stage does not hold; namely, a DAE may certainly
display a regular pencil at points where the geometric index is not defined.
This shows that the regularity of the pencil does not suffice to support the
geometric index notion in nonlinear problems. A simple example illustrat-
ing this is defined by the DAE

xx′ = y

0 = x+ y,
(3.101)
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which displays a regular index one pencil everywhere, whereas already
the first constant rank requirement in the geometric index definition fails
around the origin.

Finally, from the theorem of Lyapunov mentioned above and the fact
that the map ϕ in (3.42) is a local embedding, we immediately get the
following result on asymptotic stability of equilibria.

Corollary 3.1. If x∗ is a regular equilibrium of (3.13), and Reλ < 0 for
all λ ∈ σ({A(x∗),−f ′(x∗)}), then u∗ is an asymptotically stable equilibrium
for the reduced equation (3.41), and hence so it is x∗ for the flow defined
by the DAE on the regular manifold.

The results in this Section illustrate that, in practice, it is not necessary
to perform a state space reduction in order to characterize local dynamic
properties of a quasilinear DAE. In particular, from Theorem 3.5 it follows
that the linear stability properties of a regular equilibrium (y∗, z∗) of a
semiexplicit index one DAE (3.1) or a Hessenberg index two system (3.6)
are characterized by the spectra of the pencils {A,−J1} and {A,−J2}, with

A =
(
Ir 0
0 0

)
, J1 =

(
hy hz

gy gz

)∣∣∣∣
(y∗,z∗)

and

A =
(
Ir 0
0 0

)
, J2 =

(
hy hz

gy 0

)∣∣∣∣
(y∗,z∗)

respectively. In general, this approach will make it possible to simplify cum-
bersome analyses in circuit theory, where the conditions arising in qualita-
tive studies are often mixed-up with those needed to compute a state space
description: this issue will be extensively addressed in Chapter 6.

3.6 Reduction methods for fully nonlinear DAEs

We briefly consider in the last two Sections of this Chapter the fully implicit
or fully nonlinear DAE (1.2). The main reason for the shorter treatment
of fully nonlinear problems is their unusual appearance in applications; for
instance, all the differential-algebraic circuit models addressed in Chapters
5 and 6 are quasilinear. Furthermore, (1.2) can be naturally rewritten in
the quasilinear (actually semiexplicit) form (1.7); this makes the results
of Sections 3.4 and 3.5 applicable to nonlinear problems. Therefore, in
this Section we just present some general ideas on geometric methods for
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fully implicit problems, referring the reader to the bibliography where more
detailed discussions can be found. Section 3.7 will summarize the differen-
tiation index framework, whereas a detailed discussion of projector-based
methods for nonlinear DAEs can be found in [157].

The framework of Rabier and Rheinboldt summarized in subsection
3.4.1 can be extended, with some differences and a substantial technical
effort, to fully nonlinear autonomous DAEs

F (x, x′) = 0, (3.102)

as detailed in [221]. We present below a very rough summary of this work,
aimed at providing the reader with some hints on how the ideas of 3.4.1
can be applied to fully nonlinear problems.

Briefly, the framework of [221] assumes that F in (3.102) is a sufficiently
differentiable mapping Rm × Rm → Rm. Condition G1 in subsection 3.4.1
above (p. 95) can be recast for (3.102) by requiring Fp(x, p) to have constant
rank on an appropriate submanifold of the ambient space, whereas the sub-
mersion requirement for F stated in G2 applies also in this fully nonlinear
context. Technically, M0 = F−1(0) is assumed to be a π-submanifold (cf.
Section 3 in [221]) of TRm � Rm × Rm. As in the quasilinear setting, W1

stands for the projection of M0 onto the first factor Rm, and by the working
assumptions can be guaranteed to have a manifold structure.

If x(t) is a local solution of (3.102) with (x(0), x′(0)) = (x0, p0) ∈ M0,
then the pair (x(t), x′(t)) must belong to M0 ∩ TW1 = M1; this is called
a reduction of M0 and, if non-empty, is proved to be a π-submanifold of
M0. Note that this is essentially the same idea supporting the discussion
in subsection 3.4.1. The procedure can be iterated in a way such that, if
Mν = Mν+1, the Mk-manifold sequence becomes stationary: the minimum
integer ν for which Mν = Mν+1 holds is then termed the index of the fully
nonlinear problem (3.102). A vector field is locally defined on the projection
of
⋂

k≥0Mk and solvability results follow.
Prior to this framework, it is worth mentioning the paper [220] by the

same authors, where among other results the connection of these reduction
techniques with matrix pencils and linear DAEs is detailed, as well as the
paper of Reich [230].

3.7 The differentiation index and derivative arrays

Much research on DAEs is based upon the differentiation index concept,
mainly developed by S. Campbell. A glimpse at the idea behind the differ-
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entiation index was given in Section 1.2, and its application to semiexplicit
problems has been briefly discussed in Sections 3.1 and 3.2. We sketch below
how this notion, together with the closely related one of a derivative array,
applies to general nonlinear DAEs. We follow [45, 46], where the reader is
referred to for additional details. See also [30] and [10, 41–43, 54, 94].

Consider the fully nonlinear, nonautonomous DAE

F (t, x, x′) = 0, (3.103)

where F : Ω → Rm is sufficiently differentiable, with Ω open in R2m+1. In
order to understand the idea supporting the derivative array notion, think
of a solution x(t) to (3.103) and derive F (t, x(t), x′(t)) with respect to time
to get

d

dt
F (t, x, x′) = Ft(t, x, x′) + Fx(t, x, x′)x′ + Fx′(t, x, x′)x′′ = 0, (3.104)

which in turn can be derived with respect to t. Iteratively, the i-th deriva-
tive yields a formal expression on the variables (t, x, x′, x′′, . . . , x(i), x(i+1)).
Altogether, the expressions up to the k-th derivative define the derivative
array equations

F[k](t, x, x′, x′′, . . . , x(k), x(k+1)) =




F (t, x, x′)
d
dtF (t, x, x′)

...
dk

dtkF (t, x, x′)


 = 0 (3.105)

in the understanding that diF
dti is written in terms of (t, x, x′, . . . , x(i+1)) for

i = 1, . . . , k, as it is done in (3.104) for i = 1.
Let us now formally replace x′ by v ∈ Rm and (x′′, . . . , x(k), x(k+1)) by

w ∈ Rkm in the derivative array (3.105); think of (t, x, v, w) as a variable
lying on an extended space Ωe ∈ R(k+2)m+1 whose projection onto the
first 2m + 1 components yields Ω, e.g. Ωe = Ω × Rkm. The mapping
F[k] : Ωe → R(k+1)m which results from the replacement of x′, x′′, . . . , x(k+1)

by v, w1, . . . , wk (with wi ∈ Rm) in (3.103), (3.104) and eventual subsequent
expressions has the form

F[k](t, x, v, w) =




F (t, x, v)
Ft(t, x, v) + Fx(t, x, v)v + Fv(t, x, v)w1

Ftt(t, x, v) + Ftx(t, x, v)v + . . .+ Fv(t, x, v)w2

...
F

t(k)... t
(t, x, v) + . . . + Fv(t, x, v)wk


. (3.106)
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In this setting, a given (t, x) is said to be consistent if there exists a
(t, x, v, w) ∈ Ωe for which F[k](t, x, v, w) = 0. Note that for a fixed consis-
tent (t, x) the vector (t, x, v, w) solving F[k] = 0 need not be unique in Ωe.
But it may happen that, for a given consistent (t, x), these solutions are
projected onto the same vector (t, x, v) ∈ Ω; this means that the derivative
array equations F[k] = 0 uniquely determine v from (t, x). If this hap-
pens for every consistent (t, x), the smallest nonnegative integer k with this
property is called the differentiation index of (3.103).

As acknowledged in [45], this notion assumes the specification of the
set Ωe. If (3.103) is solvable (cf. [46]), and with v = g(t, x) denoting the
above-mentioned relation between (t, x) and v, the ODE x′ = g(t, x) is a
differential equation on the manifold defined by the solutions of the DAE.
A relation x′ = h(t, x) holding on an open neighborhood of this manifold
is called a completion: see [43, 46] and references therein.

In these terms, by a straightforward application of the implicit func-
tion theorem one can see that (3.103) has differentiation index zero on Ω if
Fv(t, x, v) is nonsingular for all (t, x, v) ∈ Ω such that F (t, x, v) = 0. Simi-
larly, it is not difficult to check that the conditions depicted in Propositions
3.5 and 3.6 (pp. 119 and 121) guarantee that the semiexplicit problem (3.1)
and the Hessenberg DAE of size two (3.6) have differentiation index one
and two, respectively; the set Ω may be simply defined as W0 × R

m with
m = r+p, whereas Ωe can be chosen as W0×Rm×Rm and W0×Rm×R2m

for (3.1) and (3.6), respectively. The underlying ODEs (3.2) and (3.8) de-
fine completions of both types of DAEs. Note also that, if the algebraic
conditions in Propositions 3.5 and 3.6 hold at a given point (y, z), then
the differentiation index notion applies on some neighborhood of this point
and we may hence speak of the index on that neighborhood. Analogous
statements hold for Hessenberg DAEs of higher sizes; in particular, the
Hessenberg DAE (1.18) has differentiation index k if the matrix in (1.19)
is nonsingular.

It is finally worth mentioning the related notion of the uniform differ-
entiation index which, for sufficiently differentiable problems and in terms
of certain algebraic conditions on the derivative array (3.106), supports
solvability results and a rather general numerical approach for nonlinear,
higher index DAEs. The reader is referred to [30, 45–47, 51, 52] for details
in this regard.
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Chapter 4

Singularities

The word ‘singularity’ is used pervasively in mathematics. Even within a
given research field, this term often has different meanings. DAE theory is
not an exception; the expression ‘singular system’ has been used to mean at
least ‘differential-algebraic system’ (see [39, 40]), ‘higher index differential-
algebraic system’ (e.g. in [118]) or, closer to the standpoint in this Chapter,
‘differential-algebraic system without an index’. Roughly speaking, singular
DAEs or, more precisely, singular points of DAEs will be locally defined as
those for which the assumptions supporting an index notion fail.

In this direction, the goals of the present Chapter are to make this notion
precise and to adapt the projector-based methods and reduction techniques
of Chapters 2 and 3 to singular linear and quasilinear DAEs, allowing for
the analysis of the dynamical phenomena associated with singular prob-
lems. In Section 4.1 we elaborate on the ideas supporting the singularity
concept in DAE theory. Singular points of linear time-varying DAEs are
then analyzed in Sections 4.2 and 4.3, whereas Section 4.4 addresses singu-
larities of quasilinear systems.

4.1 What is a singular DAE?

Several approaches to the analysis of differential-algebraic equations are
based on an iterative or recursive definition of an index, and describe the
DAE solutions in terms of some kind of related ODE. As detailed in Chap-
ters 2 and 3, this is the case of projector-based techniques and reduction
methods, which unravel the DAE behavior in terms of an inherent or re-
duced ODE, respectively. The assumptions supporting the index definition
usually imply that, at least locally, this ODE can be written in an explicit
form, and existence and uniqueness of solutions for initial value problems

137
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can be then derived under sufficient smoothness requirements.
Sometimes, although the analysis procedure can be completed, it ends

up with an ODE which cannot be rewritten in an explicit manner. A rough
picture of this can be obtained from Theorem 3.2 on page 107; it may well
happen that the reduction (3.40) is feasible around a given point, but yields
a leading matrix Aν(u) which is singular on a hypersurface of Ων including
u∗. This would be an instance of what shall be called a quasilinear ODE,
which can be rewritten in explicit manner on a dense subset of the reduced
state space. Some of these “last-step” singularities are analyzed by Rabier
and Rheinboldt in [222, 223, 228]. Analogous phenomena can be depicted
in the linear time-varying context.

A more pathological behavior occurs when the assumptions supporting
the reduction of the DAE as discussed in Chapter 3, or those basing the
tractability index definition in Chapter 2, fail before the last step of the
procedure. Even a taxonomy of these situations is hard to find in the
differential-algebraic literature.

In this Chapter, we introduce general singularity notions which ac-
commodate these phenomena, for both linear time-varying and quasilinear
DAEs. Our approach will label as singular those points where the alge-
braic assumptions supporting the DAE analysis fail, accommodating also
the above-mentioned last-step singularities. As detailed in Section 4.4, this
framework will also include singular points arising in the context of quasi-
linear ODEs and semiexplicit index one DAEs, which have attracted quite
a lot of attention in the specialized literature. Furthermore, as it should be
expected, singularities will be proved independent of the operators arising
in the analysis, as well as invariant with respect to the appropriate local
equivalence relations.

For these singular problems, the analysis methods as presented in pre-
vious Chapters do not apply. We need to figure out working hypotheses
which, relaxing the requirements on the problem, still make it possible to
characterize the solutions in terms of an inherent ODE or a reduction.
These hypotheses will somehow capture the essential requirements for the
methods to work; speaking again in general terms, these requirements will
not rely on constant rank or transversality conditions but on the chance to
continue through the singularity certain spaces associated with the DAE.

The above-mentioned working hypotheses will end up with an ODE
which only on certain subsets can be written in explicit form. We need
to distinguish at this point between linear time-varying and quasilinear
DAEs. The projector-based analysis of linear time-varying DAEs developed
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in Sections 4.2 and 4.3 will lead to a scalarly implicit inherent ODE of the
form

ω(t)u′ + F (t)u = g(t). (4.1)

Here, the scalar function ω(t) does not have zeros in the regular set, which
will be dense in the working interval, and typically vanishes at singular
points. This way, the projector framework drives the analysis of singulari-
ties in linear DAEs to the singular ODE setting defined by (4.1). Singular
problems of the form (4.1) have been extensively studied in the ODE liter-
ature (see e.g. [71, 127, 300]) and will not be further analyzed here.

The analysis of singular points x∗ in quasilinear autonomous DAEs in
Section 4.4 will proceed via a local reduction to

Ãν(u)u′ = f̃ν(u), u ∈ Ων ⊆ R
r̃ν , (4.2)

in which the matrix Ãν(u) is nonsingular on a dense subset of a neighbor-
hood of u∗ = ϕ−1(x∗). Problems of the form (4.2), which can be rewritten
as an explicit ODE on such a dense set, will be called quasilinear ODEs
and only recently have been analyzed in detail; for this reason, the dynamic
phenomena which can be displayed by (4.2) will be surveyed in 4.4.1.

Summing up, singular points will be defined by the failure of algebraic
assumptions supporting the DAE analysis procedure. We will not try to
address related dynamic aspects such as impasse phenomena, singularity-
crossing, multiplicity of solutions, etc., directly in the differential-algebraic
setting; instead, we will classify the singularities and figure out broad work-
ing assumptions which drive the analysis to the somehow simpler setting of
singular ODEs of the form (4.1) or (4.2).

Note finally that the analysis of singularities in fully nonlinear DAEs
F (x, x′) = 0 with x ∈ Rm, m ≥ 2, defines an open research direction which
might extend the results of [7, 34, 72, 289], focused on scalar problems.

4.2 Singularities of properly stated linear time-varying DAEs

We drive in this Section the attention back to linear DAEs of the form

A(t)(D(t)x(t))′ +B(t)x(t) = q(t), t ∈ J , (4.3)

with A(t) ∈ C(J ,Rm×n), D(t) ∈ C(J ,Rn×m), B(t) ∈ C(J ,Rm×m),
q(t) ∈ C(J ,Rm) and J ⊆ R an open interval. Smoothness assumptions
will be discussed later. Roughly speaking, singular points of (4.3) will be
those where the matrix chain defining the tractability index in Chapter 2
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cannot be constructed beyond a certain step; formally, a point t∗ ∈ J will
be called singular if no neighborhood of t∗ admits an index or, equivalently,
if there is no regularity interval including t∗ (cf. Definition 2.7 on p. 74).

Previous approaches [139, 225, 228] do not detail the extent to which
these singular points can be handled. As discussed in Section 4.1, the
projector-based analysis procedure will be adapted here in order to accom-
modate singularities, typically ending up with a singular ODE, although
some (informally called harmless) cases may result in a nonsingular lin-
ear ODE. We work with mild smoothness assumptions, driving the results
beyond the analytic setting of [139, 225]. Our approach extends the dis-
cussion of [250] for index one DAEs in standard form, the results in this
Section being directly based on [195–197].

Singular points will be classified in 4.2.1 according to a taxonomy that
reflects the phenomenon from which the singularity stems. The different
types of singular points will be proved independent of projectors and invari-
ant with respect to rescaling and linear, time-dependent coordinate changes.
Additionally, it will shown that for sufficiently smooth problems, all singular
points fall in the types A and B defined in the taxonomy here introduced.
In 4.2.2 we present a working scenario which accommodates singular points
of (4.3). Solutions of the singular DAE will be unveiled through the scalarly
implicit decoupling presented in Theorem 4.3. These ideas will be adapted
to accommodate singularities of standard form linear DAEs in Section 4.3.

4.2.1 Classification of singular points

As indicated in subsection 2.2.7, the notion of a regular point introduced in
Definition 2.7 naturally raises the problem of the behavior of (4.3) around
points within J − Jreg.

Definition 4.1. Points in J − Jreg will be called singular for (4.3).

Thereby, a point t∗ ∈ J is singular for the DAE (4.3) if it is not regular, that
is, if there is no regularity interval I ⊆ J with t∗ ∈ I. Note that we replace
the term ‘critical’ used in [196, 197] by ‘singular’ for later consistency with
the quasilinear setting of Section 4.4 and, specially, to avoid any confusion
with the so-called ‘noncritical’ singularities arising there.

Our aim is to study these singular points in terms of the conditions
(a), (b) and (c) on page 40, supporting the chain construction based on
P -projectors, or (equivalently) in terms of the corresponding conditions on
page 45 for the Π-framework. Specifically, we will focus on singularities
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arising from the failure of conditions (a) or (b). This means that the DAE
coefficients will be assumed to be smooth enough as to avoid singular points
arising from the failure of condition (c) (cf. Theorem 4.2 below).

Definition 4.2 is based on this viewpoint. The taxonomy of singular
points will reflect not only the step at which the singularity shows up (via
the integer k), but also the nature of the singularity, the labels A and B

corresponding to the failure of assumptions (a) and (b), respectively.

Definition 4.2. Consider the DAE (4.3). A point t∗ ∈ J −Jreg is said to
be a singularity of

(i) type 0 if (4.3) is not properly stated on any open interval I with t∗ ∈ I;
(ii) type k-A, k ≥ 1, if there exists an open interval I, with t∗ ∈ I, where

the DAE is nice up to level k − 1, but Gk has a rank drop at t∗;
(iii) type k-B, k ≥ 1, if there exists an open interval I, with t∗ ∈ I, where

the DAE is nice up to level k − 1 and Gk has constant rank, but
(N0(t∗) ⊕ . . .⊕Nk−1(t∗)) ∩Nk(t∗) �= {0}.

Here, a continuous matrix mapping G : I → Rm×m, with I ⊆ R, is said
to have a rank drop at t∗ ∈ I if each neighborhood of t∗ contains points t
for which rkG(t) �= rkG(t∗). According to the notion of a properly stated
DAE displayed in Definition 2.2, type 0 singular points may be due to rank
drops at t∗ either in A(t) or in D(t), and also to the lack of transversality
of the spaces kerA(t∗) and imD(t∗) (see (2.36)). Any of these situations
yields a rank drop in G0 at the point t∗.

For k ≥ 1, the term ‘k-singular point’ or ‘k-singularity’ will be used to
refer either to type k-A or to type k-B singularities. Similarly, a singular
point will be said to be of type A or B if it has type k-A or k-B with
arbitrary k; the terms ‘A-singular’ and ‘B-singular’ will also be used for
singular points of types A and B, respectively.

It is worth clarifying that, following Theorem 2.2, the P - and Π-
frameworks discussed in subsections 2.2.3 and 2.2.4, respectively, do not
make any difference in the classification of singularities, although they will
certainly make it in later analyses (see Remark 4.1 on page 148). Indeed, for
k ≥ 1 the Gi-matrices and Ni-spaces in Definition 4.2 can be understood
to be constructed from an admissible projector sequence {Q0, . . . , Qk−1}
or, equivalently, from an admissible sequence {Π0, . . . ,Πk−1}; cf. Defini-
tions 2.3 and 2.6. Note also that the admissibility requirement implicit
in the notion of a nice DAE implies that the products DP0 · · ·PiD

− (or
DΠiD

−) are in C1 for 0 ≤ i ≤ k− 1; the case i = 0 stands in particular for
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R = DD− which is in C1 because of the proper statement of the DAE on
I for k-singularities with k ≥ 1.

Theorem 4.1 below proves that these notions are actually independent
of the (admissible) choice of projectors, and that they are invariant under
linear time-varying coordinate changes x(t) = F (t)y(t) and premultiplica-
tion by a nonsingular, continuous matrix mapping C(t). Following [196], we
prove this result within the P -framework. Based on Definition 4.2, we are
allowed to work locally around a given singular point; this means that the
projectors are assumed to be defined in the interval I arising in Definition
4.2. This will often be assumed without explicit mention in the sequel.

Theorem 4.1. The notions of a singular point of type 0, k-A and k-B are
independent of the (admissible) choice of projectors.

Additionally, if t∗ is a singular point of type 0, k-A or k-B for (4.3),
then t∗ is a singular point of the same type for the DAE

Ã(t)(D̃(t)y(t))′ + B̃(t)y(t) = C(t)q(t), t ∈ J , (4.4)

where

Ã(t) = C(t)A(t), D̃(t) = D(t)F (t), B̃(t) = C(t)B(t)F (t) (4.5)

for nonsingular matrix-valued maps C(t), F (t) ∈ C(J ,Rm×m).

Proof. Note first that there is no projector involved in the notion of
a type 0 singularity. For k-singular points with k ≥ 1 we follow the
proof of Theorem 3.3 in [196], based in turn on the results presented
in [191]. Let {Q0, . . . , Qk−1} and {Q̂0, . . . , Q̂k−1}, be admissible (up to
level k − 1) projector sequences on I, and denote by {Gi}, {Ĝi} the
corresponding matrices constructed from these projector sequences. We
make use of the fact that rkGk = rk Ĝk, which is due to the identity
Ĝk = GkZk, with a nonsingular factor defined recursively for i ≤ k as
Zi = (I+Qi−1Q̂i−1Pi−1 +

∑i−2
j=0QjZijP0 · · ·Pi−2)Zi−1, for certain Zij ; see

Theorem 2.3 in [191]. Therefore, rank changes occur exactly at the same
points for both matrices Gk and Ĝk, showing that the notion of a singular
point of type k-A is independent of the choice of the admissible projector
sequence.

From Theorem 2.3 in [191] it follows that N0 ⊕ . . .⊕Ni = N̂0 ⊕ . . .⊕ N̂i

holds for all i ≤ k − 1. Now, from the identity Nk = ZkN̂k and the
expression defining Zk, we derive

Nk ⊆ (N0 ⊕ . . .⊕Nk−1) + N̂k = (N̂0 ⊕ . . .⊕ N̂k−1) + N̂k
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and, conversely,

N̂k ⊆ (N̂0 ⊕ . . .⊕ N̂k−1) +Nk = (N0 ⊕ . . .⊕Nk−1) +Nk.

We then get (N0⊕. . .⊕Nk−1)+Nk = (N̂0⊕. . .⊕N̂k−1)+N̂k and, therefore,
dim(N0 ⊕ . . .⊕Nk−1)∩Nk = dim(N̂0⊕ . . .⊕ N̂k−1)∩ N̂k. Type B singular
points are defined by the case in which this dimension is no longer zero,
and this occurs simultaneously for both projector sequences {Q0, . . . , Qk−1}
and {Q̂0, . . . , Q̂k−1}. Therefore, the type B singularity notion is also inde-
pendent of the choice of admissible projectors.

Regarding the asserted invariance with respect to the transformed DAE
(4.4), it is immediate to check from (4.5) that ker Ã(t) = kerA(t) and
im D̃(t) = imD(t). Hence, the proper statement of (4.4) is obviously
equivalent to that of (4.3) and therefore the type 0 singularity notion is
invariant. In turn, for k-singular points with k ≥ 1 we follow again [196];
the projectors Q̃i = F−1QiF constructed in [189] for (4.4) yield the iden-
tities G̃i = CGiF . The rank of Gi is therefore transferred to G̃i and type
A singularities are hence invariant. Additionally, Ñi = ker G̃i = F−1Ni, so
that the loss of transversality in the Ni spaces defining type B singularities
is also transferred to Ñi and the proof is completed. �

The importance of the types A and B introduced in Definition 4.2 relies
on the fact that they provide a complete description of the singular set
J − Jreg in sufficiently smooth (that is, Cm−1) problems. As in [196], the
proof of this result is based on the P -framework; note that the smoothness
properties of the projectors Pi below, based in turn on those of Qi, would
be trivially transferred to the products Πi = P0 · · ·Pi (cf. Theorem 2.2)
within the Π-framework.

Theorem 4.2. Assume that the coefficients A(t), D(t), B(t) in the linear
DAE (4.3) belong to Cm−1. Then every singular point is of type 0, k-A, or
k-B, with 1 ≤ k ≤ m.

Proof. Let us first remark that, around any point in J which is not a
0-singularity, the maps D−(t), R(t) and P0(t) can be chosen from Cm−1

according to the requirements (2.37), (2.38) and (2.39). In this situation,
the locally defined matrix mapping G1 = G0 +BQ0 also belongs to Cm−1.
Now, except at type 0, 1-A and 1-B singularities, we may locally choose a
preadmissible Q1 in Cm−1, so that Q1 will actually be admissible. Then B1

and so G2 will be in the class Cm−2. At subsequent levels, the construction
can be locally extended in an admissible manner up to the mappings Gm−1,
Qm−1 which can be taken from C1. This means that Bm−1 and Gm will
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be continuous. Finally, at points which are neither regular with index ≤ m

nor singular of type k < m or m-A, the space N0 ⊕ . . . ⊕ Nm−1 must fill
Rm and will therefore intersect Nm non-trivially. This necessarily yields a
singular point of type m-B, thus completing the proof. �

Type A singularities

Some instances of A-singularities can be easily introduced in terms of the
circuit model (2.124) considered in subsection 2.2.6. Note first that isolated
zeros of C1(t), C2(t) or L(t) lead to rank deficiencies in D(t) and would
hence define type 0 singularities of the DAE.

Assume now, as in 2.2.6.2, that the circuit parameters verify the con-
ditions C1(t) �= 0 �= C2(t), L(t) �= 0 and R1(t) = 0 on the working interval
J . The reader can check that, in this setting, isolated zeros of R2(t) yield
rank deficiencies in the matrix G1 within (2.127), therefore making such
zeros singular points of type 1-A for (2.124).

In turn, if the condition C1(t) + C2(t) �= 0 fails to hold at an isolated
point where R2(t) does not vanish, then the matrix G1 has locally constant
rank and the spaces N0 and N1 are still transversal, but now the matrix G2

in (2.131) undergoes a rank deficiency at this point, which can be therefore
labeled as a singularity of type 2-A.

Further remarks on the singularities of this system can be found in [196].

Type B singularities

The Hessenberg DAE

x′ + y + α(t)z = q1(t) (4.6a)

y′ − x = q2(t) (4.6b)

x = q3(t) (4.6c)

models an electrical circuit considered in [196, 197]. This system can be
written in the properly stated form (4.3) using

A =


1 0

0 1
0 0


 , D =

(
1 0 0
0 1 0

)
, B =


 0 1 α(t)

−1 0 0
1 0 0


 .

The product G0 = AD reads

G0 =


1 0 0

0 1 0
0 0 0


 ,
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and then N0 = kerG0 = span




0

0
1




 . Setting

D− =


1 0

0 1
0 0


 , Q0 = M0 =


0 0 0

0 0 0
0 0 1


 ,

we get

G1 =


1 0 α(t)

0 1 0
0 0 0


 , N1 = kerG1 = span




−α(t)

0
1




 .

Mind that the matrix G1(t) has constant rank r1 = 2, and that the inter-
section N0(t) ∩N1(t) becomes non-trivial when α(t) vanishes. This means
that the zeros of α(t) define singular points of type 1-B for (4.6).

Again, the reader is referred to [196, 197] for additional details concern-
ing the singular points of this DAE.

4.2.2 Decoupling

The existence of singular points in J precludes the construction of a
tractability chain for (4.3) defined on the whole working interval. This
means that the analysis of linear DAEs via projector methods, in the terms
discussed in Chapter 2, is not feasible for systems with singularities. These
problems require the introduction of suitable working hypotheses allowing
us to adapt the framework of Chapter 2 to singular settings. For later
detailed reasons (see Remark 4.1), the Π-framework of subsection 2.2.4
will display some important advantages over the construction based on P -
projectors and will therefore be preferred.

4.2.2.1 Working hypotheses

Broadly speaking, the framework of Chapter 2 can be adapted to singu-
lar problems with a dense subset of regular points by relaxing the proper
statement of the DAE and replacing the working conditions (a) and (b)
on page 45 by the existence of a continuation of the characteristic spaces
N0 ⊕ . . . ⊕ Ni, preserving the smoothness property on DΠiD

− displayed
in (c). Hereafter, if there is no further specification, ‘continuation’ will
mean ‘C0-continuation’. Under mild conditions on D(t) and A(t), the ex-
istence of a such a continuation meeting the smoothness requirements can
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be expressed in terms of the existence of a C1-continuation of the spaces
N0⊕ . . .⊕Ni; see Proposition 4.1 below. This fact will provide in particular
a nice framework for the standard form problems considered in Section 4.3,
and provides additional support for the idea that the characteristic spaces
N0 ⊕ . . . ⊕ Ni somehow define the “core” of the projector approach. Al-
though the working hypotheses will be stated globally on J , it should be
clear how to reformulate them locally around a singular point.

These working assumptions will make it possible to unravel the behavior
of the DAE through a singular inherent ODE, which will actually display
a scalarly implicit form, as detailed in Theorem 4.3.

The setting for our analysis of singular problems assumes that the regu-
lar set is dense in the working interval, as stated below. This includes (but
is not restricted to) DAEs with isolated singularities. Assumption P1 will
play a key role in the decoupling of singular problems discussed in 4.2.2.2.

Assumption P1. The set Jreg of regular points is dense in J .

Assumption P2 below captures the requirements on the matrix map-
pings A(t), D(t) within the DAE formulation (4.3). We will restrict the
attention to problems with a constant rank matrix D(t), via the C1 struc-
ture on imD(t) stated in Assumption P2. This is reasonable in many ap-
plications since D is intended to capture the components of the semistate
vector x which actually need to be differentiated, although some problems
would need a broader setting allowing for rank changes in D. The type
0 singularities accommodated in the present framework are hence due to
rank drops in A(t) for which the space X(t) arising below is well-defined.

Assumption P2. There exists a time-varying space X(t) ⊆ kerA(t) such
that X(t) ⊕ imD(t) = R

n for all t ∈ J , and both spaces X(t) and imD(t)
are spanned by C1 bases on J .

At regular points, where the DAE is (locally) properly stated, the space
X(t) must equal kerA(t); this space can be thus seen as a C1 continuation
(assumed to exist) to the whole of J of the kernel of A(t) at regular points.
The C1-space (cf. Remark 2.1 on page 36) X(t) is also said to be a C1-
restriction of kerA(t).

In virtue of Assumption P2, there exists a C1 projector R(t) along X(t)
onto imD(t) on the whole of J . Because of the relation X(t) ⊆ kerA(t),
the identity A(t)R(t) = A(t) holds on J ; this can be checked from the fact
that I − R(t) projects onto a subspace of kerA(t) for all t ∈ J , yielding
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A(t)(I−R(t)) = 0 for t ∈ J . Furthermore, under the density hypothesis on
the regular set stated in Assumption P1, the space X(t) and the projector
R(t) are uniquely defined by the requirements depicted in Assumption P2.

The constant rank assumption on D(t) implies that kerD(t) has a
continuous basis on J . Set K0(t) = kerD(t). Note that kerD(t) ⊆
kerA(t)D(t) = kerG0(t) on J , so that K0(t) is a continuous restriction
of N0(t) = kerG0(t). Moreover, at regular points we have kerA(t)D(t) =
kerD(t), and therefore K0(t) actually equals N0(t) = kerG0(t) on Jreg;
K0(t) can be therefore seen as a continuation to the whole of J of the
space N0(t) = kerG0(t) at regular points. The existence of a continuous
projector Π0(t) along K0(t) follows from the C0-structure of K0(t); in par-
ticular, the orthogonal projector along K0(t) is continuous on J .

Following these remarks, Assumption P2 also yields the existence of a
continuous (on J ) mapping D−(t) satisfying the relations (2.37), (2.38)
and (2.46), i.e.

DD−D = D, D−DD− = D−, DD− = R, D−D = Π0, (4.7)

where we have removed the dependence on t for notational simplicity.
The projectors Π0(t) and R(t) defined above extend to the whole of

J the corresponding “regular” projectors Π0(t) and R(t) defined on Jreg;
this means that Π0(t) projects along N0(t) = kerG0(t) on Jreg, and R(t)
projects along kerA(t) onto imD(t) on Jreg. This continuation is C1 in
the case of R(t). The assumption that analogous continuations exist in
subsequent levels is the key requirement for the projector framework to be
applicable to singular problems, as depicted below.

Assumption P3. There exist projector mappings Π1(t), . . . ,Πm−1(t) con-
tinuous on J , with DΠiD

− continuously differentiable on J , which satisfy
kerΠi = N0 ⊕ . . .⊕Ni and imΠi ⊆ imΠi−1 on Jreg.

Here i ranges from 1 to m− 1, with Π0 (arising in the relation imΠ1 ⊆
imΠ0 for i = 1) defined above. If a nonsingular matrix Gi is met at some
point for i = ν (cf. Proposition 4.2), then it must be understood that
N0 ⊕ . . .⊕Ni = N0 ⊕ . . .⊕Nν−1 and Πi = Πν−1 for ν ≤ i ≤ m− 1.

Proposition 4.1. Provided that there exists a space X(t) satisfying the
requirements depicted in Assumption P2, then Assumption P3 holds if

(i) D(t) is in C1(J ,Rn×m) with constant rank; and
(ii) the space N0(t)⊕ . . .⊕Ni(t) admits a C1-continuation Ki(t) on J , for

i = 1, . . . ,m− 1.
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Proof. Because of the C1 assumption onD(t), the spaceK0(t) = kerD(t)
is in C1 and so it is the orthogonal projector Π0(t) along K0(t). From the
relations defining D−(t) in (4.7) it follows that this matrix-valued map
is in C1. Now, for i = 1, . . . ,m − 1, let Πi(t) be the orthogonal projector
along Ki(t); this orthogonal projector is again in C1 due to the C1 nature of
Ki(t). The productsD(t)Πi(t)D−(t) are therefore inC1 for i = 1, . . . ,m−1.
Finally, since Ki = N0 ⊕ . . .⊕Ni at regular points, the relations kerΠi =
N0 ⊕ . . .⊕Ni and imΠi ⊆ imΠi−1 on Jreg are also satisfied. �

Note that we use the notation Ki(t) for the continuation on J of the
space N0(t) ⊕ . . .⊕Ni(t); the latter is well-defined only on the regular set
Jreg.

Remark 4.1. Assumptions P1-P3 accommodate not only type A but also
type B singular points, in contrast to the framework presented in [196].
The working assumptions there can be roughly described as requiring the
individual spaces Ni(t) to admit a continuation through the singular points,
retaining the transversality and smoothness properties (b)-(c) on page 40.
This means that the projectors Pi(t) (or equivalently Qi(t) = I−Pi(t)) can
be continued through the singularity in an admissible manner, making it
possible to work with the products P0(t) · · ·Pi(t) which satisfy Assumption
P3 above. As proved in Proposition 4.2 of [196], the assumptions there rule
out the existence of B-singular points. The key idea is that the admissibility
condition reads QiQj = 0 for i > j, and relies upon the transversality
condition (N0 ⊕ . . .⊕Ni−1) ∩Ni = {0}; trying to force QiQj = 0 through
a type B singular point yields an unbounded projector and therefore rules
out the P -based matrix chain construction. The setting here considered,
based on Π-projectors, does not display this limitation: the Π-projectors
may admit a continuation through the singular points in situations in which
the P -projectors do not.

The importance of Assumption P3 relies on the fact that, together with
Assumptions P1 and P2, allows one to build the chain {Gi} in this singular
context according to the rules specified in (2.50), that is, by setting M0 =
I − Π0, G1 = G0 +B0M0, Mi = Πi−1 − Πi, and

Bi = (Bi−1 −GiD
−(DΠiD

−)′D)Πi−1, Gi+1 = Gi +BiMi. (4.8)

Moreover, this construction makes it possible to adapt the decoupling dis-
cussed in Chapter 2 to singular problems, as detailed in Theorem 4.3 below.
Note that this construction particularizes to a tractability chain at regular
points.
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This framework excludes index changes, as proved below.

Proposition 4.2. Under Assumptions P1-P3, all regular points of the
DAE (4.3) have the same tractability index ν.

Proof. The result follows from the fact that the projectors Π0, . . . ,Πm−1

define a tractability chain on Jreg. At regular points, the projectors Pi

along Ni = kerGi are well-defined by Theorem 2.2, and satisfy imPi =
kerΠi−1 ⊕ imΠi (cf. (2.51)). The assumed continuity on Πi comprises a
constant dimension hypothesis on its kernel and image; in turn, this implies
a constant rank condition on Pi in Jreg and hence on Gi, since Pi projects
along kerGi. This means that the nonsingular mapping Gi defining the
index will be reached at the same step on the whole of Jreg. �

4.2.2.2 Decoupling

Theorem 2.3 characterizes the solutions of a regular linear DAE in terms of
an explicit inherent ODE. We show below that Assumptions P1-P3 make
it possible to describe the behavior of singular linear DAEs by means of an
implicit inherent ODE (cf. (4.10)). The leading coefficient of this scalarly
implicit ODE, which somehow captures the singular behavior of the DAE,
does not vanish at regular points and therefore the inherent ODE amounts
locally (i.e. on regular subintervals) to an explicit problem. For the analysis
of singular ODEs such as (4.10) the reader is referred to [71, 127, 300].

Within Theorem 4.3, the matrix chain construction follows (4.8). Ac-
cording to Proposition 4.2, this chain results in a matrix mapping Gν(t)
which is nonsingular on Jreg, with 0 ≤ ν ≤ m. We denote ων(t) =
detGν(t), and let AdjGν be the adjoint of Gν , namely the transpose of
the matrix of cofactors of Gν (also called the adjugate matrix, cf. [137]).
In the sequel we remove explicit dependences on t, and assume that the
excitation q is smooth enough as to permit all the involved differentiations
(cf. Remark 2.9 on page 53).

Theorem 4.3. Under Assumptions P1-P3, a given mapping

x ∈ C1
D(I,Rm) = {x ∈ C(I,Rm) / Dx ∈ C1(I,Rn)}

solves (4.3) in a subinterval I ⊆ J if and only if it can be written as

x = D−u+ vν−1 + . . .+ v1 + v0, (4.9)

where u ∈ C1(I,Rn) is a solution of the scalarly implicit inherent ODE

ωνu
′ − ων(DΠν−1D

−)′u+DΠν−1AdjGνBD
−u = DΠν−1AdjGνq (4.10)
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lying on the locally invariant space imDΠν−1D
−, whereas the solution com-

ponents vk verify

ων−k
ν vk = −K̃kD

−u+
ν−1∑

j=k+1

Ñkj(Dvj)′ +
ν−1∑

j=k+2

M̃kjvj + L̃kq (4.11)

for k = ν − 1, . . . , 0, with vk ∈ C1
D(I,Rm) for k > 0 and v0 ∈ C(I,Rm).

Setting Q̃i = AdjGνBiMi and P̃i = ωνI − Q̃i for 0 ≤ i ≤ ν − 1, the
coefficients of (4.11) are continuous on J and read

K̃k = MkP̃k+1 · · · P̃ν−1AdjGνB

+Mk(ων P̃k+1 · · · P̃ν−1 − ων−k
ν I)D−(DΠν−1D

−)′D

Ñkj = ων−j
ν MkP̃k+1 · · · P̃j−1Q̃jD

−

M̃kj = Mk

(
j−1∑

i=k+1

ων−i
ν P̃k+1 · · · P̃i−1(Q̃i − P̃i)

)
D−(DMjD

−)′D

L̃k = MkP̃k+1 · · · P̃ν−1AdjGν ,

where the products P̃k+1 · · · P̃l amount to the identity I whenever l < k+1.

Once the working hypotheses depicted in Assumptions P1-P3 have been
figured out, the proof of this result follows in a natural way. The key idea
is that the decoupling presented in Theorem 2.3 is valid within I ∩ Jreg

and can be rewritten in scalarly implicit form via the identity detGν · I =
AdjGν · Gν . We will make repeated use of the fact that any continuous
mapping vanishing on a dense subset of a given interval actually vanishes
on the whole interval.

Proof of Theorem 4.3. Let x ∈ C1
D(I,Rm) be a solution of (4.3) in

I ⊆ J . Since x(t) solves (4.3) on I, the components u = Dx and vk = Mkx,
k = ν − 1, . . . , 0, satisfy on I ∩ Jreg the relations depicted in (2.68) and
(2.69). Multiplying (2.68) by ων we immediately get that (4.10) holds on
I∩Jreg; since all involved operators are continuous, and I∩Jreg is dense in
I, this relation remains valid on I. The same reasoning makes it possible to
derive (4.11) via the multiplication of (2.69) by ων−k

ν , for k = ν−1, . . . , 0.
Remark that Q̃i = AdjGνBiMi and P̃i = ωνI − Q̃i are continuous on the
whole of J and, at regular points, the projectors Qi, Pi are well-defined
and verify ωνQi = Q̃i, ωνPi = P̃i. Using these identities together with
ωνG

−1
ν = AdjGν , the expressions for K̃k, Ñkj , M̃kj and L̃k are obtained



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

4.2. Singularities of properly stated linear time-varying DAEs 151

in a straightforward manner from the ones depicted for Kk, Nkj , Mkj and
Lk in Theorem 2.3.

Note that u = Dx, as well as Dvk = DMkx = DMkD
−Dx for k =

ν− 1, . . . , 1, are in C1(I,Rn); again, we have implicitly used the fact that
the identity MkD

−D = MkΠ0 = Mk holds on I ∩ Jreg and therefore on I.
The space imDΠν−1D

− = imDΠν−1 is invariant for the scalarly im-
plicit ODE (4.10) since y = (I − DΠν−1D

−)u satisfies the homogeneous
equation

ων [y′ + (DΠν−1D
−)′y] = 0

on I. Taking into account that ων �= 0 on a dense set, we derive that
y′ +(DΠν−1D

−)′y = 0 on I, and therefore a vanishing initial condition for
y, which owes to u = DΠν−1D

−u, has as unique solution the trivial one on
the whole I.

On the other hand, assuming that u ∈ C1(I,Rn) together with
vν−1, . . . , v1 ∈ C1

D(I,Rm) and v0 ∈ C(I,Rm) satisfy the relations de-
picted in (4.10)-(4.11), we can parallelize the proof of Theorem 2.3 to show
that x = D−u + vν−1 + . . . + v0 ∈ C1

D(I,Rm). Additionally, the iden-
tity A(Dx)′ + Bx − q = 0 holds on the dense (in I) set I ∩ Jreg; this
is due to the fact that the decoupling (4.10)-(4.11) amounts to the one
in Theorem 2.3 at regular points. Now, since the map A(Dx)′ + Bx − q

is continuous, A(Dx)′ + Bx − q = 0 remains true on I, and therefore
x = D−u + vν−1 + . . . + v0 is a solution of the properly stated DAE (4.3)
in C1

D(I,Rm), thus completing the proof. �

Remark 4.2. The stronger requirements within the A-framework of [196],
referred to in Remark 4.1, make it possible to derive a decoupling with a
singular coefficient ων (that is, without increasing exponents) in front of
the algebraic components vk; cf. (4.11). Find details in Theorem 4.3 of
[196]. In general, the chance to reduce further the exponents of ων within
(4.10)-(4.11) is an open question.

4.2.2.3 Campbell’s example and harmless singularities

As detailed above, Assumptions P1-P3 allow for the construction of a ma-
trix chain for singular linear DAEs and for the characterization of their
behavior in terms of the decoupling discussed in Theorem 4.3. The leading
coefficient ων(t) = detGν(t) within (4.10)-(4.11) will vanish if and only
if Gν is singular; remember that ν is given by Proposition 4.2. It might
be conjectured that a singular point t∗ should always result in a singular
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matrix Gν(t∗) but this is not true, as shown by example (4.12) below. We
will say that t∗ is a harmless singular point for (4.3) if Assumptions P1-P3
hold and the resulting matrix mapping Gν(t) is nonsingular at t∗.

The following DAE is considered, with q(t) = 0, in [40] (p. 120):
1 0 0

0 0 t

0 0 0


 x′ + x = q(t). (4.12)

This equation can be written as
1 0 0

0 0 t

0 0 0






1 0 0

0 0 0
0 0 1


 x



′

+ x = q(t), (4.13)

which has the form depicted in (4.3) with

A =


1 0 0

0 0 t

0 0 0


 , D =


1 0 0

0 0 0
0 0 1


 , B0 = B = I. (4.14)

The point t∗ = 0 is a type 0 singularity since A(t) has a rank drop there.
The space kerA(t) admits however the smooth continuation

X(t) = span




0

1
0






and Assumption P2 is easily checked to hold. The space K0(t) equals X(t).
Set G0 = AD = A and D− = R = Π0 = D, the latter given in (4.14). This
yields

M0 = I − Π0 =


0 0 0

0 1 0
0 0 0


 , G1 = G0 +B0M0 =


1 0 0

0 1 t

0 0 0


 .

The matrix G1 has constant rank, with

N1(t) = span




 0

−t
1




 ,

yielding the following continuation of the space N0(t) ⊕N1(t):

K1(t) = span




0

1
0


 ,


 0

0
1




 .



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

4.2. Singularities of properly stated linear time-varying DAEs 153

Straightforward computations lead to

Π1 =


1 0 0

0 0 0
0 0 0


 , G2 =


 1 0 0

0 1 t

0 0 1


 .

The set of regular points is R − {0}, meeting Assumption P1. The DAE
has tractability index two at regular points. Assumption P3 can also be
checked to hold with Π0, Π1 defined above and Π2 = Π1. The fact that
Assumptions P1-P3 hold on R supports the construction of the matrix chain
on the whole working interval and, in particular, at the origin.

Since the matrix G2 is nonsingular at the origin, this point is a harmless
singularity. We show below, for illustrative purposes, how the decoupling
in Theorem 2.3 (which applies here because of the harmless nature of the
singularity) describes the solutions of the DAE; note, however, that in this
case the solutions can be directly computed from (4.12). Solutions can be
easily checked to be given by

x = D−u+ v1 + v0 =


u1(t)

0
0


+


 0

0
q3(t)


+


 0
q2(t) − tq′3(t)

0




provided that u1(t) comes from the inherent ODE which, on the invariant
space

imDΠ1D
− = span




1

0
0




 ,

reads u′1 + u1 = q1(t).
The full characterization of harmless singularities is an open problem.

Certainly, type ν-A singular points can never be harmless, ν being the
index of the DAE in Jreg under Assumptions P1-P3 (cf. Proposition 4.2).
As shown in Proposition 4.4 of [196], type (ν−1)-A singularities cannot be
harmless, either. This implies in particular that the harmless phenomenon
is specific to higher (≥ 2) index contexts. Remark, incidentally, that the
index of (4.12) is two on R − {0}.

Finally, the reader is referred to [196, 197] for the discussion of other
examples involving singularities of linear DAEs with properly stated leading
term.
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4.3 Singularities of standard form linear time-varying DAEs

The analysis of singular points of properly stated DAEs performed above
can be applied to the standard form problem

A(t)x′(t) + E(t)x(t) = q(t), t ∈ J , (4.15)

as detailed in this Section. In (4.15), A(t), E(t) ∈ C(J ,Rm×m) and q(t) ∈
C(J ,Rm), with J ⊆ R an open interval. Smoothness assumptions on A(t)
and E(t) will be discussed later and, as in Section 4.2, the excitation q(t) is
assumed to be smooth enough as to admit all the involved differentiations
(cf. Remark 2.9 on page 53).

Roughly speaking, the idea will be to reformulate (4.15) in the prop-
erly stated form (4.16) below, and then apply the taxonomy and results
of Section 4.2. Note that the set Jreg of regular points of (4.15) is well-
defined and independent of choice of the projector P in (4.16); this is a
direct consequence of Proposition 2.7 (p. 76).

4.3.1 Classification

Definition 4.2 is not applicable to the standard form DAE (4.15) at level 0
since the notion of a type 0 singular point there is crucially based on the
properly stated form of the problem. Incidentally, we define below type 0
singularities for (4.15) as those for which a local proper statement is not
feasible.

Definition 4.3. A point t∗ ∈ J −Jreg is said to be a singular point of type
0 for (4.15) if kerA(t) does not admit a C1 basis on any open subinterval
I ⊆ J with t∗ ∈ I.

Remark 4.3. If A(t) is in C1, then t∗ is a singular point of type 0 if and
only if A(t) has a rank drop at t∗; cf. Remark 2.1 on page 36.

Singular points which are not type 0 belong to some open interval where
kerA(t) is in C1 and hence admit locally a proper statement of the form
(2.142), i.e.

A(t)(P (t)x(t))′ +B(t)x(t) = q(t), (4.16)

where P (t) is a C1 projector along kerA(t), and B(t) = E(t) − A(t)P ′(t).
Type k singular points, with k ≥ 1, can be now defined in terms of

(4.16) following Definition 4.2.
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Definition 4.4. A point t∗ ∈ J − Jreg which is not type 0 is said to be a
singular point of type k-A or k-B, k ≥ 1, for (4.15), if it has type k-A or
k-B, respectively, for (4.16).

Around a k-singular point, there exists a subinterval where the DAE is
nice up to level k−1 (cf. Definition 4.2). This notion comprises a smoothness
requirement on DΠiD

− for i ≤ k − 1, so that smoothness assumptions are
implicit in Definition 4.4. As in Theorem 2.4, the standard form of the
DAE makes this smoothness requirement amount to a C1 condition on the
characteristic spaces N0 ⊕ . . .⊕Ni.

Proposition 4.3. The notions introduced in Definition 4.4 do not depend
on the specific choice of P (t) in (4.16).

Proof. This result parallelizes, in the singular setting, Proposition 2.7;
the proof of the latter shows in turn that Theorem 4.6 in [189] applies. In
the proof of item (i) within that Theorem, it is shown that the matrices
Gi and G̃i arising from different choices P , P̃ of the C1 projector along
kerA(t) verify a relation of the form G̃i = GiFi for a given nonsingular
factor Fi. This shows that the notion of a k-A singular point does not
depend on the choice of P . Additionally, due to the form of Fi one can
check, proceeding as in the proof of Theorem 4.1, that an eventual non-
trivial intersection (N0 ⊕ . . .⊕Nk−1)∩Nk occurs simultaneously for P and
P̃ , which proves that k-B singularities are also independent of the actual
choice of this projector. �

The concepts introduced in Definition 4.4 are also independent of later
choices of the projectors and invariant with respect to time-varying coordi-
nate changes and nonsingular rescaling, according to Theorem 4.1. Addi-
tionally, the taxonomy depicted above accounts for all the singularities in
sufficiently smooth standard form problems, as stated below.

Theorem 4.4. Let A(t) ∈ Cm(J ,Rm×m), E(t) ∈ Cm−1(J ,Rm×m) in
(4.15). Then every singular point is of type 0, k-A, or k-B, with 1 ≤ k ≤ m.

Proof. If a given singular point is not type 0, then P (t) = D(t) can
be taken from Cm, so that B = E − AP ′ is in Cm−1. The hypotheses of
Theorem 4.2 then hold for (4.16) and the result follows in a straightforward
manner. �
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4.3.2 Decoupling

In a neighborhood of a k-singular point with k ≥ 1, a matrix chain can be
constructed for (4.15) up to the k-th step as in Section 2.3, that is, via the
relations G0 = A, B0 = B = E −AP ′, G1 = G0 +B0M0, and

Bi = (Bi−1 −GiΠ0Π′
i)Πi−1 (4.17a)

Gi+1 = Gi +BiMi (4.17b)

for 1 ≤ i ≤ k − 1. Here, Π0 equals P , whereas Πi is a C1 projector along
the space N0⊕ . . .⊕Ni verifying imΠi ⊆ imΠi−1, with Mi = Πi−1−Πi. In
particular, Πi can be chosen as the orthogonal projector along N0⊕ . . .⊕Ni,
provided that P = Π0 is orthogonal. The characteristic spaces N0⊕ . . .⊕Ni

are in C1 and allow for such a C1 choice of Πi.
Such a k-singularity will be defined either by a rank drop in Gk or by

the loss of transversality of Nk = kerGk with respect to N0 ⊕ . . .⊕Nk−1.
This precludes the construction of the matrix chain beyond this step in
the terms assumed in Chapter 2. However, as a particularization of the
ideas introduced in Section 4.2, if the space N0 ⊕ . . . ⊕ Nk admits a C1-
continuation through a k-singular point, the construction of the chain and
a singular decoupling will still be feasible. Notably, this single requirement
comprises (at step k) all the conditions stated in Assumption P3 (p. 147).

Theorem 4.5. The reformulation (4.16) of the standard form DAE (4.15)
is feasible and meets Assumptions P1-P3 on pages 146-147 if

(i) the set Jreg of regular points is dense in J ;
(ii) there exists a C1-space X(t) such that X(t) = kerA(t) on Jreg; and
(iii) the space N0(t)⊕ . . .⊕Ni(t) admits a C1-continuation Ki(t) on J , for

i = 1, . . . , m− 1.

If these requirements hold, then

x ∈ C1
P (I,Rm) = {x ∈ C(I,Rm) / Px ∈ C1(I,Rm)}

solves (4.16) in a subinterval I ⊆ J if and only if it can be written as

x = u+ vν−1 + . . .+ v1 + v0, (4.18)

where u ∈ C1(I,Rm) is a solution of the scalarly implicit inherent ODE

ωνu
′ − ωνΠ′

ν−1u+ Πν−1AdjGνBu = Πν−1AdjGνq (4.19)

lying on the locally invariant space imΠν−1, and the components vk verify

ων−k
ν vk = −K̃kD

−u+
ν−1∑

j=k+1

Ñkjv
′
j +

ν−1∑
j=k+2

M̃kjvj + L̃kq (4.20)
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for k = ν − 1, . . . , 0, with vk ∈ C1(I,Rm) for k > 0 and v0 ∈ C(I,Rm).
With Q̃k = AdjGνBkMk, P̃k = ωνI − Q̃k, the coefficients of (4.20) read

K̃k = MkP̃k+1 · · · P̃ν−1AdjGνB +Mk(ωνP̃k+1 · · · P̃ν−1 − ων−k
ν I)Π′

ν−1

Ñkj = ων−j
ν MkP̃k+1 · · · P̃j−1Q̃j

M̃kj = Mk

(
j−1∑

i=k+1

ων−i
ν P̃k+1 · · · P̃i−1(Q̃i − P̃i)

)
Π0M

′
j

L̃k = MkP̃k+1 · · · P̃ν−1AdjGν ,

where the products P̃k+1 · · · P̃l amount to the identity I whenever l < k+1.

Proof. Assumption P1 is explicitly stated in (i). Let P be the orthogonal
projector along the space X(t), which is in C1 because so it is X(t). Since
the identity AP = A holds on the dense subset Jreg, it remains true on the
whole of J . This means that X(t) ⊆ kerA(t) for all t ∈ Jreg and also that
the reformulation (4.16) is feasible in this context; the identity D(t) = P (t)
shows that Assumption P2 holds for (4.16). Assumption P3 is trivially met
via Proposition 4.1.

On the other hand, the characterization of solutions via (4.18), (4.19)
and (4.20) follows from Theorem 4.3 exactly as Theorem 2.5 is derived from
Theorem 2.3. �

Remark 4.4. Once the existence of the C1-space X(t) (supporting the in-
troduction of P (t)) is assumed, the space N0(t) = kerG0(t) = kerA(t)P (t)
trivially equals kerA(t) in standard form problems; this means that, a pos-
teriori, the assumption on X(t) in (ii) can be reformulated as the existence
of a C1-continuation K0(t) (namely, X(t)) of N0(t), akin to the statement
in (iii) for i ≥ 1.

As in Section 4.2 the meaning of ν in Theorem 4.5 emanates from Propo-
sition 4.2, and the identities N0 ⊕ . . .⊕Ni = N0 ⊕ . . .⊕Nν−1, Πi = Πν−1

must be understood for ν ≤ i ≤ m− 1.

4.3.3 Analytic problems

Analytic, standard form problems virtually fill the scope of other ap-
proaches to singular linear time-varying DAEs: see [139, 225] for related
discussions in the context of the strangeness and geometric indices, re-
spectively. The above-presented projector framework does not display this
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restriction. We show below that it applies in particular to standard form,
analytic linear DAEs, so that it covers in particular the set of problems
considered in these references. For analogous results involving analytic,
properly stated DAEs the reader is referred to [197].

In the proof of Theorem 4.6 below we will make repeated use of the fol-
lowing property: an analytic matrix-valued map defined on an open interval
J has constant rank except on a discrete set (i.e. a set composed of isolated
points) S which does not have accumulation points in J . Additionally, the
orthogonal projectors along its kernel and along its image are analytic on
J − S and can be extended as analytic maps on the whole interval J (see
Lemma 2.2 in [225]). This relies on the well-known property that zeros of
non-trivial analytic maps are isolated (see e.g. [78]).

We will also use the property kerA∩kerB = ker (ATA+BTB) for any two
matrices A, B having the same order, and use implicitly the terminological
abuse N0(t) = kerA(t) supported on Remark 4.4.

Theorem 4.6. If A(t), E(t) in the standard form DAE (4.15) are analytic
on J and the regular set Jreg is non-empty, then Jreg is actually dense in
J , and the spaces

N0(t) ⊕ . . .⊕Ni(t)

admit an analytic continuation Ki(t) on the whole of J for i = 0, . . . ,m−1.
In this situation, the solution characterization described in Theorem 4.5

applies, all the operators within (4.19)-(4.20) being analytic.

Proof. Let P be the analytic continuation to J of the orthogonal pro-
jector along kerA at maximal rank points. Denoting by J0 the set of type
0 singular points, we then have that the set of nice at level 0 points J −J0

is dense in J . As in Theorem 4.5, the reformulation (4.16) is supported on
the fact that A = AP (or, equivalently, A(I − P ) = 0) holds on the whole
of J . Set then D = R = P , G0 = AP = A, B0 = B = E − AP ′, Π0 = P

and M0 = I − Π0. The time-varying space K0(t) = kerP (t) = kerΠ0(t) is
an analytic continuation of N0(t) = kerA(t) = kerG0(t).

The analytic matrix mapping G1 = G0 +B0M0 meets rank deficiencies
on a set of isolated points; its intersection with J − J0 defines the set
J1A of type 1-A singular points. Write N1 = kerG1. From the absence of
accumulation points in J for both J0 and J1A it follows that J −(J0∪J1A)
is dense in J .

Now, ker (ΠT
0Π0 + GT

1G1) = ker (Π0 + GT
1G1) equals the intersection

N0 ∩ N1 except maybe at type 0 and type 1-A singular points. We have
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used the fact that orthogonal projectors are symmetric and then ΠT
0Π0 =

Π0Π0 = Π0. Therefore, excluding types 0 and 1-A, the intersection N0∩N1

is trivial if and only if the analytic matrix map Π0 + GT
1G1 has maximal

rank: since the regular set is non-empty, this maximal rank is met at some
point and hence on the whole interval except again on a discrete set without
accumulation points in J . Its intersection with J − (J0 ∪J1A) defines the
set of singular points of type 1-B and, again, the set of nice at level 1 points
J − (J0 ∪ J1A ∪ J1B) is dense in J .

Additionally, note that the orthogonal projector Q1 onto N1 at nice at
level 1 points can be extended as an analytic function on the whole interval.
Since I −Π0 is, at nice at level 0 points, the orthogonal projector onto N0,
we can express at nice at level 1 points:

N0 ⊕N1 = (N⊥
0 ∩N⊥

1 )⊥ = (ker ((I − Π0)(I − Π0) +Q1Q1))⊥

= (ker (I − Π0 +Q1))⊥ = im(I − Π0 +Q1),

where again we have used the fact that orthogonal projectors are symmetric.
This means that, at nice at level 1 points, the direct sum N0 ⊕ N1 can
be expressed as the image space of the analytic matrix-valued mapping
I−Π0+Q1; therefore, there exists an analytic matrix map Π1 which defines
the orthogonal projector along N0⊕N1 at nice at level 1 points. The time-
varying set K1(t) = kerΠ1(t) then provides an analytic continuation of
N0(t) ⊕N1(t) on J .

Set then M1 = Π0 − Π1, B1 = (B0 − G1Π0Π′
1)Π0, G2 = G1 + B1M1

and proceed analogously in order to show that singular points defined by
rank deficiencies on G2 and by the condition ker (Π1 +GT

2G2) �= {0} define
a discrete set without accumulation points in J , and that there exists an
analytic continuation of the orthogonal projector Π2 along (N0⊕N1)⊕N2 =
im(I − Π1 + Q2) and thereby an analytic continuation K2(t) of the space
N0(t) ⊕N1(t) ⊕N2(t).

The proof is completed by repeating the procedure up to the step in
which a nonsingular Gν is met at some point. This must happen on a dense
subset of J and the density of Jreg follows. Finally, the fact that Theorem
4.5 applies, as well as the analyticity of the operators within (4.19)-(4.20),
are straightforward. �

Note that the assumption that the regular set is non-empty cannot be
removed from Theorem 4.6 since, for instance, in a constant coefficient DAE
defined by a singular matrix pencil all points in J would be singular.
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4.4 Singularities of autonomous quasilinear DAEs

Let us drive our attention back to the quasilinear DAE (3.13), that is,
A(x)x′ = f(x), (4.21)

where A(x) ∈ C∞(W0,R
m×m) and f(x) ∈ C∞(W0,R

m); the setW0 is open
in Rm. As in Chapter 3, the smoothness requirement can be easily relaxed
to work in Ck settings with finite k, and we will occasionally do so.

A seminal reference in this context is the paper [219] by P. Rabier.
Broadly speaking, this paper characterizes the behavior of quasilinear ODEs
near generic singularities, specifically those which would be later identified
with impasse points. Here and in the sequel we are using the expression
‘quasilinear ODE’ to mean problems of the form (4.21) in which A(x) is
nonsingular on a dense subset of W0, the term singularity denoting in this
case the set of points with singular A(x). Later developments in this set-
ting can be found in [165, 166, 202, 203, 236, 240, 254, 276, 277, 309];
cf. subsection 4.4.1.

Singular problems have also been addressed in the context of semiex-
plicit index one DAEs [22, 23, 48, 61, 62, 173, 174, 233, 236, 249, 288];
regarding parametrized systems and, in particular, singularity-induced bi-
furcations see [19–21, 241, 243, 246, 275, 296–298, 308]. Singular bifur-
cations in higher index Hessenberg DAEs are studied in [242]. Note that
the term ‘index’ must be used with care in singular cases; cf. Remark 4.11
(p. 178). We will not tackle singular semiexplicit index one DAEs in as
much detail as quasilinear ODEs for the reasons discussed below, although
some additional remarks on singular semiexplicit index one problems can
be found in subsection 4.4.5.

Notably, Chua and Deng [61, 62] studied impasse points in semiexplicit
index one equations almost simultaneously to the above-mentioned charac-
terization of the same phenomenon in quasilinear ODEs by Rabier. Only
later, within the joint work of Rabier and Rheinboldt [222, 223], the rela-
tion between both settings would become clear; the local behavior of a broad
family of “singular” quasilinear DAEs, including in particular semiexplicit
index one systems, can be characterized in terms of a reduced quasilinear
ODE, in the same way as regular DAEs can be locally reduced to an ex-
plicit ODE. This idea will be the leitmotiv of the present Section, where
we show that the notion of a singular quasilinear DAE can be extended in
a way which, allowing for a quasilinear ODE reduction, spreads the scope
of [222, 223]. The working scenario which allows for this is detailed in
subsection 4.4.3 and compiled in Theorem 4.11 (p. 178).
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Beyond quasilinear ODEs and semiexplicit index one DAEs, a general
singularity notion for autonomous quasilinear DAEs is hard to find in the
literature. The analysis of singular phenomena in quasilinear DAEs with
arbitrary index virtually amounts to the above-mentioned papers of Ra-
bier and Rheinboldt [222, 223]; see also Chapter 7 of [228]. The singular
framework of [222, 223, 228] assumes however that the algebraic condi-
tions supporting the reduction process hold at every reduction step, as
detailed in 3.4.1. The procedure of Rabier and Rheinboldt ends up with
the quasilinear ODE (3.19), in which the leading matrix Aν(u) may be
singular at some points. This approach accounts for impasse phenomena
which, roughly speaking, arise only in the last reduction step; in the au-
thors’ terms, their approach does not accommodate features that affect the
validity of the reduction procedure. Hence no general singularity notion,
apart from the one underlying those last-step singular points, is presented
either in [222, 223, 228]. The k-singularity notion introduced in 4.4.2 will
accommodate, in an invariant manner, singular points arising at any step.

Another type of singular phenomena not included in the framework of
Rabier and Rheinboldt stems from the global constant rank condition G1
(p. 95) imposed on the sets Wk. There may well exist points satisfying the
condition f(x) ∈ imA(x)|TxWk−1 with a rank deficiency in A(x)|TxWk−1 .
As acknowledged in Remark 26.2 of [228], the impasse framework of Rabier
and Rheinboldt suffice to ascertain that Aν(u(t)) is invertible in (3.19) if
x(t) = ϕ(u(t)) solves the original DAE (4.21); the trajectories (4.36) and
(4.37) for the DAE (4.35), or those depicted in (4.62) for the example (4.61)
in 4.4.6.2, will show that this singularity-crossing behavior is therefore out of
the scope of their framework. The inner singularity concept here introduced
for points in Wk − W reg

k will account for this type of phenomena. The
taxonomy of singularities presented in this work will also define as boundary
singularities the points in Wk −Wk, generalizing an idea already used in
[228] (Section 42).

The key aspect of singular DAEs is the fact that the failure of the
regularity conditions before the last reduction step will typically preclude
a smooth structure on the sets Wi, since around a k-singularity they may,
for i > k, no longer coincide with W reg

i . The framework discussed in 4.4.3
will introduce milder assumptions which make it possible to replace, locally
around a k-singularity, the sequence (3.44) by another one of the form

W0 ⊃W reg
1 ⊃ . . . ⊃W reg

k ⊃ W̃k+1 ⊃ . . . ⊃ W̃ν
loc= W̃ν+1 (4.22)

(cf. (4.48)), the new sets W̃i being manifolds and allowing for a reduction
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of the problem to a quasilinear ODE. As detailed in Theorem 4.11, the local
dimensions of the manifolds in (4.22) will be now defined by the sequence

m = r0 > r1 > . . . > rk > r̃k+1 > . . . > r̃ν = r̃ν+1. (4.23)

Finally, singular DAEs raise the question of the extent to which these
problems actually define new dynamic phenomena, not with respect to ex-
plicit ODEs but regarding the quasilinear ODE context. The broad scope
of the working hypotheses in subsection 4.4.3 somehow answers this in the
negative, in the sense that quasilinear ODEs capture the main dynamic
phenomena expected for singular DAEs. In particular, in 4.4.4 we show
how to lift the taxonomy of noncritical singularities discussed in subsection
4.4.1 to singular quasilinear DAEs, regardless of the index.

This way, we show that the already-mentioned analogy between im-
passe points in quasilinear ODEs and DAEs [61, 62, 219, 222, 223] ex-
tends to other phenomena associated with K, I and IK singularities [277].
The main idea underlying these results is that different problems concern-
ing singularity-crossing phenomena, multiplicity of solutions, bifurcations
in parameterized systems, etc., need not be addressed in the DAE con-
text but can be driven to the quasilinear ODE setting. Additionally,
this may help to bridge the gap between several theories which, using
different terminologies, actually describe the same dynamic phenomena
[21–23, 166, 236, 241, 243, 277, 296, 298].

4.4.1 Quasilinear ODEs and impasse phenomena

As indicated above, the term ‘quasilinear ODE’ will be used to mean prob-
lems of the form (4.21) in which the index zero set W ind0 is dense in W0.
We will also use this idea in a local way. In the quasilinear ODE context,
a point x∗ is often called regular for (4.21) if it is index zero, that is, if
A(x∗) is nonsingular; this is consistent with the terminology introduced
in Chapter 3, since the condition that W ind0 is dense in W0 implies that
W reg = W ind0.

Within the quasilinear ODE literature, the point x∗ is usually said to be
a singularity if A(x∗) is singular, this notion being implicitly supported on
the fact that x∗ is in the closure of the regular set by the density hypothesis
mentioned above. To avoid later ambiguities we will refer below to these
points as 0-singularities, anticipating a notion which will be defined in
general in subsection 4.4.2. Nevertheless, ‘0-singularity’ can be thought of
as a synonym for ‘singularity’ throughout subsection 4.4.1.
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4.4.1.1 Noncritical singularities

Definition 4.5. A point x∗ ∈ W0 is said to be a noncritical 0-singularity
of (4.21) if

detA(x∗) = 0, (detA)′(x∗) �= 0. (4.24)

The noncritical condition at x∗ implies that the set of rank-deficient points
is a hypersurface locally around x∗, and also that dim kerA(x∗) = 1, i.e.,
rkA(x∗) = m − 1 (cf. for instance Proposition 2.1 in [219]). Noncritical
singularities are termed regular impasse points in [277]. We prefer to retain
the original name introduced in [219] and, for reasons detailed later, to
reserve the term ‘impasse point’ in this setting for singularities satisfying
conditions (4.25) and (4.26) below.

4.4.1.2 Impasse points

Definition 4.6. A noncritical 0-singularity x∗ is said to be an impasse
point for (4.21) if

f(x∗) /∈ imA(x∗) (4.25)

and

(detA)′(x∗)v �= 0 for v ∈ kerA(x∗) − {0}. (4.26)

The condition depicted in (4.26), comprises in particular the noncritical one
at a singular point x∗. It means that kerA(x∗) is transversal to the singular
set {x ∈ W0 / detA(x) = 0} at x∗. If x∗ is a noncritical singularity, or
under the milder requirement rkA(x∗) = m−1, the transversality condition
(4.26) can be equivalently formulated (see e.g. Lemma 39.2 in [228]) as

(A′(x∗)v)v /∈ imA(x∗) for v ∈ kerA(x∗) − {0}. (4.27)

In this situation a pair of trajectories are known to collapse at x∗ in (ei-
ther backward or forward) finite time with infinite speed, hence displaying
a true impasse behavior in the sense already used in circuit theory [61, 62]:
see Theorem 4.7 below. It is worth emphasizing at this stage that im-
passe points can also be displayed in index one and higher index contexts;
Definition 4.13 on p. 180 will account for these cases.

This trajectory behavior at impasse points can be explained in terms of
the system obtained after multiplying (4.21) by the adjoint matrix AdjA(x),
i.e. the transposed matrix of cofactors of A(x). This yields (cf. [219])

detA(x)x′ = AdjA(x)f(x), (4.28)
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where we have used the property AdjA · A = detA · I. Note that (4.28)
becomes useless for DAEs in which A(x) is everywhere singular.

With the notation

g(x) = AdjA(x)f(x), (4.29a)

ω(x) = detA(x), (4.29b)

and making the dependence on t explicit for later clarity, (4.28) reads

ω(x(t))x′(t) = g(x(t)). (4.30)

System (4.30) depicts exactly the same trajectory behavior as (4.21) on
W ind0. In turn, a time reparametrization converts trajectories of

x̃′(s) = g(x̃(s)) (4.31)

on W ind0 into those of (4.30). Indeed, let x̃(s) be a solution of (4.31)
satisfying x̃(s) ∈W ind0 for s ∈ (s0, s1), with s0 < 0 < s1. Define

t = γ(s) =
∫ s

0

ω(x̃(τ))dτ. (4.32)

The condition x̃(s) ∈ W ind0 for all s implies that ω(x̃(s)) = detA(x̃(s))
does not change sign in (s0, s1) and then γ is a diffeomorphism of (s0, s1)
onto some interval (t0, t1). If ω > 0, γ(s) is increasing and this transforma-
tion preserves orientation, whereas if ω < 0 then γ(s) is decreasing and the
orientation is reversed. In any case, x(t) = x̃(γ−1(t)) solves (4.30), since

x′(t) =
dx̃

ds
(γ−1(t))

dγ−1

dt
(t) =

g(x̃(γ−1(t)))
ω(x̃(γ−1(t)))

=
g(x(t))
ω(x(t))

,

the orientation of trajectories being reversed if ω < 0.
As shown below, this idea can be adapted in order to characterize the

local behavior of (4.21) at impasse points, thereby simplifying the original
proof of Theorem 4.1 in [219]. We make use of the fact that the condition
f(x∗) /∈ imA(x) in (4.25) is equivalent to g(x∗) = AdjA(x∗)f(x∗) �= 0,
because of the identities AdjA · A = 0 and rkAdjA = 1 holding under
rkA = m− 1. Note also that A · AdjA = 0 supports reformulating (4.26)
as

(detA)′(x∗)g(x∗) �= 0, (4.33)

since g(x∗) = AdjA(x∗)f(x∗) ∈ kerA(x∗) − {0}. The fact that (4.33)
implies in particular that g(x∗) �= 0 makes the condition in (4.33) actually
equivalent to (4.25)-(4.26) at a singular point.
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Theorem 4.7. Let A, f in (4.21) be in C1. Assume that a given noncritical
0-singularity x∗ is an impasse point, and write g(x) = AdjA(x)f(x). Then
there exists a δ > 0 such that (4.21) has two distinct solutions

(a) in C1((0, δ),W0) ∩ C0([0, δ),W0) if (detA)′(x∗)g(x∗) > 0, or

(b) in C1((−δ, 0),W0) ∩ C0((−δ, 0],W0) if (detA)′(x∗)g(x∗) < 0,

with x(0) = x∗, whose derivatives blow up at t = 0.

Proof. In both cases, there exists a sufficiently small α > 0 such that
(4.31) has a solution x̃(s) in C1((−α, α),W0) with x̃(0) = x∗; α is assumed
to be diminished further if required below.

Under item (a), consider the restrictions γ1 and γ2 of the function de-
fined in (4.32) to the subintervals (−α, 0) and (0, α), respectively. The
condition (detA)′(x∗)g(x∗) > 0 makes it possible to assume that α is small
enough as to guarantee that ω = detA verifies ω(x̃(s)) > 0 if s ∈ (0, α) and
ω(x̃(s)) < 0 if s ∈ (−α, 0); therefore, γ1 maps (−α, 0) onto a subinterval
(0, δ1) for some δ1 > 0, and γ2 maps (0, α) onto (0, δ2) with δ2 > 0 as well.
Set δ = min{δ1, δ2} and, for t ∈ (0, δ),

x1(t) = x̃(γ−1
1 (t)),

x2(t) = x̃(γ−1
2 (t)).

Both mappings are easily checked to be solutions of (4.21) in C1((0, δ),W0).
Furthermore, for i = 1, 2 we have

lim
t→0+

xi(t) = x̃(0) = x∗,

so that xi(0) = x∗ extends both solutions to C0([0, δ),W0). Finally,

lim
t→0+

‖x′i(t)‖ = lim
t→0+

‖g(x(t))‖
|ω(x(t))| = ∞

since g(x∗) �= 0, ω(x∗) = 0.
The proof for item (b) proceeds in an entirely analogous manner; it is

only worth detailing that now γ in (4.32) maps both subintervals (−α, 0)
and (0, α) onto certain subintervals (δ′1, 0) and (δ′2, 0) with δ′1 < 0, δ′2 < 0;
the corresponding trajectories of (4.21) are defined for negative t and meet
the singularity in forward time. �

Both solutions in Theorem 4.7 actually belong to Ck((0, δ),W0), with
k ∈ {2, 3, . . . ,∞}, if A and f are in Ck.
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A simple instance of this behavior is given by the ODEs

2xx′ = ±1, (4.34)

displaying the pair of solutions

x = ±
√
t ∈ C∞((0,∞),R) ∩ C0([0,∞),R)

for the “+” case, and

x = ±√−t ∈ C∞((−∞, 0),R) ∩ C0((−∞, 0],R)

for the “−” sign in (4.34).

Definition 4.7. A noncritical 0-singularity is called a backward or a forward
impasse point if (detA)′(x∗)g(x∗) > 0 or < 0, respectively.

The reason for this terminology should be clear from Theorem 4.7:
two trajectories emanate from (resp. terminate at) a backward (resp. for-
ward) impasse point with infinite speed; cf. (4.34). By the condition
(detA)′(x∗)g(x∗) �= 0, when m ≥ 2 both solutions are transversal to the
singular set. Backward and forward impasse points are called inaccessible
and accessible, respectively, in [223, 228]. Local normal forms for quasilin-
ear ODEs near impasse points are discussed in [202, 236, 277, 309].

4.4.1.3 Image singularities and singularity crossing phenomena

Although the local behavior at impasse points is the generic one at singu-
larities of quasilinear ODEs, these systems may experience other singular
phenomena.

Definition 4.8. A noncritical 0-singularity x∗ is called an I singularity for
(4.21) if f(x∗) ∈ imA(x∗) and (detA)′(x∗)v �= 0 for v ∈ kerA(x∗) − {0}.

The term ‘I singularity’ is taken from [277], I coming from ‘image’. These
singular points are characterized by the failure of (4.25), and correspond to
the so-called pseudoequilibrium points in the semiexplicit index one context
of [296–298]. This correspondence will be further examined in subsections
4.4.4 and 4.4.5. These points may accommodate a variety of dynamic phe-
nomena, which includes the existence of smooth trajectories crossing the
singular set, non-uniqueness of solutions, the presence of equilibria on the
singular manifold, or different bifurcations in parameterized problems; see
[19–23, 166, 173, 241–243, 246, 249, 276, 277, 296–298, 308–310] and
references therein.
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The above-mentioned singularity-crossing phenomenon, as well as the
non-uniqueness of solutions at certain singular points, can be illustrated by
the simple example defined on R2 by

(x+ y)x′ = x (4.35a)

y′ = −1. (4.35b)
The singular set is defined by the straight line x+ y = 0, which is entirely
composed of noncritical 0-singularities. Singularities with y = −x > 0 are
forward impasse points, whereas those verifying y = −x < 0 are backward
impasse points. An I singularity is located at the origin, and the reader
can easily check that actually two solutions cross smoothly the singular set
at this point, namely

x(t) = 0, y(t) = −t, (4.36)
and

x(t) = 2t, y(t) = −t. (4.37)
The behavior of (4.35) around the origin actually reflects a more general

property which can also be explained in terms of the system (4.31). For
(4.35) this system reads

x′ = x (4.38a)

y′ = −x− y. (4.38b)
The straight line x = 0 comprises a one-dimensional stable manifold (see
for instance Section IX.6 of [127] or pp. 264-269 of [3]) for (4.38). This
invariant manifold accommodates the two trajectories x = 0, y = e−t and
x = 0, y = −e−t which converge to the origin. By a suitable adaptation
of the time reparametrization depicted in (4.32), it is possible to show that
both trajectories can be smoothly joined at the origin to yield the solution
(4.36) of the original DAE (4.35). This solution crosses the singularity
through the origin in finite time; note that the orientation is reversed for
the trajectory on x = 0, y < 0 since ω(x, y) = x + y < 0 there. This
property does not rely on the linear structure of (4.38): see details in [173].
An analogous reasoning applies to the unstable manifold x + 2y = 0 of
(4.38), yielding the second smooth solution (4.37) which crosses as well the
singularity through the origin in finite time.

Normal forms for I singularities are discussed in [203, 277]. A more
detailed analysis of the flow of singular DAEs near I singularities can be
found in [23]; note that the results are stated there for semiexplicit index
one problems and the terminology is different. Different results concerning
singular equilibria, which are particular instances of I singularities, can be
found in [22, 240, 245, 249, 254] and references therein.
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4.4.1.4 K and IK singularities

Finally, the lack of transversality of kerA(x∗) and the singular set defines
K and IK singularities.

Definition 4.9. Let x∗ be a noncritical 0-singularity of (4.21) verifying
(detA)′(x∗)v = 0 for all v ∈ kerA(x∗). Then x∗ is called a K singularity if
f(x∗) /∈ imA(x∗) or an IK singularity if, on the contrary, f(x∗) ∈ imA(x∗).

This terminology is also taken from [277], K coming from ‘kernel’. These
singular points, characterized by the failure of (4.26), are essentially the
analog in the quasilinear ODE context of the so-called semi-singular points
discussed for semiexplicit DAEs in [296]; cf. subsection 4.4.5. Related nor-
mal forms can be found in [236, 277].

4.4.1.5 Invariance

The framework introduced in subsections 4.4.2 and 4.4.3 will allow us to
drive systematically the dynamical study of singularities in DAEs to the
quasilinear ODE setting. The key step in this regard will be to lift the
notions defined above to singular quasilinear DAEs with arbitrary index, as
detailed in 4.4.4. In particular, the invariance of the corresponding notions
for DAEs (cf. subsection 4.4.4) will be based upon the following invariance
result in the index zero context.

Theorem 4.8. The notions introduced for quasilinear ODEs in Definitions
4.5 - 4.9 are invariant with respect to the local equivalence relation of Def-
inition 3.6.

This result follows in a straightforward manner from the local equivalence
notion introduced in Definition 3.6 (p. 112). Details are left to the reader.

4.4.2 Singular points of quasilinear DAEs

We turn now the attention to the quasilinear DAE (4.21), driving the anal-
ysis beyond the index zero scope of subsection 4.4.1.

4.4.2.1 0-singular points

The noncritical 0-singularities of Definition 4.5 are particular instances of
the below-introduced 0-singular points. Recall that W1 was defined in
(3.14) as {x ∈ W0 / f(x) ∈ imA(x)}, whereas F : W0 × Rm → Rm
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reads F (x, p) = A(x)p− f(x) in (3.15). By W1 we mean the closure of W1

in W0; later on, for k ≥ 1 Wk+1 will stand for the closure of Wk+1 in Wk.

Definition 4.10. A point x∗ ∈ W0 is called an inner 0-singularity for
(4.21) if x∗ ∈W1 and

(a) either A(x) does not have constant rank in any neighborhood of x∗, or
(b) F is not a submersion at (x∗, p∗), for some p∗ verifying A(x∗)p∗ =

f(x∗).

The point x∗ ∈ W0 is called a boundary 0-singularity if x∗ ∈W1 −W1.
Finally, x∗ is said to be a 0-singularity if it is either an inner or a

boundary 0-singularity.

Inner 0-singularities as defined above capture the failure of assumptions
R1 or R2 in Definition 3.2 (p. 98). The noncritical I and IK singularities
arising in Definitions 4.8 and 4.9 are particular cases of inner 0-singularities,
whereas impasse points and K singularities in Definitions 4.6 and 4.9 are
instances of boundary 0-singularities.

Nevertheless, the reader should at this stage avoid identifying the “0”
in the 0-singularity notion introduced above with the index zero setting
of 4.4.1; in this regard see also Remark 4.8 on p. 172. As detailed below,
the integer prefix k ≥ 0 in the k-singularity notion refers to the number of
feasible reduction steps before a singularity shows up, and 0-singularities
may well be displayed in an index one context (see e.g. (4.39) below or the
cases tackled in 4.4.6.4 and 4.4.6.5) as well as in higher index problems.
In these settings, inner 0-singularities correspond to points of W1 where a
one-step local reduction (3.26) is not feasible, at least in the terms stated
in Theorem 3.1. This reflects the idea discussed in Section 4.1, according
to which singular points of DAEs are those where the algebraic conditions
supporting the reduction fail. Actually, around inner 0-singularities the set
W1 will typically lack a local manifold structure, precluding the application
of the results discussed in [228, 236].

Note also that classifying a singularity as an impasse point or as an I,
K, or IK singular point will be independent of the reduction step in which
the singularity arises: cf. in this direction subsection 4.4.4.

Remark 4.5. Our analysis of inner singular points will be restricted to
cases in which it is the constant rank condition in (a) within Definition 4.10
the one that fails. But certainly the failure of the submersion condition may
be as well responsible for an inner singularity, as stated in (b). Just as a
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sample, in the DAE

x′ = z (4.39a)

y′ = −y (4.39b)

0 = x2 + 2y2 + 2xz, (4.39c)

the double cone (4.39c) yields an inner singularity at the origin, where the
submersion condition fails. Indeed, F is a submersion if and only if so it
is g(x, y, z) = x2 + 2y2 + 2xz; the failure of this condition is then due to
the vanishing of g′ at the origin. The local dynamical behavior of (4.39)
around the origin is analyzed in [249].

It is worth mentioning at this point that, under the constant rank as-
sumption in (a), according to Lemma 3.1 the submersion condition in (b)
does not depend on the choice of p∗. This holds for semiexplicit systems
such as (4.39) but also for the general quasilinear DAE (4.21)

Analytic desingularization methods [56], which are beyond the scope
of this book, might provide a valuable tool for the systematic analysis of
singularities arising from the failure of the submersion condition in item
(b) of Definition 4.10. See also [290] for related results in the polynomial
setting.

4.4.2.2 k-singular points

If x∗ ∈W1 is a 0-regular point of (4.21) withm > r1 > 0, it may well happen
that ξ∗ = ϕ−1

1 (x∗) be a 0-singular point for the local reduction (3.26).
Iteratively, this idea supports the following definition of a k-singularity.

Definition 4.11. A point x∗ ∈ W0 is said to be an inner or a boundary
k-singularity for the DAE (4.21), with k ≥ 1, if it is (k − 1)-regular with
rk > 0 and ζ∗ = (ϕ1◦· · ·◦ϕk)−1(x∗) is an inner or a boundary 0-singularity,
respectively, for the k-th reduction (3.35).

The point x∗ is said to be a k-singularity if it is either an inner or a
boundary k-singularity.

The term k-singular point is a synonym for ‘k-singularity’, whereas a
singular point or a singularity is any k-singularity with k ≥ 0. Singular
points of quasilinear DAEs are here defined in a way which accommodates
in particular singularities of quasilinear ODEs, singular points of semiex-
plicit index one DAEs, and also the “last-step” singularities of Rabier and
Rheinboldt (cf. Sections 41 and 42 in [228]); indeed, the impasse points
within Wν −Wν+1 considered by Rabier and Rheinboldt can be shown to
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be boundary ν-singularities, whereas singular points in Wν − Wν would
yield boundary (ν − 1)-singularities.

Theorem 4.9. The notions of an inner and a boundary k-singularity do
not depend on the choice of the reduction pairs (P1, ϕ1), . . . , (Pk, ϕk) leading
to the k-th reduction (3.35). Moreover, these notions are invariant with
respect to the local equivalence relation of Definition 3.6.

Proof. We already know from subsection 3.4.5 that any two k-th local
reductions around (k−1)-regular points of two locally equivalent DAEs (or,
in particular, of a given DAE) are locally equivalent. The claims for inner
singularities then follow in a straightforward manner from items (i), (ii)
and (iii) of Lemma 3.2 (p. 113). The statements for boundary singularities
are due to the relation W a

1 ∩ Ua = φ(W b
1 ∩ Ub) which follows from item (i)

of Lemma 3.2 and the fact that φ in that Lemma is a diffeomorphism. �

Remark 4.6. The reader can check that x∗ is an inner or boundary k-
singularity for the original DAE (4.21) if and only if it is an inner or
boundary (k − i)-singularity, respectively, for an i-th local reduction of
(4.21), with 1 ≤ i ≤ k − 1.

It remains to figure out conditions under which the local behavior
around singular points of quasilinear DAEs with arbitrary index can be
characterized; the mere notion of an index in singular settings is still im-
precise. These issues are addressed below.

4.4.3 A reduction framework for singular problems

We introduce here rather general working assumptions under which the re-
duction procedure of Chapter 3 can be adapted in order to accommodate
singular problems. Although among singularities only inner ones may ad-
mit smooth solutions, these working assumptions hold also at boundary
singularities, which may display for instance impasse phenomena.

4.4.3.1 Working hypotheses

Assumption S1 below is aimed to cover cases in which the constant rank
assumption R1 in Definition 3.2 (page 98) fails after the k-th reduction
step, that is, on Ak(ζ) (cf. (3.35)), k = 0 standing for rank deficiencies in
the matrix A(x). This can be the case for both inner and boundary k-
singularities. Assumption S1 describes situation very often found in prac-
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tice in which, despite the rank deficiency, imAk(ζ) admits a smooth con-
tinuation (sometimes called an ‘extension’) Lk(ζ) on a neighborhood of the
singularity, satisfying the identity Lk(ζ) = imAk(ζ) on some dense subset
of that neighborhood.

By an r-dimensional C∞-space L(x) defined on an open set U ⊆ Rm

(with m ≥ 2; see Remark 2.1 on p. 36 for m = 1) we mean below an
x-dependent linear space which, for every x∗ ∈ U , is spanned on some
neighborhood of x∗ by r basis mappings depending smoothly on x; this
defines an r-dimensional vector bundle structure on

⋃
x∈U{x} × L(x) (cf.

e.g. [1]). Note that, if A(x) has constant rank on U , then imA(x) (as well
as kerA(x)) is a C∞-space on U ; see, in this regard, Proposition 3.4.18(ii)
in [1].

Assumption S1. Let x∗ be a k-singularity for (4.21), with k ≥ 0, and
consider the k-th local reduction Ak(ζ)ζ′ = fk(ζ) displayed in (3.35). Write
x∗ = ϕ1◦· · ·◦ϕk(ζ∗) . There exists an open neighborhood Ũk ⊆ Ωk ⊆ Rrk of
ζ∗ and, for some r̃k+1 ≤ rk, an r̃k+1-dimensional C∞-space Lk(ζ) defined
on Ũk such that imAk(ζ) = Lk(ζ) on some dense subset of Ũk.

It is not difficult to check that the imposed density condition implies
that the continuation Lk is unique. In Remark 4.9 below we show that
the verification of this Assumption does not depend on the choice of the
reduction sequence leading to (Ak, fk). Note also that, for later consistency,
we allow r̃k+1 to vanish.

Remark 4.7. It may happen in particular that r̃k+1 = rk: in this case
Assumption S1 expresses that Ak is nonsingular on a dense subset of Ũk,
since Lk(ζ) = Rrk meets the requirements. We may speak in this situation
of a “last-step” singularity. This is essentially the context considered by
Rabier and Rheinboldt in [222, 223, 228]. There is no need for further
reduction of the DAE, and Theorem 4.11 will apply. This is a particular
instance of a singular index k problem, cf. Remark 4.11 on p. 178.

Remark 4.8. If k = 0 we assume ζ ≡ x, Ω0 = W0, r0 = m, A0 = A

and f0 = f . If additionally Assumption S1 is met with r̃1 = m we are
led to a singular index zero problem. This is the case for the noncritical
singularities of quasilinear ODEs discussed in subsection 4.4.1, since (4.24)
implies that A(x) is singular only on a local hypersurface around x∗ and
then Assumption S1 holds with L0(x) = Rm.
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If r̃k+1 < rk, from the structure of Lk(ζ) there must exist an open
neighborhood Ûk ⊆ Ũk of ζ∗ ∈ Ωk ⊆ Rrk and a smooth, maximal rank
matrix-valued map Hk(ζ) ∈ R(rk−r̃k+1)×rk with kerHk(ζ) = Lk(ζ) on Ûk,
so that v ∈ Lk(ζ) if and only if Hk(ζ)v = 0 for ζ ∈ Ûk. Note that, if x∗

is an inner k-singular point, the set Vk+1 = {ζ ∈ Ωk / fk(ζ) ∈ imAk(ζ)}
defined in (3.37) cannot be guaranteed to admit a local parametrization
near ζ∗, in the terms holding at k-regular points. Near (inner or boundary)
k-singularities we will work instead with the set

Ṽk+1 = {ζ ∈ Ûk / fk(ζ) ∈ Lk(ζ)}
= {ζ ∈ Ûk / Hk(ζ)fk(ζ) = 0} ⊆ Ωk,

(4.40)

which not even locally can be identified with Vk+1. But in the setting
defined by Assumption S1, we have

Vk+1 ∩ Ûk ⊆ Vk+1 ∩ Ûk ⊆ Ṽk+1. (4.41)

Indeed, by the density hypothesis stated in Assumption S1 we have
imAk(ζ) ⊆ Lk(ζ) = kerHk(ζ) for all ζ ∈ Ûk, and then Vk+1 ∩ Ûk ⊆ Ṽk+1.
The relations (4.41) then follow from the fact that Ṽk+1 is closed in Ûk.

Define, for later use,

W̃k+1 = ϕ1 ◦ · · · ◦ ϕk(Ṽk+1),

the obvious analog of (4.41) holding for Wk+1, Wk+1 and W̃k+1. The
set W̃k+1 can be checked to be independent of the actual choice of the
parametrizations ϕ1, . . . , ϕk; cf. Remark 4.10 on page 178. Moreover,
defining Lk(ζ) = imAk(ζ) locally around k-regular points, the set W̃k+1

constructed this way is locally coincident with Wk+1. Similar remarks hold
for the later defined sets W̃i, with i ≥ k + 2.

The relation depicted in (4.41) suggests that Ṽk+1 may also accommo-
date a reduction around boundary k-singularities. Under Assumption S2
below, Ṽk+1 will admit a local r̃k+1-dimensional parametrization; note that
for inner k-singularities the maximal rank condition in Assumption S2 will
hold under the analog of the submersion condition R2 (p. 98) arising in the
regular context, as stated in Proposition 4.4.

Assumption S2. Let x∗ = ϕ1 ◦ · · · ◦ ϕk(ζ∗) be a k-singularity for (4.21),
with k ≥ 0. If Assumption S1 holds with r̃k+1 < rk, let Ûk ⊆ Ũk ⊆ Ωk be
an open neighborhood of ζ∗ such that Hk ∈ C∞(Ûk,R

(rk−r̃k+1)×rk) verifies
kerHk(ζ) = Lk(ζ) ∀ζ ∈ Ûk. Then Hk(ζ)fk(ζ) is a submersion at ζ∗.
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Assumption S2 becomes unnecessary if r̃k+1 = rk for the reasons indi-
cated in Remark 4.7. It is also worth mentioning that the maximal rank
condition stated in Assumption S2 can be proved independent of the specific
choice of Hk as long as it satisfies kerHk = Lk.

As stated above, Assumption S2 applies to both inner and boundary k-
singular points. Inner ones verify ζ∗ ∈ Vk+1, and hence they admit solutions
p∗ to Ak(ζ∗)p∗ − fk(ζ∗) = 0: Assumption S2 then holds if the submersion
condition in item R2 of Definition 3.2 is met in the current context, as
acknowledged below. Denote by Fk the mapping Ωk ×Rrk → Rrk given by
Fk(ζ, p) = Ak(ζ)p− fk(ζ).

Proposition 4.4. Let x∗ be an inner k-singularity for (4.21). If Assump-
tion S1 is met with r̃k+1 < rk, and Fk is a submersion at (ζ∗, p∗) for some
p∗ satisfying Ak(ζ∗)p∗ = fk(ζ∗), then Assumption S2 holds.

The proof of this result parallelizes exactly the one showing that (ii)
implies (i) in Lemma 3.1, since Hk(ζ)Ak(ζ) = 0 still holds in the present
setting because of the relation imAk(ζ) ⊆ Lk(ζ) = kerHk(ζ) following from
Assumption S1. Details are therefore omitted.

Remark 4.9. The verification of Assumptions S1 and S2 for a k-singular
point with k ≥ 1 does not depend on the choice of the reduction sequence
(P1, ϕ1), . . . , (Pk, ϕk) leading to the k-th local reduction (3.35). This is
a consequence of Proposition 3.3 together with the fact that the condi-
tions arising in Assumptions S1 and S2 are invariant with respect to local
equivalence. Indeed, if Ak(ζ)ζ′ = fk(ζ) and Bk(ς)ς ′ = gk(ς) are locally
equivalent via Ek, φk, and Lk,a(ζ) is a continuation of imAk(ζ) in the
terms of Assumption S1, then Lk,b(ς) = Ek(ς)(Lk,a(φk(ς))) is a continua-
tion of imBk(ς) = imEk(ς)Ak(φk(ς))φ′k(ς): this means that if Assumption
S1 holds for (Ak, fk), then it holds for the locally equivalent DAE (Bk, gk).
Also, if Assumption S2 is met for Hk,a(ζ), then it is routine to check that
it holds for Hk,b(ς) = Hk,a(φk(ς))E−1

k (ς).

4.4.3.2 Local reduction of singular quasilinear DAEs

Theorem 4.10 below, which generalizes the one-step local reduction of The-
orem 3.1 to singular points as long as they meet Assumptions S1 and S2,
is the key result for the extension of the reduction framework to singular
problems.
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Theorem 4.10. Let x∗ = ϕ1 ◦ · · · ◦ ϕk(ζ∗) be a k-singularity for (4.21)
satisfying Assumptions S1 and S2 with 0 < r̃k+1 < rk. Then there exists
an open neighborhood Uk ⊆ Ûk ⊆ Ωk ⊆ Rrk of ζ∗ such that

(i) Ṽk+1 ∩ Uk admits an r̃k+1-dimensional parametrization ζ = ϕ̃k+1(η)
with surjective ϕ̃k+1 : Ωk+1 → Ṽk+1 ∩ Uk;

(ii) there exists a C∞ matrix-valued map P̃k+1 : Uk → Rr̃k+1×rk verifying
that P̃k+1(ζ)

∣∣
Lk(ζ) yields an isomorphism Lk(ζ) → Rr̃k+1 for all ζ ∈

Uk.

For any such ϕ̃k+1, P̃k+1, ζ(t) is a solution of the k-th reduction

Ak(ζ)ζ′ = fk(ζ), ζ ∈ Ωk ⊆ R
rk (4.42)

within Uk if and only if ζ(t) ∈ Ṽk+1 for all t and η(t) = ϕ̃−1
k+1(ζ(t)) is a

solution of

Ãk+1(η)η′ = f̃k+1(η), η ∈ Ωk+1 ⊆ R
r̃k+1 (4.43)

with

Ãk+1(η) = P̃k+1(ϕ̃k+1(η))Ak(ϕ̃k+1(η))ϕ̃′
k+1(η), (4.44a)

f̃k+1(η) = P̃k+1(ϕ̃k+1(η))fk(ϕ̃k+1(η)). (4.44b)

Proof. The existence of the smooth parametrization ϕ̃k+1 follows from
(4.40) together with Assumption S2, whereas that of P̃k+1 is due to the
smooth structure of Lk(ζ) in Assumption S1.

Assume that ζ(t) solves (4.42). Then fk(ζ(t)) ∈ imAk(ζ(t)), that
is, ζ(t) ∈ Vk+1 and thus ζ(t) ∈ Ṽk+1 for all t by (4.41). This means
that η(t) is well-defined by ζ(t) = ϕ̃k+1(η(t)): premultiplying (4.42) by
P̃k+1(ϕ̃k+1(η(t))) and inserting ζ(t) = ϕ̃k+1(η(t)), ζ′(t) = ϕ̃′

k+1(η(t))η
′(t)

in the resulting equation, we obtain (4.43).
Conversely, the assumption that (4.43) holds can be written as

P̃k+1(ϕ̃k+1(η))Ak(ϕ̃k+1(η))ϕ̃′
k+1(η)η

′ = P̃k+1(ϕ̃k+1(η))fk(ϕ̃k+1(η))

or, in terms of ζ = ϕ̃k+1(η),

P̃k+1(ζ)Ak(ζ)ζ′ = P̃k+1(ζ)fk(ζ). (4.45)

If we show that Ak(ζ)ζ′ ∈ Lk(ζ), fk(ζ) ∈ Lk(ζ), the identity (4.45) would
yield (4.42) due to the isomorphism P̃k+1(ζ)

∣∣
Lk(ζ) : Lk(ζ) → Rr̃k+1 . In-

deed, the relation Ak(ζ)ζ′ ∈ Lk(ζ) holds trivially due to imAk(ζ) ⊆ Lk(ζ),
whereas ζ = ϕ̃k+1(η) ∈ Ṽk+1 means that fk(ζ) ∈ Lk(ζ) by (4.40). �
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As it should be expected, local equivalence is preserved by this reduc-
tion, as detailed below. By a singular (k+1)-reduction we mean the reduc-
tion (4.43) derived from (4.21) via (4.42) in Theorem 4.10. Note however
that the key reduction step here is the one from (4.42) to (4.43).

Proposition 4.5. Any two singular (k+1)-reductions of locally equivalent
quasilinear DAEs around k-singularities satisfying Assumptions S1 and S2
are locally equivalent.

In particular, any two singular (k+ 1)-reductions of a quasilinear DAE
around a k-singularity satisfying Assumptions S1 and S2 are locally equiv-
alent.

Proof. Note that k-singularities are (k − 1)-regular points. From the
results of Chapter 3 we know that any two k-steps regular reductions, say
Ak(ζ)ζ′ = fk(ζ) and Bk(ς)ς ′ = gk(ς), of locally equivalent DAEs are locally
equivalent. See also Remark 4.9.

Now, let Ãk+1(η)η′ = f̃k+1(η) and B̃k+1(υ)υ′ = g̃k+1(υ) be derived
from Ak(ζ)ζ′ = fk(ζ) and Bk(ς)ς ′ = gk(ς) via certain reduction operators
P̃ (ζ), ζ = ϕ̃(η) and Q̃(ς), ς = ψ̃(υ), respectively, as in Theorem 4.10. For
the sake of notational simplicity we use P̃ , ϕ̃, Q̃ and ψ̃ instead of P̃k+1,

ϕ̃k+1, Q̃k+1 and ψ̃k+1. By Ṽ a
k+1 and Ṽ b

k+1 we denote the Ṽk+1-sets defined
for (Ak, fk) and (Bk, gk) according to (4.40).

As in Proposition 3.3 (page 114), the diffeomorphism η = φk+1(υ) is
given by φk+1 = ϕ̃−1 ◦φk ◦ ψ̃: for it to be well-defined we only need to check
that Ṽ b

k+1 is mapped onto Ṽ a
k+1 via φk. But the condition gk(ς) ∈ Lk,b(ς)

defining Ṽ b
k+1 reads Ek(ς)fk(φk(ς)) ∈ imEk(ς)

∣∣
Lk,a(φk(ς)) , which amounts

to fk(ζ) ∈ Lk,a(ζ) with ζ = φk(ς), that is, ζ = φk(ς) ∈ Ṽ a
k+1.

Parallelizing again Proposition 3.3, let P̂ (ζ) be a C∞ matrix-valued
map such that P̂ (ζ)P̃ (ζ)

∣∣
Lk,a(ζ) = id

∣∣
Lk,a(ζ) . Together with the property

imAk(ζ) ⊆ Lk,a(ζ), this yields

P̂ (φk(ψ̃(υ)))P̃ (ϕ̃(φk+1(υ)))Ak(ϕ̃(φk+1(υ))) = Ak(φk(ψ̃(υ))).

Similarly P̂ (φk(ψ̃(υ)))P̃ (ϕ̃(φk+1(υ)))fk(ϕ̃(φk+1(υ))) = fk(φk(ψ̃(υ))) since
φk(ψ̃(υ)) ∈ Ṽ a

k+1 and then fk(φk(ψ̃(υ))) ∈ Lk,a(φk(ψ̃(υ))). Letting

Ek+1(υ) = Q̃(ψ̃(υ))Ek(ψ̃(υ))P̂ (φk(ψ̃(υ))),

we finally derive B̃k+1(υ) = Ek+1(υ)Ãk+1(φk+1(υ))φ′k+1(υ) and g̃k+1(υ) =
Ek+1(υ)f̃k+1(φk+1(υ)), as required. �
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In the setting defined by Theorem 4.10, a one-step singular reduction is
again suitable for assessment for the reduction (4.43). Define

V s
k+2 = {η ∈ Ωk+1 / f̃k+1(η) ∈ im Ãk+1(η)} ⊆ Ωk+1 ⊆ R

r̃k+1 (4.46)

W s
k+2 = ϕ1 ◦ · · · ◦ ϕk ◦ ϕ̃k+1(V s

k+2) ⊆ W̃k+1. (4.47)

The superscript s keeps track of the fact that a singularity has shown up
at some step, allowing us to distinguish the sets V s

i from the Vi ones con-
structed around regular points, although (3.37) and (4.46) are formally
identical.

Let η∗ ∈ Ωk+1 be defined by the relation x∗ = ϕ1 ◦ · · · ◦ ϕk ◦ ϕ̃k+1(η∗).
If η∗ ∈ V s

k+2 we may check again if Assumptions S1 and S2 hold (replacing
k by k + 1, Ak by Ãk+1, etc.) for the reduced problem (4.43), that is, if
there exists an r̃k+2-dimensional continuation Lk+1(η) of im Ãk+1(η) and,
when r̃k+2 < r̃k+1, if a matrix-valued map Hk+1(η) verifying kerHk+1(η) =
Lk+1(η) for η ∈ Ûk+1 makes Hk+1f̃k+1 a submersion at η∗. These proper-
ties are again independent of the reduction operators, i.e., if Assumptions
S1 and S2 hold at step k+2 for a given choice of ϕ̃k+1 and P̃k+1 in Theorem
4.10, then they hold for any other choice of these reduction operators, and
the same is true in subsequent steps; this is a consequence of Remark 4.9
and Proposition 4.5.

If these assumptions are met, then

Ṽk+2 = {η ∈ Ûk+1 / f̃k+1(η) ∈ Lk+1(η)}
= {η ∈ Ûk+1 / Hk+1(η)f̃k+1(η) = 0} ⊆ Ωk+1

as well as

W̃k+2 = ϕ1 ◦ · · · ◦ ϕk ◦ ϕ̃k+1(Ṽk+2) ⊆ W̃k+1

will admit local r̃k+2-dimensional C∞ structures, a local reduction in terms
of Ãk+2, f̃k+2 will be possible following Theorem 4.10, and the procedure
can be performed one-step further. Note that in particular Ãk+1 may well
have constant rank, as in the example considered in 4.4.6.3. In this case,
the (k + 2)-th reduction step would essentially be a regular one, and the
singularity may not have an effect beyond that step.

This way, instead of the sequence of manifolds (3.44) constructed in the
regular setting, we build up a sequence of the form

W0 ⊃W reg
1 ⊃ . . . ⊃W reg

k ⊃ W̃k+1 ⊃ . . . ⊃ W̃ν
loc= W̃ν+1, (4.48)

the local stabilization after the ν-th step holding in the setting of Theorem
4.11 below. The importance of this construction stems from the fact that
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Wk+1 and later on W s
k+2 and subsequent sets may fail to have a C∞ struc-

ture near an inner k-singularity, whereas W̃k+1, W̃k+2, etc., display a local
C∞ structure, allowing for a local reduction of the DAE. These manifolds
comprise in addition the closures Wk+1, W s

k+2, etc., and therefore may also
accommodate boundary singularities.

Remark 4.10. The sets W̃k+1, . . . , W̃ν , W s
k+2 . . . , W

s
ν do not depend

on the choice of the sequence of reduction pairs (P1, ϕ1), . . . , (Pk, ϕk),
(P̃k+1, ϕ̃k+1), . . . , (P̃ν , ϕ̃ν). Indeed, the independence of the W̃i mani-
folds follows from the local property Ṽ a

k+1 = φk(Ṽ b
k+1) arising in the proof

of Proposition 4.5, whereas that of the W s
i sets only requires item (i) of

Lemma 3.2.

The repeated application of the one-step singular reduction in Theorem
4.10 yields the following analog of Theorem 3.2; the meaning of U paral-
lelizes the one explained there. In the particular case k = ν, the symbols
r̃ν , Ãν , f̃ν and W̃ν below must be replaced by rν , Aν , fν and Wν . Since
no singular reduction is required for these last-step singular points (cf. Re-
mark 4.7 on p. 172), in this situation Theorem 4.11 virtually amounts to
the statement about (3.40) within Theorem 3.2, consistently with the fact
that the setting of Rabier and Rheinboldt discussed in [228] accommodates
last-step singularities.

Theorem 4.11. Let x∗ ∈ W0 be a k-singularity for (4.21), k ≥ 0. Suppose
that Assumptions S1 and S2 hold in steps k+1, k+2, . . . , ν of the singular
reduction process described above with

m = r0 > r1 > . . . > rk > r̃k+1 > r̃k+2 > . . . > r̃ν > 0, (4.49)

and that Assumption S1 is met in step ν + 1 with r̃ν = r̃ν+1. Let

Ãν(u)u′ = f̃ν(u), u ∈ Ων ⊆ R
r̃ν (4.50)

be a ν-th step reduction of (4.21) given by a sequence of reduction pairs
(P1, ϕ1), . . . , (Pk, ϕk), (P̃k+1, ϕ̃k+1), . . . , (P̃ν , ϕ̃ν) on a neighborhood Ων

of u∗ = (ϕ1 ◦ · · · ◦ ϕk ◦ ϕ̃k+1 ◦ · · · ◦ ϕ̃ν)−1(x∗).
Then x(t) is a solution of (4.21) within U if and only if x(t) ∈ W̃ν for

all t and u(t) = (ϕ1 ◦ · · · ◦ ϕk ◦ ϕ̃k+1 ◦ · · · ◦ ϕ̃ν)−1(x(t)) solves (4.50).

Remark 4.11. The requirement that Assumption S1 holds in the last step
with r̃ν = r̃ν+1 > 0 amounts to saying that Ãν (or Ak if ν = k) is non-
singular on some dense subset of Ũν ⊆ Ων . This means that points in this
dense subset are regular with index ν. We speak of a k-singularity x∗ as
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a singular index ν point when the hypotheses of this Theorem hold, but
also when Assumptions S1 and S2 are met in steps k+ 1, k+ 2, . . . , ν with
m = r0 > . . . > rk > r̃k+1 > . . . > r̃ν = 0. In these situations the DAE
(4.21) can be locally thought of as a singular index ν problem.

The difference between Theorem 4.11 and the regular index ν statement
within Theorem 3.2 is that now Ãν(u∗) will be typically (although not
always, as it happens at the below-defined harmless singularities) a singular
matrix. This may be due to a rank deficiency arising at any reduction step,
not necessarily at the last one. Theorem 4.11 hence drives the local analysis
of a broad family of singular quasilinear DAEs not to the context of explicit
ODEs, but to the quasilinear ODE setting discussed in subsection 4.4.1, as
we aimed to. Note finally that any two ν-th step singular reductions of
the form (4.50) of a given DAE are locally equivalent, by an inductive
application of Proposition 4.5.

4.4.4 Dynamical aspects

Theorem 3.2 in Chapter 3 accounts for the fact that the local dynamical
behavior of quasilinear DAEs near regular points can be described in terms
of an explicit ODE. Theorem 4.11 can be seen as its counterpart in the
singular setting, showing that the dynamics near singular points verifying
Assumptions S1 and S2 is described by a quasilinear ODE, namely the
reduction (4.50). Thereby Theorem 4.11 opens a way to lift the taxon-
omy of singularities of quasilinear ODEs described in Definitions 4.5-4.9 to
quasilinear DAEs with arbitrary index. As indicated in subsection 4.4.1,
different types of singularities in quasilinear ODEs account for different dy-
namic phenomena, which can be now systematically addressed in the DAE
setting.

Note first that the rank deficiencies defining singular points of DAEs
do not necessarily yield a singularity in the quasilinear ODE reduction.
As for linear time-varying problems, the notion of a harmless singularity
accommodates this behavior.

Definition 4.12. A k-singularity x∗ of (4.21), k ≥ 0, is said to be harmless
either if the hypotheses of Theorem 4.11 hold and Aν(u∗) is nonsingular,
with u∗ = (ϕ1 ◦· · ·◦ϕk ◦ ϕ̃k+1 ◦· · ·◦ ϕ̃ν)−1(x∗), or if Assumptions S1 and S2
hold in steps k + 1, . . . , ν with m = r0 > . . . > rk > r̃k+1 > . . . > r̃ν = 0.
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From Theorem 4.11 it follows that the local behavior around a harmless
singularity is entirely analogous to the one near a regular point with index
ν. Instances of harmless singular points can be found in 4.4.6.3 and 4.4.6.6
below.

Definition 4.13. Let x∗ ∈ W0 be a k-singularity of the quasilinear DAE
(4.21), with k ≥ 0, for which the hypotheses of Theorem 4.11 hold. Write
u∗ = (ϕ1 ◦ · · · ◦ ϕk ◦ ϕ̃k+1 ◦ · · · ◦ ϕ̃ν)−1(x∗).

If Aν(u∗) is singular, x∗ is said to be a noncritical, backward or forward
impasse, I, K or IK singularity if so is u∗ for the singular reduction (4.50).

It is worth indicating that, in noncritical cases, if the hypotheses of
Theorem 4.11 hold up to step ν, then Assumption S1 is automatically met
in step ν+1 with r̃ν = r̃ν+1, since det Ãν will only vanish in a hypersurface
around the singular point.

Theorem 4.12. The notions of a harmless, noncritical, backward or for-
ward impasse, I, K, and IK singularity of a quasilinear DAE do not de-
pend on the specific choice of the reduction pairs (P1, ϕ1), . . . , (Pk, ϕk),
(P̃k+1, ϕ̃k+1), . . . , (P̃ν , ϕ̃ν).

Moreover, these concepts are invariant with respect to the local equiva-
lence relation of Definition 3.6.

The proof of this result can be directly derived from the correspond-
ing property for quasilinear ODEs stated in Theorem 4.8, using the fact
that singular reductions of locally equivalent DAEs are locally equivalent
according to Proposition 4.5.

Definition 4.13, via Theorem 4.11, extends several dynamic notions from
the theory of quasilinear ODEs to singular DAEs. Thereby, different dy-
namical phenomena involving impasse points, singularity-crossing phenom-
ena, multiplicity of solutions, etc., need not be studied in the differential-
algebraic setting but can instead be systematically driven to the somehow
simpler context of quasilinear ODEs. Note that rich and seemingly different
theories, directed to different structural forms but with the same underlying
dynamic phenomena, have been developed in parallel in the last decades;
besides [61, 62] and [219], compare e.g. [21–23, 241, 243, 296–298] with
[236] or [166, 277, 309].

The chance to describe the behavior of autonomous singular DAEs
in terms of quasilinear ODEs in the working scenario of subsection 4.4.3
suggests that new dynamical phenomena for singular problems should be
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sought in two contexts. The first one is defined by systems undergoing rank
changes and for which Assumption S1 does not hold. Note that the den-
sity hypothesis within it excludes DAEs displaying index changes from the
present framework. The second context is defined by the failing of Assump-
tion S2 and, in particular, by inner singularities for which the submersion
condition in Proposition 4.4 is not met; cf. Remark 4.5 on page 169.

4.4.5 Singular semiexplicit index one DAEs

When dealing with singular DAEs, depending on the structural form of the
problem one certainly needs to compute the specific algebraic conditions
which characterize the notions described in Definition 4.13. We undertake
here this task for semiexplicit DAEs

y′ = h(y, z) (4.51a)

0 = g(y, z), (4.51b)

with h ∈ C∞(W0,R
r), g ∈ C∞(W0,R

p), and W0 open in Rr+p.
As indicated in 3.4.6.1, (y, z) ∈W0 is 0-regular if g(y, z) = 0 and g is a

submersion at (y, z), that is,

rkg′(y, z) = p. (4.52)

The failure of this submersion condition defines (inner) 0-singularities of
(4.51), as it happens e.g. at the origin for the DAE (4.39) (cf. Remark 4.5,
p. 169).

Let (y∗, z∗) be a 0-regular point. We know from Proposition 3.5 (p. 119)
that (y∗, z∗) is regular with index one if and only if gz(y∗, z∗) is nonsingular.
Assume in the sequel that gz(y∗, z∗) is singular in order to characterize, in
terms of h and g in (4.51), the notions introduced in Definition 4.13.

In this regard, since g is a submersion at (y∗, z∗) we may split the (y, z)
coordinates as

y = (y1, . . . , yr̂︸ ︷︷ ︸
ŷ

, yr̂+1, . . . , yr︸ ︷︷ ︸
ȳ

), z = (z1, . . . , zr̄︸ ︷︷ ︸
ẑ

, zr̄+1, . . . , zp︸ ︷︷ ︸
z̄

),

in a way such that the derivative (gȳ gz̄) is nonsingular at (y∗, z∗), having
assumed w.l.o.g. that the ȳ and z̄ variables are the last ones within y and z,
respectively. Applying the implicit function theorem we may then describe
the set g = 0 locally around (y∗, z∗) by means of certain relations of the
form

ȳ = ψ1(ŷ, ẑ) (4.53a)

z̄ = ψ2(ŷ, ẑ). (4.53b)
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This yields the local r-dimensional parametrization

u = (u1, u2) → ϕ(u1, u2) = ((u1, ψ1(u1, u2)), (u2, ψ2(u1, u2)))

of the manifold W1 = {(y, z) ∈ W0 / g(y, z) = 0}; here u1 and u2 are r̂-
and r̄-dimensional, respectively, with r̂ + r̄ = r. Set u∗ = ϕ−1(y∗, z∗).

Via P1 = (Ir 0), the corresponding reduction A1(u)u′ = f1(u) of (4.51)
reads (

Ir̂ 0
ψ1u1

(u1, u2) ψ1u2
(u1, u2)

)(
u′1
u′2

)
= h(ϕ(u1, u2)). (4.54)

We know from Proposition 3.5 that A1(u) (and thereby ψ1u2
(u)) is

nonsingular if and only if so it is gz(ϕ(u)); mind that ψ1u2
(u) and ϕ(u)

stand, with notational abuse, for ψ1u2
(u1, u2) and ϕ(u1, u2), respectively.

For later use, it is anyway of interest to assess this property directly in
terms of (4.54). Proceeding as in 3.4.7.2, via the implicit function theorem
the coefficient matrix

A1(u) =
(

Ir̂ 0
ψ1u1

(u) ψ1u2
(u)

)
can be checked to be the Schur complement (cf. Lemma 3.3 on page 127)
of the submatrix (gȳ gz̄) in

G(u) =


 Ir̂ 0 0 0

0 0 Ir̄ 0
gŷ gẑ gȳ gz̄


 ,

the derivatives being evaluated at ϕ(u). This implies that ψ1u2
(u) is non-

singular if and only if so it is (gẑ(ϕ(u)) gz̄(ϕ(u))), i.e., gz(ϕ(u)).
Furthermore, from (3.87) it follows that detG = det(gȳ gz̄) ·detA1, and

therefore

detA1(u) = α(u) det gz(ϕ(u)) (4.55)

around u∗, α(u) being a non-vanishing scalar factor.
Now, if gz is singular at (y∗, z∗) = ϕ(u∗), then the noncritical condition

(detA1)′(u∗) �= 0 yields, in terms of the original coordinates, the maximal
rank requirement

rk
(

(det gz)′

g′

)∣∣∣∣
(y∗,z∗)

= p+ 1. (4.56)

Indeed, from (4.55) and the fact that detA1(u∗) = det gz(ϕ(u∗)) = 0 we
have (detA1)′(u∗) = α(u∗)(det gz)′(ϕ(u∗))ϕ′(u∗). The non-vanishing of
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(detA1)′(u∗) is then equivalent to that of (det gz)′(ϕ(u∗))ϕ′(u∗), which in
turn yields (4.56) since imϕ′(u∗) spans Tϕ(u∗)W1 = kerg′(ϕ(u∗)).

Therefore, (y∗, z∗) is a noncritical 1-singular point of the semiexplicit
DAE (4.51) if and only if g(y∗, z∗) = 0, det gz(y∗, z∗) = 0 and (4.56) holds.
Note that (4.52) follows from (4.56). Also, using just (det gz)′(y∗, z∗) �= 0
from (4.56) we conclude that it must be rkgz(y∗, z∗) = p− 1.

Analogously, the condition (detA1)′(u∗)v �= 0 for v ∈ kerA1(u∗) − {0}
reads

(det gz)z(y∗, z∗)v �= 0 for v ∈ kergz(y∗, z∗) − {0}. (4.57)

This is due to the fact that the condition depicted in (4.57) is equivalent
to kergz(y∗, z∗) ∩ ker (det gz)z(y∗, z∗) = {0}; now, the existence of a non-
vanishing vector v within ker (detA1)′(u∗) ∩ kerA1(u∗) would be equiv-
alent to that of a non-vanishing v = ϕ′(u∗)v ∈ Tϕ(u∗)W1 belonging to
ker (det gz)′(ϕ(u∗)) ∩ kerA with A =block-diag(Ir, 0p), that is

v ∈ ker


 gy(y∗, z∗) gz(y∗, z∗)

(det gz)y(y∗, z∗) (det gz)z(y∗, z∗)
Ir 0


− {0},

which would yield kergz(y∗, z∗) ∩ ker (det gz)z(y∗, z∗) �= {0}.
As we did in (4.27), the requirement stated in (4.57) can be rewritten

as

(gzz(y∗, z∗)v)v /∈ imgz(y∗, z∗) for v ∈ kergz(y∗, z∗) − {0}.
In turn, the condition f1(u∗) /∈ imA1(u∗) is proved equivalent to

gy(y∗, z∗)h(y∗, z∗) /∈ imgz(y∗, z∗). (4.58)

This is a consequence of the fact that g(ϕ(u∗)) = 0 yields f(ϕ(u∗)) ∈ imA,
and then f1(u∗) /∈ imA1(u∗) can be equivalently rewritten as f(ϕ(u∗)) /∈
imAϕ′(u∗) = imA|Tϕ(u∗)W1 . The identity Tϕ(u∗)W1 = kerg′(ϕ(u∗)) readily
yields (4.58).

From these relations it follows that a noncritical 1-singularity (y∗, z∗) is
an impasse point of (4.51) if both (4.57) and (4.58) hold. The reader can
check that, moreover, it is a backward or a forward impasse point if

−(det gz)z(y∗, z∗)Adj gz(y∗, z∗)gy(y∗, z∗)h(y∗, z∗) > 0 or < 0, (4.59)

respectively.
The conditions characterizing (y∗, z∗) as a K, I or IK 1-singular point

can also be trivially derived from (4.57) and (4.58): a noncritical 1-singular
point (y∗, z∗) is a K singularity if (4.58) is met but (4.57) does not hold;
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these singularities are semi-singular points in [296]. Analogously, it will be
an I singularity if (4.57) is met but (4.58) fails to hold, corresponding to
a pseudoequilibrium point in [296]. Finally, IK singularities are defined by
the simultaneous failing of (4.57) and (4.58). Note also that a noncritical
1-singularity will be a boundary (resp. inner) singularity if and only if the
image condition (4.58) holds (resp. does not hold).

Akin to the analysis of singularities in semiexplicit index one DAEs here
performed, it may be of interest to compute the conditions characterizing
different types of noncritical singularities in other structural forms, for in-
stance in Hessenberg systems. This task, which should be guided by the
specific forms of the differential-algebraic models arising in applications, is
left to the reader.

4.4.6 Examples

4.4.6.1 Impasse points: A simple instance

A simple example of an impasse point in an index one context is given by
y′ = ±1 (4.60a)

0 = y − z2, (4.60b)
with (y, z) ∈ W0 = R2. Since the derivative gz of g(y, z) = y − z2 reads
−2z, the origin accommodates the unique singularity of the problem within
the parabola defined by (4.60b). We have det gz = −2z and

rk
(

(det gz)′

g′

)∣∣∣∣
(0,0)

= rk
(

0 −2
1 −2z

)∣∣∣∣
(0,0)

= 2,

so that the origin is a noncritical 1-singularity, according to (4.56). Using
the identities (det gz)z = −2 �= 0 and gyh = ±1 �= 0, it follows from (4.57)
and (4.58) that (0, 0) is an impasse point. Additionally Adj gz(0, 0) = ( 1 )
and then (4.59) reads

−(det gz)z(0, 0)Adjgz(0, 0)gy(0, 0)h(0, 0) = ±2.
Therefore, the “+” (resp. “−”) sign in (4.60a) makes the origin a backward
(resp. forward) impasse point. This explains that the pair of trajectories

y = t, z = ±
√
t, t ≥ 0

emanate from the origin with infinite speed (in z′(t)) for the “+” case in
(4.60a), whereas the two solutions

y = −t, z = ±√−t, t ≤ 0
terminate at the origin for the “−” case, with infinite speed in z′(t) as well.
Note, incidentally, that a singular reduction of (4.60) is defined by (4.34).
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4.4.6.2 Singularity crossing in a singular index one problem

Let us further probe some of the ideas discussed in subsection 4.4.5 by
means of the example

x′ = y (4.61a)

y′ = 1 (4.61b)

0 = x− y2 + z2, (4.61c)

where (x, y, z) denote the Euclidean coordinates in W0 = R3. The set
W1 is defined by the hyperbolic paraboloid (4.61c). The leading matrix
has constant rank r1 = 2, and g(x, y, z) = x − y2 + z2 is a submersion
on the whole of W0. Therefore, all points in W1 are 0-regular, a global
parametrization of the paraboloid being given by (x, y, z) = ϕ1(y, z) =
(y2 − z2, y, z). Letting

P1 =
(

0 1 0
−1 2y 0

)
,

the corresponding reduction can be easily checked to read(
1 0
0 2z

)(
y′

z′

)
=
(

1
y

)
.

In these coordinates, we have V2 = {(y, z) ∈ R2 / z �= 0} ∪ {(0, 0)} and
hence W2 = {(x, y, z) ∈ R3 / x = y2 − z2, z �= 0} ∪ {(0, 0, 0)}. The matrix
A1(y, z) has rank 2 on V2 − {(0, 0)} but rank 1 at (0, 0); this implies that
points satisfying x = y2−z2, z �= 0 are regular with index one, consistently
with the condition det gz = 2z �= 0 if z �= 0.

In turn, the origin (0, 0, 0) ∈ R3 is an inner 1-singular point for the
original DAE (4.61) which, furthermore, is an I singularity. The punctured
parabola x = y2, y �= 0, z = 0 defines the set W2 −W2 of boundary 1-
singularities, which can be easily checked to be backward or forward impasse
points if y > 0 or y < 0, respectively, by the conditions discussed in subsec-
tion 4.4.5. Note that Assumption S1 holds globally with L1(y, z) = R

2 and
r̃2 = 2 = r1, so that all points in the parabola x = y2, z = 0 are singular
with index one.

This example is also of interest for comparative purposes with the frame-
work of Rabier and Rheinboldt. The failing of the constant rank assumption
at the I singularity located at the origin avoids (4.61) from being index one
in the sense of [228]. Actually, the exclusion of inner singularities of the
impasse framework of [228] precludes the description of singularity cross-
ing phenomena. In this example, it can be easily checked that a pair of
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solutions cross smoothly the singular set through the origin, namely

x = t2/2, y = t, z = ±t/
√

2. (4.62)

Along these solutions the matrix A1(y, z) undergoes a rank deficiency at
the origin, in contrast to the results holding in the framework of [228] and
referred to at the beginning of Section 4.4 (cf. page 161).

4.4.6.3 Singular reduction

The example discussed below illustrates how the manifolds W̃i make it
possible to overcome the absence of a smooth structure on Wi. This may
be due to rank deficiencies in the leading matrix of the problem, either
of (4.21) or of subsequent reductions. In particular, as already pointed
out, inner singularities arising before the last reduction step may have a
dramatic effect in the framework of Rabier and Rheinboldt due to the loss
of a smooth manifold structure on the sets Wi.

With this aim, consider the DAE

x′ = α(x, y, z) (4.63a)

xy′ = z (4.63b)

0 = y (4.63c)

on W0 = R
3, α being a smooth function W0 → R. Now the set W1 reads

{(x, y, z) ∈ W0 / x �= 0, y = 0} ∪ {(0, 0, 0)}, and the leading matrix
undergoes a rank deficiency at x = 0. In particular, the origin is an inner
0-singularity, whereas points of the form (0, 0, z) with z �= 0 are boundary
0-singularities. Note that there is no way to apply the framework of [228]
neither globally nor locally around the origin since W1 does not have a
manifold structure.

Assumptions S1 and S2 (as well as Proposition 4.4 at the origin) can be
checked to hold at the fist step with L0 = R2 × {0} and r̃1 = 2, W̃1 being
given by y = 0. Setting P1 = (I 0), the corresponding singular reduction
in (x, z) coordinates is defined by

Ã1(x, z) =
(

1 0 0
0 1 0

)1 0 0
0 x 0
0 0 0




 1 0

0 0
0 1


 =

(
1 0
0 0

)

f̃1(x, z) =
(
α(x, 0, z)

z

)
,

that is, x′ = α(x, 0, z), 0 = z. Now V s
2 = Ṽ2 = {(x, z) ∈ R2 / z = 0}, the

matrix Ã1 having constant rank r̃2 = 1. The second-step reduction yields
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finally x′ = α(x, 0, 0) with r̃3 = 1 = r̃2. Points (x, 0, 0) with x �= 0 are
regular with index two, whereas the origin is a (harmless) singular point
with index two in the sense specified in Remark 4.11. The rank deficiency
at the origin does not have any effect beyond the first reduction step.

In the original setting, W s
2 = W̃2 = {(x, y, z) ∈ W0 / y = 0, z = 0}

comprises the solutions of the DAE (4.63), which behaves as an index two
problem with a regular flow on W̃2.

4.4.6.4 Semi-implicit DAEs

Quasilinear DAEs of the form

B(x)x′ = h(x) (4.64a)

0 = g(x), (4.64b)

with B : W0 → Rr×(r+p), h : W0 → Rr, g : W0 → Rp sufficiently smooth
and W0 open in Rr+p, are sometimes called semi-implicit and have been
considered by several authors, cf. [236, 238, 304]. In particular, the family
of DAEs

C(y, z)y′ = h(y, z) (4.65a)

0 = g(y, z), (4.65b)

will be used in the sequel to illustrate some phenomena not displayed in
the semiexplicit context of 4.4.5, 4.4.6.1 and 4.4.6.2. Mind that (4.63) in
4.4.6.3 actually has the form depicted in (4.65). For the DAE (4.65) we
assume that C ∈ C∞(W0,R

r×r), h ∈ C∞(W0,R
r) and g ∈ C∞(W0,R

p).
We will restrict the attention to cases in which detC(y, z) is a submer-

sion on the set of points Σ where C(y, z) is singular; this implies that Σ
is a smooth codimension one submanifold of W0. Furthermore, g will be
assumed to be a submersion on W̃1 = {(y, z) ∈ W0 / g(y, z) = 0}, thereby
making this set a smooth r-dimensional manifold. The notation W̃1 for the
above-introduced set will be justified later. We will additionally suppose
that

rk
(

(detC)′

g′

)∣∣∣∣
(y,z)

= p+ 1

whenever (y, z) ∈ Σ1 = Σ ∩ W̃1. This means that Σ and W̃1 intersect
transversally, and then

Σ1 = {(y, z) ∈ W0 / g(y, z) = 0, detC(y, z) = 0}
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is a codimension one submanifold of W̃1. In particular this makes

W̃1 − Σ1 = {(y, z) ∈W0 / g(y, z) = 0, detC(y, z) �= 0} (4.66)

dense in W̃1.
In this setting we have

W1 = {(y, z) ∈W0 / g(y, z) = 0, h(y, z) ∈ imC(y, z)} (4.67)

whereas, by the working assumptions, the set W reg
1 of 0-regular points can

be easily checked to coincide with W̃1 − Σ1 (cf. (4.66)). Inner 0-singular
points are given by g(y, z) = 0, h(y, z) ∈ imC(y, z) and detC(y, z) = 0.
Additionally, because of the fact that W̃1 − Σ1 = W reg

1 ⊆ W1 is dense in
W̃1, which is closed in W0, we have

W1 = W̃1, (4.68)

meaning that the set W1 −W1 of boundary 0-singular points is defined by
g(y, z) = 0, h(y, z) /∈ imC(y, z).

Assumption S1 holds globally with L0(y, z) = Rr × {0}. This fact
supports the above-introduced notation W̃1 for the set g = 0. Moreover,
setting H =

(
0 Ip

)
the product H(y, z)f(y, z) arising in Assumption S2

amounts to g(y, z), and therefore this Assumption holds by the above-stated
submersion hypothesis on g.

Hence, a singular reduction can be locally performed around any 0-
singularity in W̃1. Let g(y∗, z∗) = 0 and, allowed by the fact that g is
a submersion, assume as in subsection 4.4.5 that the matrix of partial
derivatives (gȳ gz̄) is nonsingular at (y∗, z∗) for certain variables ȳ, z̄, say
ȳ = (yr̂+1, . . . , yr), z̄ = (zr̄+1, . . . , zp). Write the remaining variables
as ŷ = (y1, . . . , yr̂), ẑ = (z1, . . . , zr̄). Applying the implicit function
theorem to g = 0 around (y∗, z∗) write, as in (4.53),

ȳ = ψ1(ŷ, ẑ)

z̄ = ψ2(ŷ, ẑ),

which yields a local parametrization of the manifold W̃1 of the form
(u1, u2) → ϕ(u1, u2) = ((u1, ψ1(u1, u2)), (u2, ψ2(u1, u2))). Inserting these
relations into (4.65) and using P̃ =

(
Ir 0

)
we are led to the singular

reduction

C(ϕ(u1, u2))
(

Ir̂ 0
ψ1u1

(u1, u2) ψ1u2
(u1, u2)

)(
u′1
u′2

)
= h(ϕ(u1, u2)). (4.69)

Now, the leading matrix of (4.69) is nonsingular at a given (u1, u2) if
and only if so are both C(ϕ(u1, u2)) and ψ1u2

(u1, u2), and this can be
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proved in turn equivalent to the nonsingularity of C(y, z) and gz(y, z), with
(y, z) = ϕ(u1, u2). Mind that, in particular, rank deficiencies in gz yield
1-singularities of the differential-algebraic equation (4.65). The important
point is that the reduction (4.69) can be performed in a way which accom-
modates both types of singular points; indeed, the leading matrix of the
reduced equation reflects the singularities which arise in the original setting
of the problem, i.e. in the matrix C(y, z), but also after the first reduction
step, that is, in gz(y, z).

Remark 4.12. The transversality assumption on the intersection of Σ and
W̃1 is generic. It implies in particular that W1 = W̃1, as depicted in (4.68),
meaning that in this setting the singular reduction process is accommodated
on the closure of W1 which is hereby guaranteed to have a smooth manifold
structure. In spite of this genericity, it is of interest to examine some cases
in which (4.68) does not hold: see, specifically, the example considered in
4.4.6.6 below.

4.4.6.5 A DAE with 0- and 1-singularities

A simple illustration of the discussion above is given by the following mod-
ification of (4.61):

(x+ z)x′ = y (4.70a)

y′ = 1 (4.70b)

0 = x− y2 + z2, (4.70c)

defined on W0 = R
3. Points (x, y, z) ∈ W0 for which x + z = 0, x =

y2 − z2 are now 0-singularities. The working assumptions of 4.4.6.4 hold in
particular for this example, and a singular reduction is globally defined by
x = y2 − z2 and P̃1 =

(
I 0

)
, yielding

(
y2 − z2 + z 0

0 1

)(
2y −2z
1 0

)(
y′

z′

)
=
(
y

1

)
. (4.71)

The leading matrix of (4.71) is singular if y2 − z2 + z = 0, points which
correspond to the above-mentioned 0-singularities, but also if z = 0; the
latter correspond to 1-singular points in the parabola x = y2, z = 0. This
way the singularities of the leading matrix in (4.71) capture both 0- and
1-singular points of the original problem (4.70).
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4.4.6.6 The differentiation-perturbation example of Campbell and Gear

Consider finally the DAE

y1N

(
y′

z′

)
+
(
y

z

)
= 0, (4.72)

where y = (y1, . . . , ym−1) ∈ Rm−1, z ∈ R, and N is an index m nilpotent
matrix in lower-triangular Jordan form. System (4.72) was constructed by
Campbell and Gear in [45] in order to illustrate that the perturbation index
[121, 122] may exceed the differentiation index by an arbitrarily large quan-
tity. The reader can think e.g. of the two- and three-dimensional instances
of (4.72), which read

y1 = 0

y1y
′
1 + z = 0

and

y1 = 0

y1y
′
1 + y2 = 0

y1y
′
2 + z = 0,

respectively. These singular equations have the semi-implicit form depicted
in (4.65) with detC(y, z) = ym−1

1 and g(y, z) = y1, but in this case both sets
Σ = {(y, z) ∈ Rm / detC(y, z) = 0} and W̃1 = {(y, z) ∈ Rm / g(y, z) = 0}
are defined by the condition y1 = 0; therefore Σ and W̃1 do not intersect
transversally, not even in the case m = 2 which makes detC(y, z) a sub-
mersion. Note that W1 in (4.67) amounts to the origin and (4.68) does not
hold.

However, this problem also falls in the working setting of subsection
4.4.3. Indeed, Assumptions S1 (with L0 = Rm−1×{0}, r̃1 = m−1) and S2
are met in the first reduction step. A singular reduction is globally defined
on W̃1 by the parametrization (0, y2, . . . , ym−1, z). The reduced equation
reads y2 = . . . = ym−1 = z = 0, so that r̃2 = 0 and the origin is a harmless
singularity which accommodates the unique solution of the DAE.
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Chapter 5

Nodal analysis

A major problem in electrical circuit analysis is how to set up the net-
work equations. When time-varying and/or nonlinear effects are present,
time-domain models replace those based on Laplace transforms or Fourier
analysis, very common in the study of linear time-invariant circuits.

In the time-domain setting, much attention has been directed to the
formulation of state space models based on explicit ODEs. This framework
allows for the application of many analytical and numerical tools coming
from the ODE context and dynamical systems theory. The systematic ap-
proach to state space circuit modeling emanates from the work of Bashkow,
Bryant and other researchers in the late 1950s and early 1960s [18, 35, 36],
and several issues on this topic have been the object of continuous inter-
est since then; cf. [13, 32, 60, 63, 66, 128, 145, 164, 206, 235, 273, 274].
Note that this is just a sample of a huge amount of related literature.

However, the state space approach to circuit modeling displays some
important limitations. For several circuit configurations an explicit state
space equation may not exist, not even locally. Additionally, when state
space descriptions do exist, their formulation may be hardly automatable.
The latter is extremely important from the computational point of view,
specially in very large scale integration systems. These limitations have
led, in the last decades, to the formulation of semistate [82, 210] mod-
els, which use larger sets of network variables allowing some redundancy
between them. Semistate models are currently framed in the differential-
algebraic context.

The benefits of the semistate approach to circuit modeling can be
roughly described along two directions. The first one concerns the au-
tomatic generation of circuit models. Modern schemes used to set up
network equations are based on a differential-algebraic formalism; this

193
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is the case of Modified Nodal Analysis (MNA) [135], used in different
circuit simulation programs such as SPICE (in its different versions) or
TITAN [85, 87, 112–114, 198, 292, 293]. In the numerical simulation of
circuit dynamics, a key aspect is the computation and monitorization
of the index of these differential-algebraic models, a problem which has
attracted much recent attention; see specifically [87, 292, 293], but also
[84, 113, 114, 194, 234, 248, 253].

The second advantageous feature of the semistate framework is given
by its chance to accommodate, in a comprehensive manner, different but
tightly interrelated families of circuit models. A difference between model
families is made by the set of semistate variables that they use. In particu-
lar, nodal methods are characterized by the use of node potentials as the fun-
damental model variables, in addition to some branch variables. This fam-
ily includes the above-mentioned Modified Nodal Analysis, but also other
techniques such as Node Tableau Analysis (NTA) [63, 66, 113, 114, 117]
or Augmented Nodal Analysis (ANA) [84, 164, 248, 253]. The present
Chapter presents a comprehensive discussion of different nodal methods,
addressing several interrelations between NTA, ANA and MNA, together
with an analysis of their indices; this analysis will include in particular some
results involving non-passive circuits, out of the scope of [87, 292, 293].

Not only the formulation and analysis of nodal methods profit from
the differential-algebraic framework. Other issues can be tackled advan-
tageously in the DAE context; these include the above-mentioned state
formulation problem and other related modeling issues, the analysis of sin-
gularities [61, 62, 233, 236], which in particular accommodate situations
in which explicit ODE models do not exist, as well as qualitative studies
[244, 252]. For reasons detailed later, these aspects will be better addressed
through the models considered in Chapter 6. Although not considered in
this book, loop and mesh analyses can also be framed naturally in the
differential-algebraic context.

This Chapter is structured as follows: Section 5.1 presents a rather de-
tailed background on graphs and electrical circuit theory. In particular,
we detail the circuit families which will be considered throughout. A de-
scription of the differential-algebraic models resulting from nodal analysis
methods can be found in Section 5.2; these include the above-mentioned
NTA, ANA and MNA schemes. The rest of the Chapter is focused on index
characterizations for these DAEs. In Section 5.3 we introduce the tools for
index analysis, including the tractability index notion for the quasilinear
DAEs arising from nodal methods. Note incidentally that, from the DAE
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point of view, this Chapter illustrates the use of projector techniques in in-
dex analyses, whereas Chapter 6 will focus on reduction methods. Section
5.4 provides index characterizations for nodal models of passive circuits,
whereas Section 5.5 illustrates how tree-based techniques provide a way to
extend these results to non-passive systems. Several examples are discussed
within Sections 5.4 and 5.5.

5.1 Background on graphs and electrical circuits

In this Section we compile some prerequisites for the circuit analyses per-
formed in the rest of the book. We begin with a survey, in subsection
5.1.1, of elementary concepts coming from the theory of graphs and di-
graphs. As detailed later, the link between graphs and electrical circuits
comes from the fact that every lumped circuit composed of two-terminal
elements naturally has an associated graph, which results from identify-
ing circuit branches and nodes with graph edges and vertices, respectively.
Topological properties in circuit theory will be those which can be examined
in terms of this graph, retaining only the electric (resistive, capacitive, etc.)
nature of every branch; see 5.1.2.1 in this regard.

In subsection 5.1.2 we compile elementary aspects of circuit theory and
detail the circuit devices allowed in later analyses. The attention will be re-
stricted to lumped circuits in which the spatial dimensions do not play a role,
in contrast to distributed systems where spatial variables must be taken into
account; cf. [2, 25, 111, 264, 293] for partial differential-algebraic equa-
tions (PDAEs) modeling distributed systems. We will accommodate fully-
coupled and nonlinear capacitive, inductive and resistive elements. For
simplicity these elements will be assumed to be time-invariant. Also, for
the sake of brevity we will focus on so-called conventional circuit mod-
els, which do not use the charge in capacitors or the flux in inductors as
semistate variables; this will require global voltage- and current-control as-
sumptions on capacitors and inductors, respectively. Many results can be
extended to charge-oriented models (see [87, 253, 292]).

When the so-called incremental capacitance, inductance and conduc-
tance matrices are positive definite these devices will be called passive; in
Section 5.5 we will also consider non-passive problems which remove this
definiteness requirement. In order to emphasize the mathematical aspects
of our analysis, the circuits here analyzed will exclude some devices which
would introduce several technical complexities without making a real dif-
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ference from the DAE point of view. This is the case of controlled sources;
the reader is referred in particular to [87] for a detailed index analysis of
MNA models including controlled sources. It is worth remarking, in any
case, that many of our results can be extended to a broad family of circuits
including controlled sources, along the lines discussed in subsection 6.2.6 for
branch-oriented methods. Note also that the term ‘active’ (vs. ‘non-passive’
above) is usually reserved for circuits including controlled sources.

5.1.1 Graphs and digraphs

We refer the reader to [4, 5, 26, 89] for detailed introductions to graph
theory. In particular, the proof of the properties compiled here can be found
in these references. Many books on circuit theory (e.g. [13, 58, 63, 66]) also
include some background on digraphs.

5.1.1.1 Graphs, digraphs, subgraphs

A directed graph or digraph is a triple (V,E, α), where V �= ∅ and E are
finite sets, and α : E → V × V . The elements of E are called edges
and will correspond to the branches of an electrical circuit, whereas the
elements of V are vertices which stand for the nodes of the circuit. Denoting
α(e) = (α1(e), α2(e)) ∈ V ×V , we say that e is directed from v1 = α1(e) to
v2 = α2(e), and call v1 and v2 the initial and final vertices of e, respectively;
both are called the terminal vertices of e. The edge e is also said to be
incident with both v1 and v2.

If we disregard directions in the edges we are led to a graph, which can
be formally defined as a triple (V,E, γ) with V and E as above but where γ
maps E into V ×V/∼; here ∼ stands for the equivalence relation in V ×V

according to which (v1, v2) ∼ (v′1, v′2) if either v1 = v′1 and v2 = v′2, or
v1 = v′2 and v2 = v′1. Thereby, in a graph the image through γ of a given
edge is an unordered pair or vertices and we say that the edge is incident
with these terminal vertices. Letting π : V × V → V × V/∼ stand for the
canonical projection, the underlying graph of a given digraph (V,E, α) is
defined as (V,E, γ) with γ = π ◦ α. Unless otherwise stated, the notions
which are defined below for graphs must be understood to hold also for
digraphs by applying them to the underlying graph.

Either for digraphs or graphs, note that we do not define an edge as a
(ordered or unordered) pair of vertices, as it is done in many texts, since
this rules out the description of multiple edges connecting the same pair
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of vertices. This situation is often met in circuit theory, e.g. when two
branches are connected in parallel. The definitions above also accommodate
the presence of self-loops both in digraphs and graphs, that is, of edges for
which both terminal vertices coincide. These self-loops have no interest in
circuit theory and will need to be excluded when representing a digraph via
the incidence matrix.

A graph (V ′, E′, γ′) is said to be a subgraph of (V,E, γ) if V ′ ⊆ V ,
E′ ⊆ E and γ′(e) = γ(e) for any e ∈ E′. By assuming that (V ′, E′, γ′) is a
graph, we are implicitly requiring that the incident vertices with any edge of
E′ are in V ′. For a digraph, a directed subgraph is additionally assumed to
inherit the direction of the edges; this means that the definition for digraphs
is exactly the same as the one above provided that γ is replaced by α. Note
that the removal of an arbitrary set of edges of a given (directed) graph
results in a (directed) subgraph.

5.1.1.2 Loops, cutsets

Within a given graph, a path connecting two vertices v0 and vl is a sequence
(v0, e1, v1, . . . , vl−1, el, vl) in which the edge ei is incident with the vertices
vi−1 and vi for 1 ≤ i ≤ l. A path is said to be closed if v0 = vl. A
closed path with l ≥ 1 in which ei �= ej and vi �= vj for 1 ≤ i < j ≤ l is
called a loop. We will normally use this term to mean just the set of edges
{e1, . . . , el}. Note that a parallel connection of two branches in a circuit
defines a loop. Self-loops (v0, e1, v0) are allowed in the definition above, but
since they will be precluded in later discussions we may understand from
now on that l ≥ 2.

A graph is said to be connected if for every pair of vertices there exists
a path connecting them. A connected component is a maximal connected
subgraph of a given graph. A subset K of the set of edges of a connected
graph is a cutset if the removal of K results in a disconnected graph, and it
is minimal with respect to this property, that is, the removal of any proper
subset of K does not disconnect the graph.

5.1.1.3 Trees

Given a connected graph, a tree is a connected subgraph which contains all
vertices and has no loops. Again, we shall often use this term to refer just
to the set of edges within a given tree. In graph theory a tree is sometimes
defined just as a connected subgraph without loops; when this is the case,
the additional requirement that a given tree contains all vertices makes it
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a spanning tree. According to our definition, which is very often adopted
in circuit theory, a ‘tree’ is implicitly assumed to be a ‘spanning tree’. In
a graph which is not connected, the choice of a tree in every connected
component defines a forest.

Once a tree has been chosen in a given connected graph, the edges in
the tree are called twigs, whereas the remaining ones are called links or
chords. The set of links defines a cotree. If the (connected) graph has n
vertices and b edges, any tree defines n− 1 twigs and b − n+ 1 links; in a
forest, the numbers of twigs and links are n−k and b−n+k, respectively, k
standing for the number of connected components. Note that because of the
notion of a tree there cannot exist any loop just defined by twigs; similarly,
the links may not include any cutset, since the set of twigs connects the
whole graph and therefore no removal of any set of links may result in a
disconnected graph. More is true, as displayed in the following statement.
See also 5.1.1.8 below.

Lemma 5.1. Let J , K be disjoint subsets of the set of edges of a given
connected graph. Then there exists a tree which contains all edges from J

and no edge from K if and only if J has no loops and K has no cutsets.

5.1.1.4 Incidence matrix

Assume that the vertices and edges in a given digraph are numbered, so
that V and E can be written as {1, . . . , n} and {1, . . . , b}, respectively. We
assume in the sequel that b ≥ 1 and that the digraph has no self-loops, so
that n ≥ 2.

The incidence between edges and vertices can be described in terms of
the so-called incidence matrix Ã = (aij) ∈ Rn×b, where

aij =




1 if edge j leaves vertex i
−1 if edge j enters vertex i

0 if edge j is not incident with vertex i.

Equivalently, aij = 1 (resp. −1) if and only if α1(j) = i (resp. α2(j) = i),
the other entries in the j-th column being null.

The results stated in Lemmas 5.2-5.4 below are well-known and widely
used in the context of nodal analysis methods for circuits [87, 292, 293]; for
the sake of brevity we therefore omit their proofs. In any case they follow
from elementary properties of digraph theory: see for instance Chapter 3
in [5] or Chapters 6 and 7 in [89].
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Lemma 5.2. If n and k stand for the number of vertices and connected
components of a digraph, then rk Ã = n− k. In particular, for a connected
digraph it is rk Ã = n− 1.

The quantity r = n−k is called the rank of the digraph. In a connected
digraph, any n−1 rows of the incidence matrix Ã are linearly independent;
the removal of any row of Ã yields a so-called reduced incidence matrix
A ∈ R

(n−1)×b. From the point of view of circuit theory, this corresponds to
the choice of a reference node. See (5.60) on p. 227 for an example. With
terminological abuse, we will sometimes refer to A simply as the incidence
matrix, Ã being then termed the complete or non-reduced incidence matrix.

At several points we will need to check if a given subset of branches
K within an electrical circuit contains a loop or a cutset. This can be
performed in terms of the reduced incidence matrix via Lemmas 5.3 and
5.4 below. In these statements, if K is a subset of the set of edges of a
connected digraph G, we denote by AK (resp. AG−K) the submatrix of A
formed by the columns corresponding to edges in K (resp. not in K).

Lemma 5.3. A subset K of the set of edges of a connected digraph G does
not contain loops if and only if AK has full column rank.

Lemma 5.4. A subset K of the set of edges of a connected digraph G does
not contain cutsets if and only if AG−K has full row rank.

Equivalently, the absence of loops within the set K is characterized by
AKy = 0 ⇒ y = 0, and the absence of cutsets yields xTAG−K = 0 ⇒ x = 0.

Now, if T is a tree in a connected digraph, AT is an (n − 1) × (n − 1)
matrix and, since T contains no loops, it has full column rank and therefore
is nonsingular. It is not difficult to prove the stronger statement depicted
below (cf. Section 2.2 in [13]).

Lemma 5.5. Let K be a set of n−1 edges of a connected digraph. Then AK

is nonsingular if and only if K defines a tree. In this case, detAK = ±1.

5.1.1.5 Loop matrix

The definition of the loop matrix associated with a digraph requires intro-
ducing previously the notion of an orientation in a loop. With the nota-
tion used in 5.1.1.2, if a given loop is defined by the vertex-edge sequence
(v0, e1, v1, . . . , vl−1, el, vl) with vl = v0, one of the two possible orientations
is defined by the sequence (v0, e1, v1, . . . , vl−1, el, vl) itself and the other one



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

200 Nodal analysis

by (vl, el, vl−1, . . . , v1, e1, v0); this is not ambiguous, i.e., both orientations
are actually different since self-loops are excluded and therefore l ≥ 2. Fur-
thermore, if the loop is orientated according (for instance) to the sequence
(v0, e1, v1, . . . , vl−1, el, vl), we say that the edge ej has the same orienta-
tion as the loop if ej is directed from vj−1 towards vj , and that it has the
opposite orientation if it leaves vj and enters vj−1.

Given an orientation in every loop, the loop matrix is then defined as
B̃ = (bij), with

bij =




1 if edge j is in loop i with the same orientation
−1 if edge j is in loop i with the opposite orientation

0 if edge j is not in loop i.

Lemma 5.6. In a digraph with n vertices and k connected components,
rk B̃ = b−n+k. In particular, for a connected digraph it is rk B̃ = b−n+1.

The quantity s = b−n+k defines the cyclomatic number of the digraph.
For a connected digraph, a submatrix B ∈ R

(b−n+1)×b of B̃ with full row
rank will be called a reduced loop matrix. Sometimes, with terminological
abuse we will refer to this matrix simply as a ‘loop matrix’. For later use
note that, since the rows of any two reduced loop matrices B, B̂ span the
same space, it follows that the relation B̂ = M1B holds for some nonsingular
matrix M1.

The following analogs of Lemmas 5.3 and 5.4 will be useful in Chapter
6. They can be actually derived from the above-mentioned Lemmas, as will
be shown below.

Lemma 5.7. A subset K of the set of edges of a connected digraph G does
not contain cutsets if and only if BK has full column rank.

Lemma 5.8. A subset K of the set of edges of a connected digraph G does
not contain loops if and only if BG−K has full row rank.

For the sake of completeness, and regarding the property depicted in
Lemma 5.5, it is worth mentioning that a set K of b − n + 1 edges of a
given connected digraph yields a nonsingular submatrix BK if and only if
the edges in K define a cotree (see 3.21 in [5]). We will not make specific
use of this property, though.

5.1.1.6 Cutset matrix

Finally, the cutset matrix Q̃ = (qij) of a connected digraph is defined as
detailed below; note that we restrict the definition to connected digraphs
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only for simplicity. The removal of any cutset in a connected digraph results
in a digraph with two connected components, to be denoted by C1 and C2.
We can define two different orientations in this cutset, say from C1 to C2

or from C2 to C1. Given an edge in the cutset, one terminal vertex must
be in C1 and the other one in C2. Assume e.g. that the cutset is oriented
from C1 to C2; an edge of the cutset is then said to have the same (resp.
opposite) orientation as the cutset if the initial vertex of this edge is in C1

(resp. C2). The cutset matrix Q̃ = (qij) is then defined by

qij =




1 if edge j is in cutset i with the same orientation
−1 if edge j is in cutset i with the opposite orientation

0 if edge j is not in cutset i.

The rank of Q̃ can be proved to be n−1 for a connected digraph; again, n−1
linearly independent rows of Q̃ define a reduced cutset matrix Q ∈ R(n−1)×b.

5.1.1.7 Relations among digraph matrices

The proof of the following result can be found e.g. in [89] (Section 7.4).

Lemma 5.9. If the columns of the reduced incidence, cutset, and loop ma-
trices A, Q, B of a connected digraph are arranged according to the same
order of edges, then BAT = BQT = 0.

From this statement and the conditions rkA = rkQ = n−1, rkB = b−n+1
it follows that imAT = imQT = kerB, and imBT = kerA = kerQ. In
particular, the rows of A and those of Q span the same subspace of Rb; this
means that a relation of the form Q = M0A holds for a nonsingular matrix
M0. Lemma 5.9 actually expresses an orthogonality relation between this
so-called cut space imQT and the cycle space imBT spanned by the rows
of B; see [26] for details in this regard.

Proof of Lemmas 5.7 and 5.8. Lemma 5.9 makes it easy to derive
the results stated in Lemmas 5.7 and 5.8 from the corresponding properties
stated in terms of the incidence matrix in Lemmas 5.3 and 5.4. According
to Lemma 5.3, the absence of loops within K will be characterized by the
property

AKy = 0 ⇒ y = 0, (5.1)

whereas, following Lemma 5.4, for the absence of cutsets we will use

xTAG−K = 0 ⇒ x = 0. (5.2)
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Assume first that, as stated in Lemma 5.7, K does not contain cutsets.
Suppose that BK does not have full column rank, i.e., that there exists a
non-vanishing v for which BKv = 0. It would then follow that the vector
(v, 0) belongs to ker(BK BG−K) = kerB = imAT, so that v = AT

Kx and
0 = AT

G−Kx for some x. From (5.2) we derive the relation x = 0 and
thereby the contradiction v = 0.

Conversely, suppose that BK has full column rank, and assume that
xTAG−K = 0. Premultiplying the relation AKB

T
K + AG−KB

T
G−K = 0 by

xT we obtain xTAKB
T
K = 0 which, by the full column rank of BK , implies

xTAK = 0. This identity, together with xTAG−K = 0 and the fact that A
has full row rank, implies that x = 0, so that (5.2) is met; this shows that
K cannot contain cutsets.

The proof of Lemma 5.8 proceeds analogously. Assume first thatK does
not contain loops, so that (5.1) holds, and that wTBG−K = 0. The relation
BKA

T
K + BG−KA

T
G−K = 0 then yields wTBKA

T
K = 0 and, from (5.1), we

obtain wTBK = 0. Together with wTBG−K = 0 this leads to wTB = 0, and
the maximal row rank of B implies that w = 0. It then follows that BG−K

has full row rank.
Finally, let us assume that BG−K has full row rank but K does include

a loop. This means that there exists a non-vanishing y with AKy = 0, and
then the vector (y, 0) belongs to kerA = imBT. Hence there must exist a
vector w such that y = BT

Kw and 0 = BT
G−Kw. The full row rank of BG−K

yields w = 0 and this in turn implies y = 0, against the hypothesis that y
does not vanish. �

5.1.1.8 Fundamental loops and cutsets and their associated matrices

An important role will be played in Chapter 6 by certain loops and cutsets
constructed from a given tree.

Lemma 5.10. Assume that a tree has been chosen in a given connected
graph. Then every link defines a unique loop together with some twigs, and
every twig defines a unique cutset together with some links.

Indeed (see e.g. [63]), given a link there must exist a unique path in the tree
connecting its incident vertices; the link together with this path defines a
loop. In turn, given a twig, its removal defines two connected components
in the tree. Take the (maybe empty) set of links which connect both compo-
nents; the twig together with these links defines a cutset. The loops (resp.
cutsets) defined in this manner from the links (resp. twigs) associated with
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the tree are sometimes called fundamental loops (resp. cutsets). Examples
can be found on page 261.

Now, given a tree in a connected digraph, if we orientate every funda-
mental cutset and loop in a way such that it gets the same orientation as
its defining twig or link, respectively, then Q and B take the form

Q =
(
Ir −FT

)
(5.3a)

B = (F Is ) , (5.3b)

for a certain matrix F ∈ Rs×r. We are using the notations r = n − 1 and
s = b−n+1 for the rank and the cyclomatic number, respectively. In (5.3),
the first r = n− 1 columns of both matrices are assumed to be associated
with the twigs, whereas the last s = b− n+ 1 ones correspond to the links;
the submatrices Ir and Is then reflect the fact that exactly one twig (resp.
link) enters each fundamental cutset (resp. loop), having additionally the
same orientation as this cutset (resp. loop). The submatrices −FT and F

can be written in this form because of the relation QBT = 0 stated in
Lemma 5.9.

The form depicted for Q in (5.3a) shows that the fundamental cutsets
defined by a tree (or, more precisely, the corresponding vectors in Rb) are
linearly independent. The same happens with the fundamental loops, in
the light of the expression given for B in (5.3b). The matrices Q and B

constructed this way will be called the fundamental matrices associated
with the tree.

5.1.2 Elementary aspects of circuit theory

An electrical circuit will be considered here as a set of interconnected
branches, each one accommodating a two-terminal circuit element and be-
ing incident with two (distinct) nodes. Branches are interconnected by
having (or, more precisely, being incident with) at least one node in com-
mon. Identifying branches and nodes with edges and vertices, a graph can
be naturally associated with the circuit.

Every circuit branch has two associated variables: the branch current
i and voltage v. When accommodating a so-called reactive element (a ca-
pacitor or an inductor), the branch has an additional variable, namely, the
charge q for capacitors or the flux φ for inductors. Every branch is given an
orientation which defines a reference direction for the current; thereby, if a
branch incident with n1, n2 is directed away from the node n1 towards the
node n2 then a current of, say, +1 mA means that this current flows out
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of n1 into n2, whereas −1 mA stands for 1 mA flowing out of n2 into n1.
These orientations also induce a voltage reference direction in every circuit
branch, so that a voltage of +5 (resp. −5) mV in the above-mentioned
branch indicates that the electric potential at n1 is 5 mV larger (resp.
smaller) than the one at n2. These reference directions make it possible to
associate a digraph with a given circuit.

The equations governing circuit dynamics combine the graph-theoretic
relations among currents and among voltages given by Kirchhoff laws with
the electromagnetic relations characterizing circuit devices. As detailed
below, Kirchhoff laws result in linear algebraic relations involving branch
currents and voltages, whereas the electromagnetic relations include differ-
ential equations at reactive elements, namely capacitors and inductors, and
algebraic (non-differential), possibly nonlinear relations coming from the
devices’ characteristics. The mixed nature of these equations explains the
role of the DAE formalism in circuit modeling.

The reader without a background on electrical circuit theory may profit
from taking a look at the examples discussed in Sections 5.4 and 5.5 while
reading this material.

5.1.2.1 Topological aspects

We will focus our attention on connected circuits, denoting by b and n the
number of branches and nodes, respectively. We assume that b ≥ 1, and
since self-loops are excluded, this yields n ≥ 2. Nontrivial problems require
b ≥ 2. The circuit will contain br resistors, bc capacitors, bl inductors, bu
independent voltage sources, and bj independent current sources, so that
br+bc+bl+bu+bj = b. We use the subscripts u and j for voltage and current
sources to avoid confusion with branch voltages and currents, denoted by v
and i. Some of these quantities may of course vanish, meaning that there
are no devices of the corresponding type. The characteristic equations of
each type of circuit element are presented in 5.1.2.2 below.

Topological properties of a given circuit are those which can be assessed
just in terms of the circuit graph and the electric nature of every branch, dis-
regarding the specific characteristic equations of each circuit device. These
topological aspects are often addressed for restricted circuit families; for in-
stance, Theorems 5.1 and 5.2 in Section 5.4 will provide topological index
characterizations of NTA, ANA and MNA models for passive circuits.

Kirchhoff laws. Kirchhoff’s current law (KCL) states that the sum of
the currents leaving any circuit node is zero. This must be understood
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as follows: if the current in branch k is denoted by ik and this branch is
directed away from (resp. towards) a given node, then the current leaving
this node is ik (resp. −ik). Using the reduced incidence matrix A introduced
in 5.1.1.4, this law can be then checked to read

Ai = 0. (5.4)

Here i = (ir, ic, il, iu, ij) ∈ Rb is the vector of branch currents, the sub-
scripts r, c, l, u and j standing as above for resistors, capacitors, inductors,
voltage sources and current sources, respectively. If the reduced incidence
matrix A is split accordingly as A = (Ar Ac Al Au Aj), (5.4) reads

Arir +Acic +Alil +Auiu +Ajij = 0. (5.5)

Note that e.g. Ar ∈ R(n−1)×br is the submatrix of A corresponding to
resistor branches and all circuit nodes: this subgraph need not be connected
and may well have isolated nodes.

Kirchhoff’s current law can also be expressed in terms of any reduced
cutset matrix as

Qi = 0. (5.6)

Indeed, as indicated in 5.1.1.7, the fact that the rows of any reduced cutset
matrix span the same space as the rows of a reduced incidence matrix yields
a relation of the form Q = M0A for some nonsingular matrix M0. Equation
(5.6) then follows from the premultiplication of (5.4) by M0.

In turn, Kirchhoff’s voltage law (KVL) states that the sum of the voltage
drops along the branches of any loop is zero. In this statement, provided
that an orientation is defined in every loop and denoting by vk the voltage
in branch k, the corresponding voltage drop must be understood as vk if
branch k has the same orientation as the loop, and −vk otherwise. In terms
of the loop matrix, this can be expressed as

Bv = 0, (5.7)

where v = (vr , vc, vl, vu, vj) ∈ Rb denotes the vector of branch voltages.
Splitting the matrix B as (Br Bc Bl Bu Bj), (5.7) reads

Brvr +Bcvc +Blvl +Buvu +Bjvj = 0. (5.8)

Nodal analysis methods will be based on an alternative statement of
Kirchhoff’s voltage law. In a connected circuit with n nodes, we will denote
by e ∈ Rn−1 the vector of potentials of all nodes except for the reference
one. The potential at the reference node is conventionally assumed to van-
ish. Node potentials are then unambiguously defined from branch voltages
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because of Kirchhoff’s voltage law; indeed, the potential at any node can
be defined as the sum of the voltage drops along some (hence any, because
of KVL) path to the reference node. It is not difficult to check that this
makes it possible to recast Kirchhoff’s voltage law as

v = ATe. (5.9)

Loops, cutsets and trees in electrical circuits. In the topological
index analysis of different circuit models, certain loops and cutsets will
play an important role. A VC-loop will be a loop formed exclusively by
voltage sources and/or capacitors; an example can be found in Figure 5.2
(p. 229). Note that C-loops and V-loops, composed only of capacitors or
voltage sources, respectively, are particular cases of a VC-loop. Similarly,
an IL-cutset will be a cutset formed exclusively by current sources and/or
inductors (cf. Figure 5.3 on p. 231), L-cutsets and I-cutsets being particu-
lar instances. Other configurations such as VL-loops, IC-cutsets, etc., are
defined analogously.

In the light of Lemmas 5.3 and 5.4, a circuit does not include any VC-
loop if and only if the matrix (Ac Au) has full column rank, and it does
not include IL-cutsets if and only if (Ar Ac Au) has full row rank. A
simultaneous characterization of both conditions is also possible in terms
of trees via Lemma 5.1, as stated below. A proper tree [18] in a connected
circuit is a tree which contains all voltage sources and all capacitors as well
as (possibly) some resistors, but neither current sources nor inductors.

Proposition 5.1. A given connected circuit has neither VC-loops nor IL-
cutsets if and only if it contains a proper tree.

All circuits will be hereafter assumed to be well-posed, meaning that
they have neither V -loops nor I-cutsets; in the opposite case, the circuit
is said to be ill-posed. A well-posed circuit need not have a proper tree,
since it may certainly contain VC-loops (with at least one capacitor) and/or
IL-cutsets (with at least one inductor). An important role will be played
instead by the so-called normal trees introduced below [35, 36, 145].

A normal tree in a connected circuit is a tree which contains all volt-
age sources, no current sources, as many capacitors as possible and as few
inductors as possible; it may also include some resistors. Note that this
concept is well-defined, as shown in [32] (see Theorem 2 there), and that
a well-posed circuit always contains at least one normal tree. In the ab-
sence of VC-loops and IL-cutsets, normal trees amount to the above-defined
proper ones. By contrast, when VC-loops and/or IL-cutsets are present in
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a well-posed circuit, normal trees are not proper. In this case, the number
of capacitors in a normal tree is bc − xc, where xc stands for the number
of excess or link capacitors and equals the number of linearly independent
VC-loops (including in particular C-loops); this linear independence notion
relies on the description of loops as vectors of R

b, as in 5.1.1.5. Analogously,
the number xl of excess or twig inductors in a normal tree equals the num-
ber of linearly independent IL-cutsets (including L-cutsets). Moreover, in
a normal tree the fundamental loop defined by each link capacitor only in-
volves twig capacitors and voltage sources and, similarly, the fundamental
cutset defined by each twig inductor only has link inductors and current
sources; cf. Theorem 3 in [32].

5.1.2.2 Circuit elements: dynamic relations and device characteristics

The different variables appearing in the below-considered circuit devices will
be denoted as follows. The vector (q, vc, ic) ∈ Rbc × Rbc × Rbc will stand
for capacitors charges, voltages and currents; (φ, vl, il) ∈ Rbl × Rbl × Rbl

for inductors fluxes, voltages and currents; (vr, ir) ∈ Rbr ×Rbr for resistors
voltages and currents; (vu, iu) ∈ R

bu × R
bu for the voltages and currents

in voltage source branches; and (vj , ij) ∈ R
bj × R

bj for the voltages and
currents in the branches accommodating current sources.

Capacitors. The electromagnetic relations governing capacitors are de-
fined by the differential equation

q′ = ic (5.10)

relating charges and currents, together with the characteristic

gc(q, vc) = 0. (5.11)

In the latter, gc ∈ C1(Rbc ×Rbc ,Rbc) represents the capacitors’ constitutive
relations.

The fully implicit equation (5.11) defines a general form for time-
invariant capacitors. In particular, it may accommodate coupling effects;
capacitors are said to be uncoupled when, for 1 ≤ k ≤ bc, the k-th relation
in (5.11) has the form gck

(q
k
, vck

) = 0, that is, it involves only the charge
and the voltage in the k-th capacitor.

Equation (5.11) does not comprise any assumption on the existence of
a controlling variable for capacitors. A simplifying assumption which will
be made in the sequel is that capacitors are globally voltage-controlled, i.e.
that (5.11) has the form

q = γc(vc) (5.12)
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for a C1 mapping γc. Defining the incremental capacitance matrix as
C(vc) = γ′c(vc), the relation (5.10) reads

C(vc)v′c = ic, (5.13)

which comprises both the differential and the characteristic equations for
capacitors.

In some cases, voltage- or charge-controlled descriptions of a capacitor
only exist locally. In particular, if the matrix of partial derivatives ∂gc

∂q is
nonsingular at some (q∗, v∗c ) satisfying (5.11), a voltage-controlled descrip-
tion such as (5.12) exists locally around (q∗, v∗c ) by the implicit function
theorem.

When the capacitors are linear and voltage-controlled, (5.12) can be
written as q = Cvc, where C ∈ Rbc×bc is the capacitance matrix. In uncou-
pled linear cases, the capacitance matrix is diagonal.

Inductors. Analogously, inductors are characterized by the differential
relation

φ′ = vl (5.14)

between magnetic fluxes and voltages, together with

gl(φ, il) = 0, (5.15)

where gl ∈ C1(Rbl × R
bl ,Rbl). Coupling effects may be displayed also in

this context.
For the sake of simplicity, unless otherwise stated inductors will be

assumed to be globally current-controlled by a C1 relation of the form

φ = γl(il). (5.16)

The incremental inductance matrix is L(il) = γ′l(il) and, in this setting,
(5.14) reads

L(il)i′l = vl. (5.17)

In some cases, current-controlled descriptions such as (5.16) will only exist
locally. This is the case for instance in the Josephson junction. This device
is composed of two superconductors separated by an oxide barrier [63]; it is
characterized by the differential relation φ′ = v together with a current-flux
characteristic

i = I0 sin kφ.
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Here, I0 > 0 is a device parameter, whereas k = 4πe/h, e and h standing
for the electron charge and Planck’s constant, respectively. The Josephson
junction is an example of a nonlinear inductor.

In the linear case, (5.16) amounts to φ = Lil, L ∈ Rbl×bl denoting the
inductance matrix. In this context, if the inductance matrix is symmetric,
its j-th diagonal entry is called the self-inductance of the j-th inductor,
whereas the (j, k)-th entry (with j �= k) is the mutual inductance of the
j-th and k-th inductors. Certainly, the inductance matrix L is diagonal in
the absence of coupling effects.

Resistors. We will use the term ‘resistor’ in a broad sense which accom-
modates any device characterized by an algebraic (non-differential) relation
between its branch voltage and current. This includes not only linear resis-
tors governed by Ohm’s law but also diodes, for instance, whose i-v char-
acteristic are typically defined by Shockley’s equation i = i0(ev/v0 − 1) for
certain real constants i0, v0. We will assume resistors to be time-invariant.
Coupling effects will be accommodated by letting the set of resistors be
defined by a relation of the form

gr(vr, ir) = 0, (5.18)

with gr ∈ C1(Rbr × Rbr ,Rbr).
An instance of a pair of coupled resistors is given by a gyrator [63],

defined by the linear relation(
i1
i2

)
=
(

0 k

−k 0

)(
v1
v2

)
,

where k ∈ R is called the gyration conductance. Analogously, an ideal
transformer is defined by(

v1
i2

)
=
(

0 n

−n 0

)(
i1
v2

)
,

where n ∈ R is the turns ratio [63]. Controlled sources in which the con-
trolling elements are resistors currents or voltages also fall in this setting.

In most cases, resistors will be assumed to be voltage-controlled through
a C1 mapping γr : Rbr → Rbr ; this means that resistors currents and volt-
ages will be related by

ir = γr(vr). (5.19)

In this case, the incremental conductance matrix reads

G(vr) = γ′r(vr). (5.20)



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

210 Nodal analysis

In the linear setting, the voltage-controlled description (5.19) amounts to
ir = Gvr, where G stands for the conductance matrix.

The current-controlled counterpart is defined by a relation of the form

vr = ρ(ir), (5.21)

with incremental resistance matrix R(ir) = ρ′(ir). In the uncoupled linear
case, the resistance matrix R is a diagonal one, its entries modeling the
individual resistances Rk defined by Ohm’s law vrk

= Rkirk
, k = 1, . . . , br.

Note finally that, when the conductance and resistance matrices are both
well-defined (maybe in an incremental sense) and nonsingular, they are
inverse to each other.

Voltage and current sources. Finally, in independent voltage sources
the branch voltages are driven by a mapping of the form

vu = vs(t) (5.22)

and, analogously, for independent current sources we have

ij = is(t). (5.23)

Both vs : J → Rbu and is : J → Rbj are explicit functions of time defined
on some working interval J ⊆ R, and will correspond to the excitation
terms in the equations. When they are constant we speak of DC sources.

As indicated on page 206, well-posed circuits are those which have nei-
ther V-loops nor I-cutsets. Now it becomes clear that Kirchhoff’s voltage
law applied to a loop of voltage sources would result in a link between a
priori independent time mappings, leading generically to an inconsistency.
Similar considerations apply to I-cutsets; its exclusion can be understood as
a consistency requirement for Kirchhoff’s current law. Actually, as shown
in Proposition 1 of [248], a V-loop or an I-cutset yields a singular matrix
pencil in the Augmented Nodal Analysis models of linear time-invariant
circuits discussed later; the same property may be easily shown to hold for
Node Tableau Analysis and Modified Nodal Analysis.

Although excluded in most later analyses, controlled sources are defined
by mappings of the form vu = gu(v, i) for controlled voltage sources, and
ij = gj(v, i) for controlled current sources. These general expressions allow
all branch variables in the circuit to control a given source, and may even
result in an implicit form if the k-th component of gu or gj actually depends
on the k-th component of vu or ij , respectively. It is often assumed that each
source is controlled by just one type of variable, that is, either by branch
voltages or by branch currents. In this setting, controlled sources can be
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classified into voltage-controlled voltage sources (VCVSs), current-controlled
voltage sources (CCVSs), voltage-controlled current sources (VCCSs) and
current-controlled current sources (CCCSs). When the controlling element
is a resistor or a set of resistors, controlled sources together with their
controlling devices may also be modeled as coupled resistors. See subsection
6.2.6 for additional remarks concerning circuits with controlled sources.

A short circuit, which is a branch with vanishing voltage v = 0, may
be modeled by a DC voltage source with vanishing voltage, whereas an
open circuit, for which i = 0, can be seen as a DC current source with null
current. Note that short and open circuits may be alternatively modeled
by current- and voltage-controlled linear resistors with vanishing resistance
and conductance, respectively.

Reciprocity and passivity. Symmetric capacitance or inductance ma-
trices will be said to describe reciprocal devices [60]. At this point the reader
should however be aware of the fact that the term ‘reciprocal network’ is
usually reserved for linear circuits with uncoupled resistors and capacitors,
symmetrically coupled inductors, and ideal transformers [37, 63].

Positive definite (resp. semidefinite) capacitance, inductance or conduc-
tance matrices yield strictly passive (resp. passive) elements [60]; positive
definiteness (resp. semidefiniteness) of an m × m matrix M means that
uTMu > 0 (resp. ≥ 0) for any u ∈ Rm − {0}. Mind that in this defi-
nition we do not assume M to be symmetric. For nonlinear circuits, the
local counterpart of these passivity notions are naturally defined in terms
of incremental matrices to yield strictly locally passive and locally passive
devices; more precisely, the set of capacitors, inductors or resistors is said
to be strictly locally (resp. locally) passive on a given region Ω if the con-
dition uTM(x)u > 0 (resp. ≥ 0) holds for all u ∈ Rm − {0} and all x ∈ Ω,
M(x) standing for the incremental capacitance, inductance or conductance
matrix, respectively. With terminological abuse, we will often use ‘passive’
to mean ‘strictly locally passive’. Additional remarks on strictly locally
passive devices can be found in subsection 6.2.2.

We will call the set of capacitors, inductors or resistors non-passive when
this positive definiteness assumption does not hold. A circuit is non-passive
if any one of these three groups of devices is non-passive. This term will
be used most of the times in a local sense. Note that ‘active’ is not a
synonym for ‘non-passive’ since an active circuit is usually understood as
one including controlled sources.
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5.2 Formulation of nodal models

The distinct feature of nodal analysis methods is the use of node poten-
tials as some of the model variables. Broadly speaking, branch voltages
will be written in terms of node potentials via the expression v = ATe de-
picted in (5.9) for Kirchhoff’s voltage law. This makes it possible to write
also the current of voltage-controlled devices in terms of node potentials.
The chance to handle automatically the topological information in terms
of the incidence matrix via (5.9) and the equation Ai = 0 (cf. (5.4)) makes
these methods well-suited for simulation purposes; in particular, Modified
Nodal Analysis (MNA) is actually used in many modern circuit simulation
programs, because its compact form allows for efficient numerical compu-
tations. Index analyses for MNA models can be found in [87, 292, 293].

However, the term nodal analysis refers to a broad set of techniques,
including MNA but also those based on Node Tableau Analysis (NTA) and
Augmented Nodal Analysis (ANA), which use different sets of semistate
variables. We present in this Section the differential-algebraic models re-
sulting from all these techniques; their indices will be analyzed in Sections
5.4 and 5.5. Examples can be found at the end of those Sections.

Special attention will be paid to ANA systems. These models have
received less attention than tableau or MNA equations, but certainly have
a theoretical importance. On the one hand, at least in passive settings
these models preserve the tractability index of tableau equations and can be
therefore seen as the result of eliminating somehow “superfluous” variables
from NTA, actually via a Schur reduction. On the other hand, keeping
capacitor voltages and currents as model variables (in contrast to MNA)
makes it possible to link these models with state formulations in terms
of capacitor voltages and inductor currents; for instance, the state space
model of [164] can be seen as a reduction of ANA systems, as shown in
[253]. Note also that the semiexplicit form of ANA makes these models
easier to handle than MNA-based ones.

For brevity, we will restrict the attention to problems with current-
controlled inductors and voltage-controlled resistors and capacitors, yield-
ing conventional models. So-called charge-oriented and hybrid models,
which use also capacitor charges and inductor fluxes as semistate variables,
display several similarities with conventional systems [113, 114, 253, 292].
To simplify later analyses the sources will be assumed to be independent,
although many results can be extended to a broad class of circuits with con-
trolled sources, as it is done in subsection 6.2.6 for branch-oriented methods.
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5.2.1 Node Tableau Analysis

The node tableau approach to circuit analysis can be traced back to [117].
See also [63, 66, 112–114, 253]. It is characterized by the use of node
potentials and all branch voltages and currents as model variables; as in-
dicated in [117], basic to this approach “is the concept of a tableau which
includes all network information in a nonreduced form.” Later-considered
models such as those arising in MNA and ANA can be seen as reductions of
the Node Tableau Analysis (NTA) equations. This approach usually yields
very large, sparse systems.

Under the voltage-control assumption on capacitors and resistors stated
in (5.12) and (5.19), and the current-control one (5.16) for inductors, the
relations introduced in subsection 5.1.2 yield the NTA model

d

dt
γc(vc) = ic (5.24a)

d

dt
γl(il) = vl (5.24b)

0 = ir − γr(vr) (5.24c)

0 = vu − vs(t) (5.24d)

0 = ij − is(t) (5.24e)

0 = Ai (5.24f)

0 = v −ATe. (5.24g)

Using the incremental capacitance and inductance matrices, and expanding
i = (ir, il, ic, iu, ij), v = (vr , vl, vc, vu, vj) in (5.24f) and (5.24g), the
node tableau equations (5.24) read

C(vc)v′c = ic (5.25a)

L(il)i′l = vl (5.25b)

0 = ir − γr(vr) (5.25c)

0 = vu − vs(t) (5.25d)

0 = ij − is(t) (5.25e)

0 = Arir +Alil +Acic +Auiu +Ajij (5.25f)

0 = vr −AT
r e (5.25g)

0 = vl −AT
l e (5.25h)

0 = vc −AT
c e (5.25i)

0 = vu −AT
ue (5.25j)

0 = vj −AT
j e, (5.25k)



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

214 Nodal analysis

which can be trivially rewritten as a semiexplicit DAE if C(vc) and L(il)
in (5.25a) and (5.25b) are nonsingular.

5.2.2 Augmented Nodal Analysis

Several variables can be eliminated from the tableau equations (5.24) or
(5.25) without substantially affecting the structure of the model. Via the
substitutions detailed below, (5.24) can be rewritten as

d

dt
γc(vc) = ic (5.26a)

d

dt
γl(il) = AT

l e (5.26b)

0 = Arγr(AT
r e) +Alil +Acic +Auiu +Ajis(t) (5.26c)

0 = vc −AT
c e (5.26d)

0 = vs(t) −AT
ue (5.26e)

or, in terms of the incremental reactive matrices, as

C(vc)v′c = ic (5.27a)

L(il)i′l = AT
l e (5.27b)

0 = Arγr(AT
r e) +Alil +Acic +Auiu +Ajis(t) (5.27c)

0 = vc −AT
c e (5.27d)

0 = vs(t) −AT
ue. (5.27e)

In the NTA system (5.25), resistive currents and voltages have been elim-
inated using (5.25c) and (5.25g). Inductive voltages are substituted by
means of (5.25h), whereas voltage and current variables in the correspond-
ing sources have been eliminated using (5.25d) and (5.25e). Finally, (5.25k)
can be considered as an output equation giving the voltages in current
source branches and may therefore be removed from the model. System
(5.26), or equivalently (5.27), defines the Augmented Nodal Analysis (ANA)
model; see [84, 164, 248, 253].

Again, if the matrices C(vc) and L(il) in (5.27a) and (5.27b) are non-
singular, this system can be rewritten in semiexplicit form; in this case, the
transition from the tableau equations (5.25) to the ANA model (5.27) can
be seen as a Schur reduction of semiexplicit DAEs.
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5.2.3 Modified Nodal Analysis

The currents and voltages in capacitive branches can be removed from
(5.26) using (5.26a) and (5.26d). This yields the Modified Nodal Analysis
(MNA) model

Ac
d

dt
γc(AT

c e) = −Arγr(AT
r e) −Alil −Auiu −Ajis(t) (5.28a)

d

dt
γl(il) = AT

l e (5.28b)

0 = vs(t) − AT
ue. (5.28c)

The seminal reference for this approach is the paper [135]. This method has
attracted much attention in the differential-algebraic context; see specifi-
cally [85, 87, 112–114, 194, 292, 293]. System (5.28) can also be written,
in terms of the incremental capacitance and inductance matrices, as

AcC(AT
c e)A

T
c e

′ = −Arγr(AT
r e) −Alil −Auiu −Ajis(t) (5.29a)

L(il)i′l = AT
l e (5.29b)

0 = vs(t) −AT
ue. (5.29c)

The coefficient in front of e′ in (5.29a) is called the nodal capacitance
matrix. This matrix will be typically singular; indeed, from Lemma 5.5 (p.
199) it follows that the existence of at least one capacitive tree would be
necessary for it to be nonsingular (cf. in this regard also subsections 5.4.2
and 5.5.2). This precludes a semiexplicit form for MNA systems which, on
the other hand, usually display a more compact form than ANA models
due to the absence of capacitive branch variables.

Remark 5.1. A key aspect in later analyses will be defined by the re-
quirement that the nodal capacitance matrix verifies rkAcCA

T
c = rkAc

pointwise or, equivalently, that kerAcCA
T
c = kerAT

c . This condition will
be satisfied in the two settings considered in Sections 5.4 and 5.5. Indeed,
for the coupled problems with positive definite C analyzed in Section 5.4,
premultiplying the relation AcCA

T
cw = 0 by wT we obtain wTAcCA

T
cw = 0

and, from the definiteness of C, it follows that AT
cw = 0, so that indeed

kerAcCA
T
c = kerAT

c . In the uncoupled, non-passive problems considered
in Section 5.5, this identity will be characterized by the condition (5.85) in
Lemma 5.14 (see p. 245).
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5.3 Index analysis: Fundamentals

Projector methods based on the tractability index have been proved in the
last decade to be a valuable tool for the analysis of differential-algebraic
models of electrical circuits [85, 87, 190, 198, 292, 293]. We present in
this Section the index notion which will be used in later analyses, restricting
the attention to the structural forms displayed by nodal equations. More
details can be found in [190, 193, 293] and, specially, in the forthcoming
title [157].

5.3.1 Structural form of nodal models

The nodal models (5.24), (5.26) and (5.28) discussed above have the form
E(d(x))′ = f(x) + q(t), (5.30)

which is a quasilinear (time-invariant) analog of the properly stated linear
DAE (2.3) considered in Chapter 2. In (5.30), E ∈ Rm×r is a constant
matrix, whereas d ∈ C1(W0,R

r), f ∈ C1(W0,R
m) and q ∈ C(J ,Rm); W0

is open in Rm and J ⊆ R is an open interval. The semistate space W0, as
well as its dimension m, will be different for each analysis method, whereas
the dimension r of the space where the map d(x) takes values will equal
the number of reactances in all schemes, that is, r = bc + bl in all cases.

Tableau Analysis

For the NTA system (5.24) the semistate dimension is m = 2b+n−1, since
the semistate vector is defined by x = (v, i, e) ∈ R2b+n−1; recall that b and
n stand for the number of circuit branches and nodes, respectively. The
leading term E(d(x))′ of these tableau equations is given by

E =


 Ic 0

0 Il
0 0


, d(x) =

(
γc(vc)
γl(il)

)
, (5.31)

Ic and Il denoting the identity matrices of sizes bc and bl, whereas

f(x) =




ic
vl

ir − γr(vr)
vu

ij
−Ai

v −ATe



, q(t) =




0
0
0

−vs(t)
−is(t)

0
0



. (5.32)
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Mind that we have inserted a “−” sign in the sixth entry of f(x) for later
convenience.

Augmented Nodal Analysis

The ANA equations (5.26) have the same structure as the NTA model.
Indeed, E and d(x) have the form depicted in (5.31), the only difference
relying on the smaller size of the vanishing blocks in the last rows of E.
The semistate vector is x = (vc, ic, e, il, iu), with semistate dimension
m = 2bc + bl + bu + n− 1, and

f(x) =




ic
AT

l e

−Arγr(AT
r e) −Alil −Acic −Auiu
vc −AT

c e

−AT
ue


, q(t) =




0
0

−Ajis(t)
0

vs(t)


, (5.33)

the “−” sign in the third entry of f and q being also aimed at later conve-
nience.

Modified Nodal Analysis

Finally, for the MNA system (5.28) the semistate dimension is given by
m = bl +bu +n−1. The semistate vector now reads x = (e, il, iu), whereas

E =


Ac 0

0 Il
0 0


, d(x) =

(
γc(AT

c e)
γl(il)

)
, (5.34)

and

f(x) =


−Arγr(AT

r e) −Alil −Auiu
AT

l e

−AT
ue


, q(t) =


−Ajis(t)

0
vs(t)


. (5.35)

Leading terms

From the C1 assumption on d(x), which holds for all nodal models because
of the C1 requirement on γc and γl in (5.12) and (5.16), respectively, and
denoting by D the Jacobian matrix dx, if we restrict the attention to C1

solutions we can write (d(x))′ = D(x)x′, equation (5.30) taking the form

A(x)x′ = f(x) + q(t), (5.36)



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

218 Nodal analysis

with A(x) = ED(x). The leading matrix A(x) in (5.36) should not be
confused with the incidence matrix A. Equation (5.36) accommodates the
forms (5.25) and (5.27) for NTA and ANA, for which

D(x) =
(
C(vc) 0 0

0 L(il) 0

)
, A(x) =


C(vc) 0 0

0 L(il) 0
0 0 0


 (5.37)

with different sizes in the last null blocks of the tableau and augmented
models. Assuming that the incremental capacitance and inductance ma-
trices C(vc), L(il) are nonsingular, we have imD(x) = Rr and, together
with the fact that the matrix E defined in (5.31) verifies kerE = {0}, this
yields the identity kerE⊕ imD(x) = Rr and makes the leading term of the
DAE properly stated in the sense specified in [190, 293]. Note also that the
nonsingularity of C(vc), L(il) makes kerA(x) constant.

The form (5.36) also accounts for the MNA system (5.29), with

D(x) =
(
C(AT

c e)AT
c 0 0

0 L(il) 0

)
, A(x) =


AcC(AT

c e)AT
c 0 0

0 L(il) 0
0 0 0


. (5.38)

In this case, the property kerE⊕ imD(x) = Rr (the matrix E being defined
in (5.34)) will rely on the identity rkAc = rkAcC(AT

c e)A
T
c holding in the

problems considered in this Chapter (cf. Remark 5.1, p. 215). Indeed, from
the relation rkAc = rkAcC(AT

c e)AT
c we derive kerAc ∩ imC(AT

c e)AT
c = {0}

and rkC(AT
c e)AT

c = rkAc, so that Rbc = kerAc ⊕ imC(AT
c e)AT

c . Together
with the nonsingularity of L(il), this yields kerE ⊕ imD(x) = Rr. Note
that also in this setting kerA(x) = kerAT

c × {0} × Rbu is constant.

5.3.2 On the tractability index of quasilinear DAEs

A detailed discussion concerning the tractability index for properly stated
nonlinear DAEs, together with solvability results supported on it, can be
found in [157]. We just compile here, from [190, 293], the notions of a
tractability index zero, one and two quasilinear DAE, aimed at the analysis
of nodal circuit models. For the sake of simplicity we restrict the attention
to C1 solutions and therefore direct the index notions below to the DAE
(5.36), which accounts for the nodal models (5.25), (5.27) and (5.29), as
explained in subsection 5.3.1. In (5.36), we assume that A ∈ C(W0,R

m×m),
f ∈ C1(W0,R

m) and q ∈ C(J ,Rm), W0 being an open subset of Rm and
J ⊆ R an open interval.
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As a cautionary remark, it is worth indicating that the matrices A1(x)
and A2(x) in (5.39) and (5.40) below will extend the construction carried
out for linear constant coefficient problems in Chapter 2 (see specifically
(2.21) on page 34), under the requirement that A(x) and A1(x) have con-
stant kernel and constant rank, respectively. Note however that the notion
of an index ν DAE introduced in [157, 190, 293] is a more general one, not
restricted to problems with ν ≤ 2, and that the general tractability index
definition is more involved; in other words, the reader should not try to
parallelize the linear constant coefficient case, as we will do here, in the
definition of index ν ≥ 3 quasilinear problems, since the simplifications al-
lowing one to use the expressions (5.39) and (5.40) are only valid for ν ≤ 2;
find details in this regard in [190, 293].

The DAE (5.36) will be said to have tractability index zero on W0 if
A(x) is nonsingular for all x ∈ W0. Even though index zero problems can
be displayed in MNA models (cf. item (1) in Theorems 5.2 and 5.4), they
are somehow exceptional in nodal analysis. Therefore, assume in the sequel
that A(x) is everywhere singular.

As shown in subsection 5.3.1, in the circuit models here considered the
kernel of the leading matrix A(x) is constant. In this situation we may
write B(x) = −f ′(x) (cf. [190, 293]) and, letting Q0 be a constant projector
onto kerA(x), state the tractability index one condition for (5.36) as the
nonsingularity of

A1(x) = A(x) +B(x)Q0 (5.39)

on the open set W0.
Let us now focus on cases displaying a singular matrix A1(x). Suppose

that A1(x) has constant rank on W0 and, furthermore, that there exists
a continuous projector Q1(x) onto kerA1(x) defined on the whole of W0.
Letting B1(x) = B(x)P0, with P0 = I − Q0, the tractability index two
notion on W0 can be formulated as the nonsingularity of the matrix

A2(x) = A1(x) +B1(x)Q1(x) (5.40)

for all x ∈W0; see specifically Remark A.18 in [293].

5.4 Index analysis: Passive circuits

The above-introduced notions make it possible to characterize the index
of the DAEs (5.25), (5.27) and (5.29), modeling nodal analysis methods.
Following the seminal ideas of [292], the goal is to analyze the index in
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topological terms (cf. 5.1.2.1) or, more precisely, in terms of the existence
or absence of certain types of loops and cutsets.

A key aspect in this regard is to figure out conditions on the incremental
conductance, capacitance and inductance matrices which allow for such a
topological characterization. As detailed in this Section, strict local passiv-
ity assumptions on these devices (that is, positive definiteness assumptions
on the corresponding incremental matrices) support a topological index
characterization in all cases. Depending on the model, these passivity re-
quirements can be partially relaxed; for instance, the index one topological
characterization of NTA and ANA stated in Theorem 5.1 only requires
nonsingular reactances, whereas the corresponding index one statement for
MNA in Theorem 5.2 is based on the use of positive definite capacitance.
The positive definiteness requirements will be relaxed further in Section
5.5. Full coupling within all these devices is allowed in this Section.

5.4.1 Tableau equations and Augmented Nodal Analysis

Recall that a circuit is well-posed if it does not include V-loops nor I-
cutsets. To simplify notation, C and L stand below for the incremental
matrices C(vc) and L(il), whereas G stands for γ′r(vr) and γ′r(AT

r e) in the
Node Tableau Analysis and Augmented Nodal Analysis models (5.25) and
(5.27), respectively; note that vr is one of the variables eliminated from
NTA, via vr = AT

r e, in the Schur reduction which leads to ANA.
The nonsingularity and definiteness conditions on the incremental ma-

trices are assumed to hold pointwise. From a mathematical point of view
positive definiteness assumptions, describing strictly locally passive devices,
might be replaced everywhere by negative definiteness ones, although this
has no practical meaning in circuit theory.

Theorem 5.1. Consider a well-posed, connected circuit with nonsingular
capacitance and inductance matrices C, L, and positive definite conduc-
tance matrix G.

(1) The Node Tableau Analysis (NTA) equations (5.25) and the Augmented
Nodal Analysis (ANA) system (5.27) have tractability index one if and
only if the circuit has neither VC-loops nor IL-cutsets.

(2) Assuming additionally that the matrices C and L are positive definite,
the existence of VC-loops and/or IL-cutsets makes the above-mentioned
DAEs (5.25) and (5.27) index two.
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Proof. Let us fist prove both assertions for the Augmented Nodal Anal-
ysis model (5.27). Ordering the semistate variables as vc, il, e, ic, iu, from
subsection 5.3.1 we have

A =



C 0 0 0 0
0 L 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


 , B =




0 0 0 −I 0
0 0 −AT

l 0 0
0 Al ArGA

T
r Ac Au

−I 0 AT
c 0 0

0 0 AT
u 0 0


 .

Note that B stands for the derivative −f ′, the mapping f(x) being defined
in (5.33). From the nonsingularity of C and L, we can take

Q0 =




0 0 0 0 0
0 0 0 0 0
0 0 I 0 0
0 0 0 I 0
0 0 0 0 I


 , (5.41)

which yields for the matrix A1 introduced in (5.39) the expression

A1 = A+BQ0 =



C 0 0 −I 0
0 L −AT

l 0 0
0 0 ArGA

T
r Ac Au

0 0 AT
c 0 0

0 0 AT
u 0 0


 . (5.42)

Since C and L are nonsingular, the matrix A1 in (5.42) is nonsingular if
and only if so it is

J1 =


ArGA

T
r Ac Au

AT
c 0 0

AT
u 0 0


 . (5.43)

This nonsingularity condition holds if and only if the homogeneous linear
system

ArGA
T
rw +Acy +Auz = 0 (5.44a)

AT
cw = 0 (5.44b)

AT
uw = 0 (5.44c)

only has the zero solution. Premultiply (5.44a) by wT and use (5.44b) and
(5.44c) to derive wTArGA

T
rw = 0 which, because of the positive definiteness

on G, implies

AT
rw = 0. (5.45)
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This reduces (5.44a) to

Acy +Auz = 0. (5.46)

The existence of a non-vanishing solution holds simultaneously for (5.44)
and for (5.44b), (5.44c), (5.45), (5.46) altogether. Following Lemmas 5.3
and 5.4, the index one condition in the ANA model (5.27) is then equivalent
to the absence of VC-loops and IL-cutsets in the circuit; indeed, a non-
vanishing vector (y, z) satisfying (5.46) indicates the existence of a VC-loop,
whereas a non-trivial solution w of (5.44b), (5.44c) and (5.45) expresses the
existence of an IL-cutset. This completes the proof of item (1) for the ANA
model (5.27).

Assume now that there exists at least one VC-loop or IL-cutset. From
the positive definiteness of G, proceeding as above it is easy to check that
kerA1 is defined by the vectors (p, q, w, y, z) which satisfy

p = C−1y (5.47a)

q = L−1AT
l w (5.47b)

w ∈ ker (Ar Ac Au)T (5.47c)

(y, z) ∈ ker (Ac Au). (5.47d)

The expressions depicted in (5.47) imply that the dimension of kerA1 is
constant, so that A1 has constant rank in the whole semistate space.

We show below that, under the assumed positive definiteness on C and L
in item (2) and the exclusion of V-loops and I-cutsets in well-posed circuits,
the ANA system (5.27) is actually index two. To achieve this we need to
prove that there exists a globally defined, continuous projector Q1 onto
kerA1 making the matrix A2 = A1 +B1Q1 in (5.40) nonsingular, with

B1 = BP0 =




0 0 0 0 0
0 0 0 0 0
0 Al 0 0 0

−I 0 0 0 0
0 0 0 0 0




provided that P0 = I −Q0.
Let Q̄ be a projector onto ker (Ar Ac Au)T, and Q̂ a projector onto

ker (Ac Au). Splitting the latter as

Q̂ =

(
Q̂11 Q̂12

Q̂21 Q̂22

)
, (5.48)
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a globally defined projector onto kerA1 is

Q1 =




0 0 0 C−1Q̂11 C
−1Q̂12

0 0 L−1AT
l Q̄ 0 0

0 0 Q̄ 0 0
0 0 0 Q̂11 Q̂12

0 0 0 Q̂21 Q̂22


 . (5.49)

Some elementary computations lead to

A2 = A1 +B1Q1 =



C 0 0 −I 0
0 L −AT

l 0 0
0 0 ArGA

T
r +AlL

−1AT
l Q̄ Ac Au

0 0 AT
c −C−1Q̂11 −C−1Q̂12

0 0 AT
u 0 0




and, since C and L are nonsingular, the invertibility of A2 relies on that of
the matrix

J2 =


ArGA

T
r +AlL

−1AT
l Q̄ Ac Au

AT
c −C−1Q̂11 −C−1Q̂12

AT
u 0 0


 . (5.50)

In order to prove the nonsingularity of J2 we only need to show that the
unique solution to

ArGA
T
rw +AlL

−1AT
l Q̄w +Acy +Auz = 0 (5.51a)

AT
cw − C−1Q̂11y − C−1Q̂12z = 0 (5.51b)

AT
uw = 0 (5.51c)

is the trivial one. Since Q̂ is a projector onto ker (Ac Au), we have AcQ̂11 =
−AuQ̂21 and AcQ̂12 = −AuQ̂22. Using these identities and (5.51c), the
premultiplication of (5.51b) by wTAcC leads to wTAcCA

T
cw = 0 which, by

the positive definiteness of C, yields

AT
cw = 0, (5.52)

and transforms (5.51b) into

Q̂11y + Q̂12z = 0. (5.53)

On the other hand, Q̄ being a projector onto ker (Ar Ac Au)T implies
that Q̄TAr = Q̄TAc = Q̄TAu = 0. Multiplying (5.51a) by wTQ̄T then yields
wTQ̄TAlL

−1AT
l Q̄w = 0, and this in turn leads to

AT
l Q̄w = 0 (5.54)
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in virtue of the positive definiteness of L, which implies that of L−1. There-
fore, (5.51a) reads

ArGA
T
rw +Acy +Auz = 0. (5.55)

Together with (5.51c) and (5.52), the premultiplication of (5.55) by wT

yields wTArGA
T
rw = 0, and then

AT
rw = 0, (5.56)

because of the positive definiteness of G. Equation (5.55) can be then
simplified to

Acy +Auz = 0, (5.57)
showing that (y, z) ∈ ker (Ac Au). This means that y = Q̂11y + Q̂12z and,
according to (5.53), y = 0. Additionally, (5.57) can be simplified to Auz = 0
and, due to the absence of V -loops in well-posed circuits, Lemma 5.3 implies
that z = 0.

Finally, (5.51c), (5.52) and (5.56) show that w ∈ ker (Ar Ac Au)T, which
implies Q̄w = w. This transforms (5.54) into

AT
l w = 0. (5.58)

Equations (5.51c), (5.52), (5.56) and (5.58), together with the assumed
exclusion of I-cutsets and Lemma 5.4, yield w = 0. Together with y = 0,
z = 0, this shows that indeed (5.51) only has the trivial solution, meaning
that A2 is nonsingular and, therefore, that the ANA system (5.27) has
tractability index two under the assumptions stated in item (2).

The statements for the tableau equations (5.25) are proved in a similar
manner, and hence several details can be omitted. Ordering now the semis-
tate variables as vc, il, e, ic, iu, vl, vj , ir, vu, ij, vr, and taking the constant
projector Q0 as in (5.41) with the obvious modifications in the dimensions,
the matrix A1 = A+BQ0 (cf. (5.39)) can be checked to read

A1 =




C 0 0 −I 0 0 0 0 0 0 0
0 L 0 0 0 −I 0 0 0 0 0
0 0 0 0 0 0 0 −I 0 0 G

0 0 0 0 0 0 0 0 −I 0 0
0 0 0 0 0 0 0 0 0 −I 0
0 0 0 Ac Au 0 0 Ar 0 Aj 0
0 0 AT

r 0 0 0 0 0 0 0 −I
0 0 AT

l 0 0 −I 0 0 0 0 0
0 0 AT

c 0 0 0 0 0 0 0 0
0 0 AT

u 0 0 0 0 0 −I 0 0
0 0 AT

j 0 0 0 −I 0 0 0 0




, (5.59)
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where G now stands for γ′r(vr). Mind that B = −f ′ comes from the map
f(x) defined in (5.32). Since G is positive definite, proceeding as above the
nonsingularity of A1 can be proved equivalent to the absence of VC-loops
and IL-cutsets. The index one claim in item (1) for NTA follows.

Assuming now that there is at least one VC-loop or IL-cutset, the matrix
A1 in (5.59) can be checked to have constant rank and to admit

Q1 =




0 0 0 C−1Q̂11 C
−1Q̂12 0 0 0 0 0 0

0 0 L−1AT
l Q̄ 0 0 0 0 0 0 0 0

0 0 Q̄ 0 0 0 0 0 0 0 0
0 0 0 Q̂11 Q̂12 0 0 0 0 0 0
0 0 0 Q̂21 Q̂22 0 0 0 0 0 0
0 0 AT

l Q̄ 0 0 0 0 0 0 0 0
0 0 AT

j Q̄ 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0




as a globally defined projector onto kerA1; as above, Q̄ and Q̂ are projectors
onto ker (Ar Ac Au)T and ker (Ac Au), respectively. The matrix A2 reads

A2 =




C 0 0 −I 0 0 0 0 0 0 0
0 L 0 0 0 −I 0 0 0 0 0
0 0 0 0 0 0 0 −I 0 0 G

0 0 0 0 0 0 0 0 −I 0 0
0 0 0 0 0 0 0 0 0 −I 0
0 0 AlL

−1AT
l Q̄ Ac Au 0 0 Ar 0 Aj 0

0 0 AT
r 0 0 0 0 0 0 0 −I

0 0 AT
l 0 0 −I 0 0 0 0 0

0 0 AT
c −C−1Q̂11 −C−1Q̂12 0 0 0 0 0 0

0 0 AT
u 0 0 0 0 0 −I 0 0

0 0 AT
j 0 0 0 −I 0 0 0 0




.

The nonsingularity of this matrix is easily seen equivalent, via a Schur
reduction, to that of


C 0 0 −I 0
0 L −AT

l 0 0
0 0 AlL

−1AT
l Q̄+ArGA

T
r Ac Au

0 0 AT
c −C−1Q̂11 −C−1Q̂12

0 0 AT
u 0 0


 ,
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which has been proved above to be nonsingular under positive definiteness
assumptions on G, C and L. This completes the proof of the index two
assertion in item (2) for the node tableau system (5.25). �

Remark 5.2. Some readers might try to derive the tractability index char-
acterization above for NTA from that of ANA, which is a Schur reduction
of the tableau equations, somehow parallelizing the result stated in Propo-
sition 3.7 (p. 128) for reduction methods. However, for nonlinear problems
this is not possible in the tractability index framework, for the reasons
indicated below.

In the terms of Proposition 3.7, the results can be transferred from the
Schur reduction to the original DAE only on the manifold g2 = 0. This is
acceptable in the context of reduction methods for semiexplicit DAEs be-
cause, roughly, the geometric index is only defined at points which satisfy
the constraints. In contrast, the tractability index is based on continuous
projectors which are assumed to be defined on the whole semistate space.
Note, incidentally, that Theorem 5.1 is stated globally. Broadly speaking,
the verification of certain working assumptions on the semistate space of
ANA does not imply that they hold in the (higher dimensional) semistate
space of NTA. This idea obstructs the extension of Proposition 3.7 to the
tractability index framework in nonlinear cases. Not even locally is it pos-
sibly to guarantee that certain constant (not maximal) rank assumptions
holding on g2 = 0 are satisfied around this manifold.

Remark 5.3. Following Proposition 5.1 (p. 206), the absence of VC-loops
and IL-cutsets in the index one statement within item (1) of Theorem 5.1
can be equivalently expressed as the existence of at least one proper tree
in the circuit. Proper trees will actually play a key role in the analysis of
ANA in the non-passive framework of Section 5.5; see specifically Theorem
5.3 on page 238 which, for circuits without resistive coupling, can be seen
as a generalization of item (1) in Theorem 5.1 above for ANA models.

Example 1

The circuit depicted in Figure 5.1 was introduced in Bashkow’s seminal
paper on tree methods for the state formulation problem [18]. We will use
this circuit, as well as certain modifications of it, as a running example to
illustrate the ideas discussed in this Chapter. This circuit can be modified
without difficulties in order to illustrate different aspects while, at the same
time, being simple enough as to allow for an easily readable discussion.
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As in [18], we assume that resistors, capacitors and inductors are linear,
although the results hold locally for nonlinear problems if the resistance,
capacitance and inductance are understood in an incremental sense. For the
sake of simplicity we restrict the discussion to uncoupled problems. We also
assume that the positive definiteness and nonsingularity hypotheses on the
devices arising in Theorem 5.1 are met; in this uncoupled setting, they will
amount to positiveness and non-vanishing requirements on the individual
resistances, capacitances and inductances. The analysis will show how to
relax these hypotheses, introducing some ideas which will be addressed in
general in Section 5.5.

I0 C1

L1

CC3

C2

L2R

R

R3

5

4

Ref

2 4

3 5

1

Fig. 5.1 Example 1: Bashkow’s circuit.

Circuit nodes apart from the reference one are numbered in Figure 5.1,
and every branch is given a reference direction indicated by an arrow. Or-
dering the branches according to the sequence C1, C2, C3, L1, L2, R3, R4,
R5, I0, the reduced incidence matrix reads

A =




−1 0 0 1 0 0 0 0 −1
0 1 0 −1 0 1 0 0 0
0 −1 1 0 1 0 −1 0 0
0 0 −1 0 0 −1 0 1 0
0 0 0 0 −1 0 0 −1 0


 . (5.60)

Since the circuit has no voltage sources, A can be split into the submatrices

Ac =




−1 0 0
0 1 0
0 −1 1
0 0 −1
0 0 0


, Al =




1 0
−1 0

0 1
0 0
0 −1


, Ar =




0 0 0
1 0 0
0 −1 0

−1 0 1
0 0 −1


, Aj =




−1
0
0
0
0


 .

(5.61)
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Assume that all conductances Gi = 1/Ri are positive. The Augmented
Nodal Analysis model (5.27) for the circuit in Figure 5.1 is defined by

C1v
′
c1

= ic1 (5.62a)

C2v
′
c2

= ic2 (5.62b)

C3v
′
c3

= ic3 (5.62c)

L1i
′
l1 = e1 − e2 (5.62d)

L2i
′
l2 = e3 − e5 (5.62e)

0 = il1 − ic1 − i0(t) (5.62f)

0 = G3(e2 − e4) − il1 + ic2 (5.62g)

0 = G4e3 + il2 − ic2 + ic3 (5.62h)

0 = −G3(e2 − e4) +G5(e4 − e5) − ic3 (5.62i)

0 = −G5(e4 − e5) − il2 (5.62j)

0 = vc1 + e1 (5.62k)

0 = vc2 − e2 + e3 (5.62l)

0 = vc3 − e3 + e4, (5.62m)

where i0(t) is the current injected by the current source. The matrix J1 in
(5.43), which characterizes index one configurations in ANA models, reads
for this problem

J1 =




0 0 0 0 0 −1 0 0
0 G3 0 −G3 0 0 1 0
0 0 G4 0 0 0 −1 1
0 −G3 0 G3 +G5 −G5 0 0 −1
0 0 0 −G5 G5 0 0 0

−1 0 0 0 0 0 0 0
0 1 −1 0 0 0 0 0
0 0 1 −1 0 0 0 0



,

and its determinant can be shown to be given by

detJ1 = −G4G5. (5.63)

The strict passivity conditions G3 > 0, G4 > 0, and G5 > 0 obviously
make the determinant in (5.63) non-null, so that the ANA model (5.62) is
index one provided that capacitances and inductances do not vanish. This
is consistent with Theorem 5.1, since the circuit displays neither VC-loops
nor IL-cutsets. By Theorem 5.1, the tableau equations for this circuit would
also yield an index one DAE. The same index one property may be shown



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

5.4. Index analysis: Passive circuits 229

to hold if we assume arbitrary coupling among resistors, as long as the
conductance matrix is positive definite.

Note, however, that in the light of (5.63) the mere non-vanishing of G4

and G5 would define a more accurate index one requirement for this circuit;
that is, it is not necessary that G4 and G5 are actually positive, and the
value of G3 does not play a role in the index one characterization. These
facts will be explained using tree-based techniques in Section 5.5.

Example 2: VC-loops

Insert a voltage source in parallel to the resistor R3 in Figure 5.1, to obtain
the circuit shown in Figure 5.2. Together with the capacitors C2 and C3,
the voltage source defines a VC-loop which, according to Theorem 5.1,
should raise the tractability index of the ANA model of this circuit to two,
under the assumption that all conductances, capacitances and inductances
are positive. We show below that this is indeed the case, illustrating the
form of the different projectors and matrices arising in the proof of the
index two case in Theorem 5.1.

I0 C1

L1

C2

L2

V0

R

R

R3

5

4

Ref

4

3 5

2

+

C3C

1

Fig. 5.2 A VC-loop resulting from the insertion of a voltage source.

Note that the modified circuit has the same nodes as the one in Example
1 (Figure 5.1), with an additional branch for which

Au =




0
1
0

−1
0


 .
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The ANA model is obtained by replacing (5.62g) and (5.62i) by

0 = G3(e2 − e4) − il1 + ic2 + iu

0 = −G3(e2 − e4) +G5(e4 − e5) − ic3 − iu,

respectively, and adding an equation for the source of the form

0 = v0(t) − e2 + e4.

The reader can easily check that the VC-loop avoids the matrix (Ac Au)
from having full column rank. This makes the J1 matrix in (5.43) singular,
so that the problem is not index one. Following the proof of item (2) in
Theorem 5.1, the projector Q̂ onto ker (Ac Au) can be taken as

Q̂ =




0 0 0 0
0 0 0 −1
0 0 0 −1
0 0 0 1


 , with Q̂12 =


 0

−1
−1


 .

Mind that the block Q̂11 in (5.48) vanishes.
On the other hand, the matrix (Ar Ac Au)T is easily seen to have

full column rank, consistently with the absence of IL-cutsets, so that the
projector Q vanishes. This yields the expression

J2 =




0 0 0 0 0 −1 0 0 0
0 G3 0 −G3 0 0 1 0 1
0 0 G4 0 0 0 −1 1 0
0 −G3 0 G3 +G5 −G5 0 0 −1 −1
0 0 0 −G5 G5 0 0 0 0

−1 0 0 0 0 0 0 0 0
0 1 −1 0 0 0 0 0 C−1

2

0 0 1 −1 0 0 0 0 C−1
3

0 1 0 −1 0 0 0 0 0




(5.64)

for the matrix depicted in (5.50), which characterizes index two configura-
tions in ANA models. The determinant of J2 in (5.64) reads

detJ2 = G4G5

(
1
C2

+
1
C3

)
,

which is indeed non-null in the light of the positiveness of the conductances
and capacitances, thus making the ANA model of this circuit index two.
Again, the same assertion would hold true for arbitrary coupling among
resistors, capacitors and inductors, as long as the corresponding matrices
are positive definite, and also for the tableau model (5.25).
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Example 3: IL-cutsets

The circuit displayed in Figure 5.3 is obtained from the one in Figure 5.1
by replacing the capacitor C1 by the inductor labeled as L3. This generates
an IL-cutset defined by the current source I0 together with the inductors
L1 and the newly introduced L3.

I0

L1

CC3

C2

L2

L3

R

R

R3

5

4

Ref

2 4

3 5

1

Fig. 5.3 An IL-cutset resulting from the replacement of C1 by the inductor L3.

Now the projector Q̂ vanishes since (Ac Au) = Ac can be checked to
have full column rank. In contrast, (Ar Ac Au)T has a non-trivial kernel
due to the presence of an IL-cutset, which makes J1 in (5.43) a singular
matrix. A projector onto this kernel is

Q =




1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


 ,

yielding for the J2 matrix in (5.50) the expression

J2 =




L−1
1 + L−1

3 0 0 0 0 0 0
−L−1

1 G3 0 −G3 0 1 0
0 0 G4 0 0 −1 1
0 −G3 0 G3 +G5 −G5 0 −1
0 0 0 −G5 G5 0 0
0 1 −1 0 0 0 0
0 0 1 −1 0 0 0



. (5.65)

The determinant of J2 in (5.65) now reads

detJ2 = G4G5

(
1
L1

+
1
L3

)
,
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which again does not vanish due to the positiveness of the conductances
and inductances. This means that the tractability index of the ANA model
for this circuit is two. As in Example 2 above, the same would be true in
the presence of coupling, and the NTA model (5.25) can also be checked to
be index two for this circuit.

5.4.2 Modified Nodal Analysis

The ideas leading to the index characterization of NTA and ANA in The-
orem 5.1 are based on the ones originally introduced in [292] for Modi-
fied Nodal Analysis (MNA). We compile in Theorem 5.2 below a slightly
improved form of the topological characterizations of index one and two
configurations in MNA discussed in [292], accommodating also the index
zero analysis of [293]. The improvement concerns the relaxation of some
passivity requirements, since the original statements in [292, 293] assume
the positive definiteness of the incremental conductance, capacitance and
inductance matrices G, C, L. The proof of these results in the above-
mentioned references [292, 293] apply identically in this slightly broader
setting. Note also that positive definiteness of the incremental capacitance
matrix C (standing here for C(AT

c e)) is required already for index one prob-
lems in MNA, in contrast to the NTA/ANA case.

Theorem 5.2. Consider a well-posed, connected circuit with nonsingular
inductance matrix L and positive definite capacitance matrix C.

(1) The MNA system (5.29) is index zero if and only if

(a) there are no voltage sources; and
(b) there exists a capacitive tree.

Assume in the sequel that at least one of the conditions (a) or (b) fails.

(2) Suppose additionally that the conductance matrix G is positive definite.
Then the MNA model (5.29) has tractability index one if and only if the
network contains neither VC-loops (except for C-loops) nor IL-cutsets.

(3) Let also L be positive definite. If the network contains VC-loops (with at
least one voltage source) and/or IL-cutsets, then (5.29) has tractability
index two.

The reader is referred to [292, 293] for the proofs of these statements. Let
us just point out the key ideas and some facts which will be useful later.
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First, in the light of the expression (5.38) for the leading matrix A(x) of
MNA, the absence of voltage sources is clearly necessary for system (5.29)
to be index zero; in this situation, the index zero condition amounts to the
nonsingularity of the matrix

A(x) =
(
AcC(AT

c e)AT
c 0

0 L(il)

)
. (5.66)

Because of the nonsingularity of L, the characterization relies on the nodal
capacitance matrix AcCA

T
c ∈ R(n−1)×(n−1); for it to be nonsingular the

requirement rkAc = n − 1 must be met, meaning that there must exist a
nonsingular (n−1)×(n−1)-submatrix of Ac which accounts for a capacitive
tree (cf. Lemma 5.5 on page 199). Conversely, if there exists a capacitive
tree and AcCA

T
cw = 0, we derive wTAcCA

T
cw = 0 and, from the positive

definiteness of C, the identity AT
cw = 0 follows. Since the columns of AT

c

are linearly independent due to the condition rkAc = n− 1, which owes to
the existence of a capacitive tree, we obtain w = 0. This reasoning supports
the index zero characterization depicted in item (1) above.

The index one analysis is based on the matrix

B =


ArGA

T
r Al Au

−AT
l 0 0

AT
u 0 0


 , (5.67)

constructed as B = −f ′ with f(x) defined in (5.35). This yields for A1(x) =
A(x) +B(x)Q0 the expression

A1 =


AcCA

T
c + ArGA

T
rQc 0 Au

−AT
l Qc L 0

AT
uQc 0 0


 , (5.68)

where Qc is a projector onto kerAT
c , so that

Q0 =


Qc 0 0

0 0 0
0 0 I


 (5.69)

is a projector onto kerA(x), with A(x) defined in (5.38). Here we are
making use of the assumption that L(il) is nonsingular and the property
kerAcCA

T
c = kerAT

c (cf. Remark 5.1 on page 215). In problems without
capacitors set Qc = In−1.

The nonsingularity of A1 is proved in [292] to be equivalent to the
topological conditions depicted in item (2). We only emphasize here that,
with respect to Theorem 5.1, C-loops yield an index one configuration in
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MNA models; see Example 5 on p. 252. The key element in this regard
is the AT

uQc block in (5.68), which has full row rank if all VC-loops are
actually C-loops. This is a consequence of Theorem 2.2 (item 4) in [87],
which for later use we recast here in the following slightly generalized form.

Lemma 5.11. Assume that J and K are two disjoint sets of edges within
a connected digraph, and let QJ be a projector onto kerAT

J . Then QT
JAK

has full column rank if and only if all JK-loops are actually J-loops.

In particular, QT
cAu has full column rank (or, equivalently, AT

uQc has full
row rank) if and only if all VC-loops are C-loops. Find additional details,
specially regarding index two configurations, in the above-mentioned refer-
ences [87, 292, 293]. Again, the reader is referred to Section 5.5 for index
analyses of MNA models without positive definiteness assumptions.

Index of the MNA model for Example 1

As in item (2) of Theorem 5.2, let us now assume that in the circuit de-
picted in Figure 5.1 the conductances and capacitances are positive and the
inductances do not vanish. The MNA model (5.29) reads for this circuit

C1e
′
1 = −il1 + i0(t) (5.70a)

C2e
′
2 − C2e

′
3 = −G3(e2 − e4) + il1 (5.70b)

−C2e
′
2 + (C2 + C3)e′3 − C3e

′
4 = −G4e3 − il2 (5.70c)

−C3e
′
3 + C3e

′
4 = G3(e2 − e4) −G5(e4 − e5) (5.70d)

0 = G5(e4 − e5) + il2 (5.70e)

L1i
′
l1 = e1 − e2 (5.70f)

L2i
′
l2 = e3 − e5. (5.70g)

Since the circuit has no voltage sources, the leading matrix of this MNA
model has the form

A(x) =
(
AcCA

T
c 0

0 L

)
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where L = diag (L1, L2), and the nodal capacitance matrix is given by

AcCA
T
c =




−1 0 0
0 1 0
0 −1 1
0 0 −1
0 0 0




C1 0 0

0 C2 0
0 0 C3




−1 0 0 0 0

0 1 −1 0 0
0 0 1 −1 0




=



C1 0 0 0 0
0 C2 −C2 0 0
0 −C2 C2 + C3 −C3 0
0 0 −C3 C3 0
0 0 0 0 0


 . (5.71)

The B matrix in (5.67) is defined in this case by

B =




0 0 0 0 0 1 0
0 G3 0 −G3 0 −1 0
0 0 G4 0 0 0 1
0 −G3 0 G3 +G5 −G5 0 0
0 0 0 −G5 G5 0 −1

−1 1 0 0 0 0 0
0 0 −1 0 1 0 0



.

Under the assumption that the capacitances are positive, the identity
kerAcCA

T
c = kerAT

c can be easily checked to hold. A projector Q0 onto
the kernel of the leading matrix A(x) with the form displayed in (5.69) is

Q0 =




0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0



.

This yields (cf. (5.68))

A1 = A+BQ0 =




C1 0 0 0 0 0 0
0 C2 −C2 0 0 0 0
0 −C2 C2 + C3 −C3 +G4 0 0 0
0 0 −C3 C3 +G5 −G5 0 0
0 0 0 −G5 G5 0 0
0 0 0 1 0 L1 0
0 0 0 −1 1 0 L2



.
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The determinant of this matrix equals
detA1 = L1L2G4G5C1C2C3, (5.72)

which does not vanish provided that the conductances and capacitances
are positive and the inductances are non-null. In this situation the MNA
model (5.70) is index one, consistently with item (2) of Theorem 5.2 since
the circuit has neither VC-loops at all nor IL-cutsets.

Note however that the non-vanishing of the parameters appearing in
(5.72), where it is worth remarking that G3 is not involved, is enough to
yield an index one MNA model; again, this will be explained in terms of
certain circuit trees in Section 5.5.

5.5 Index analysis: Tree methods for non-passive circuits

Most index characterizations for DAE models of electrical circuits are di-
rected to (strictly locally) passive systems [87, 234, 248, 253, 292, 293].
Incidentally, a key role in the proof of Theorem 5.1, focused on Node
Tableau and Augmented Nodal Analysis models, is played by the posi-
tive definiteness of certain incremental matrices; the same happens in the
index characterization of Modified Nodal Analysis discussed in Theorem
5.2.

Nevertheless, Example 1 above and, in particular, the expressions de-
picted in (5.63) and (5.72) for the determinants characterizing index one
configurations in ANA and MNA, suggest that these positive definiteness
assumptions are far from necessary, at least in uncoupled problems. We
show below that this type of expressions reflects certain properties that
can be stated in terms of the structure of certain trees within the circuit;
these properties will make it possible to formulate more accurate require-
ments on the circuit devices for index characterizations.

Specifically, following [84] we relax the positive definiteness assumption
on the incremental conductance matrix G for index one characterizations
of ANA systems. The definiteness requirement on G will be replaced by
an algebraic assumption on the set of proper trees (p. 206) in the circuit.
Similarly, we weaken the definiteness requirements on both G and C for
index one configurations in MNA; in this case the characterization will be
stated in terms of normal trees. The same approach makes it possible
to relax the definiteness assumption on the capacitance C for index zero
MNA models. The attention is restricted to circuits without coupling in
these devices. Fully-coupled problems and index two configurations are the
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subject of undergoing research. For the sake of brevity we do not consider
NTA models, although the results can be extended to this setting along the
lines presented in subsection 5.5.1.

5.5.1 Augmented Nodal Analysis

In the tractability index one characterization of ANA, an important role
is played by the so-called nodal conductance matrix ArGA

T
r ; cf. the matrix

A1 depicted in (5.42). Similar considerations apply to the nodal capaci-
tance matrix AcCA

T
c in MNA, as illustrated in subsection 5.4.2 above. The

appearance of these nodal matrices is certainly a distinct feature of nodal
analysis methods.

When trying to eliminate the definiteness assumption on G or C in in-
dex analyses, we will be faced with the computation of the determinant of
certain matrix products related with the above-mentioned nodal matrices.
The matrices within these products will not be square. For the computa-
tion of these determinants we will therefore make use of the below-stated
Cauchy-Binet formula; see e.g. [137].

Within Lemma 5.12, ω will represent the set {1, . . . , p}, whereas α and
β will stand for subsets of {1, . . . , r} with cardinality p ≤ r. These sets
will be used as indices to specify p × p submatrices of certain matrices.
Specifically, we denote by Dω,α the p × p submatrix of D ∈ R

p×r defined
by the columns indexed by α, whereas F β,ω describes the p× p submatrix
of F ∈ Rr×p defined by the rows indexed by β. Additionally, Bα,β will be
the p×p submatrix of B ∈ Rr×r that lies in the rows indexed by α and the
columns indexed by β.

Lemma 5.12. Let D ∈ Rp×r, E ∈ Rr×r, F ∈ Rr×p, with p ≤ r. Then

detDEF =
∑
α,β

detDω,α detEα,β detF β,ω, (5.73)

the sum ranging over all index sets α, β ⊆ {1, . . . , r} with cardinality p.

This result is easily derived from the one corresponding to the product
of two matrices (cf. item 0.8.7 in [137]). Indeed, let H be a matrix in R

r×p.
The Cauchy-Binet formula for the product DH reads

detDH =
∑
α

detDω,α detHα,ω, (5.74)

where the sum is taken over all index sets α ⊆ {1, . . . , r} with cardinality
p. Now, if H stands for the product EF above, then the submatrix Hα,ω
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equals the product Eα,ζF with ζ = {1, . . . , r}, and its determinant can be
written as

detHα,ω =
∑

β

detEα,β detF β,ω, (5.75)

the sum ranging again over all index sets β ⊆ {1, . . . , r} with cardinality p.
The expressions depicted in (5.74) and (5.75) yield (5.73).

Theorem 5.3. Consider a well-posed, connected circuit with nonsingular
capacitance and inductance matrices C, L, and no coupling among resistors.
Then the Augmented Nodal Analysis system (5.27) has tractability index
one if and only if either there exists a proper VC-tree or

(a) there are neither VC-loops nor IL-cutsets; and
(b) the sum of conductance products in proper trees does not vanish.

Proof. We follow essentially the proof presented in [84]. As shown in the
proof of Theorem 5.1, the index one condition on the ANA system (5.27)
with nonsingular C, L amounts to the nonsingularity of J1 in (5.43). This
matrix reads

J1 =
(
ArGA

T
r Acu

AT
cu 0

)
, (5.76)

where Acu stands for (Ac Au) to simplify notation. Note that the existence
of a proper VC-tree, which comprises all capacitors and voltage sources,
implies, in the light of Lemma 5.5, that Acu is a square nonsingular matrix,
and this makes J1 in (5.76) nonsingular because of its block structure.
Focus in the sequel on cases in which there exists no proper VC-tree.

Let us now check that an index one condition on the ANA system (5.27)
rules out the existence of VC-loops and IL-cutsets. Following the idea intro-
duced in [84], we will separate the relevant topological circuit information
from the device characteristics by factorizing J1 in the form

J1 =
(
Ar Acu 0
0 0 Icu

)
︸ ︷︷ ︸

D


G 0 0

0 0 Icu

0 Icu 0




︸ ︷︷ ︸
E


 AT

r 0
AT

cu 0
0 Icu




︸ ︷︷ ︸
F

, (5.77)

the block Icu standing for the identity matrix of size bcu = bc+bu; recall that
bc and bu define the number of capacitors and voltage sources, respectively.
Here, D ∈ Rp×r, E ∈ Rr×r, and F ∈ Rr×p with p = n − 1 + bcu and
r = br + 2bcu; n and br stand for the number of nodes and resistors.
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The existence of a VC-loop avoids Acu from having full column rank,
according to Lemma 5.3; it follows that J1 in (5.76) is a singular matrix,
against the index one hypothesis. If there exists an IL-cutset, then following
Lemma 5.4 the matrix (Ar Acu) cannot have full row rank; this means that
D in (5.77) does not have full row rank, making J1 a singular matrix, again
in contradiction to the index one hypothesis. This means that VC-loops
and IL-cutsets are precluded in index one configurations.

The absence of VC-loops and IL-cutsets guarantees the existence of at
least one proper tree, as stated in Proposition 5.1 (page 206) . This implies
in particular that the dimensions p, r of the matrices D, E and F above
verify p ≤ r since n − 1 ≤ br + bcu because of the existence of at least
one proper tree. It is also worth remarking that the exclusion of proper
VC-trees mentioned earlier in the proof forces all proper trees to have at
least one resistor.

It then remains to show that the nonsingularity of J1 defining the index
one condition for system (5.27) is equivalent, in the absence of VC-loops,
IL-cutsets and proper VC-trees, to the non-vanishing of the sum of conduc-
tance products in proper trees. This relies on the Cauchy-Binet formula
stated in Lemma 5.12, that is,

detJ1 = detDEF =
∑
α,β

detDω,α detEα,β detF β,ω, (5.78)

for p× p submatrices Dω,α, Eα,β and F β,ω of D, E and F , respectively.
Let us examine, in terms of (5.77), the structure of the matrices Dω,α,

Eα,β and F β,ω yielding non-vanishing determinants in (5.78). Note first
that the last bcu columns of D must be in Dω,α since otherwise the last bcu

rows of this matrix would not have full rank. Similarly, the last bcu rows
of F need to be fully present in F β,ω, because on the contrary the last bcu

columns of this matrix could not have full rank. This means that the blocks
Icu from D and F must be fully present in Dω,α and F β,ω, respectively, for
the corresponding determinants not to vanish.

In turn, the full presence of the block Icu from D in Dω,α implies that in
Eα,β there will be entries coming from each one of the last bcu rows of E; for
the corresponding block in Eα,β to have full row rank, the block Icu coming
from the last rows of E must be fully present in Eα,β . Additionally, this
implies that the whole block AT

cu from F must be present in F β,ω. Similarly,
the presence of the block Icu from F in F β,ω forces the full block Icu from
the last columns of E to be present in Eα,β, and this in turn implies that
Acu from D must be fully present in Dω,α.
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Now, remark that the absence of coupling among resistors gives the
conductance matrix a diagonal form, namely G = diag (G1, G2, . . . , Gbr ),
where Gi is the conductance of the i-th resistor. Letting α1 and β1 stand
for the indices of the rows and columns defining the submatrix G̃ of G
present in Eα,β , it is easy to check that

det G̃ =

{
0 if α1 �= β1,∏

i∈α1
Gi if α1 = β1,

(5.79)

meaning that α1 must equal β1 for detEα,β not to vanish.
So far, we have shown that any non-zero term of (5.78) must be defined

by submatrices of the form

Dω,α =
(
Ar̃ Acu 0
0 0 Icu

)
, Eα,β =


 G̃ 0 0

0 0 Icu

0 Icu 0


 , F β,ω =


 AT

r̃ 0
AT

cu 0
0 Icu


 ,

where the tilde ˜ indicates that only the entries corresponding to some
resistors must be present in each non-vanishing term. The above-mentioned
identity α1 = β1 explains that the branches corresponding to the same set
of resistors enter Ar̃ and AT

r̃ in Dω,α and F β,ω, respectively; that is, the
columns of the submatrix of Ar entering Dω,α must match the rows of the
submatrix of AT

r within F β,ω, and therefore F β,ω = (Dω,α)T.
Finally, this set of resistors must be such that the square matrix

(Ar̃ Acu) is nonsingular for the corresponding determinant not to vanish.
Letting T be the set defined by these resistors, all the capacitors and all the
voltage sources, Lemma 5.5 implies that T must be a tree; this implies in
particular that detDω,α = detF β,ω = ±1 and then detDω,α · detF β,ω = 1
since F β,ω = (Dω,α)T. Furthermore, T will actually be a proper tree since it
includes all capacitors and voltage sources and neither inductors nor current
sources.

Altogether, the non-vanishing terms in the sum (5.78) have been shown
to be the ones corresponding to proper trees, so that detJ1 can be expressed
as

det J1 = (−1)bcu

∑
T∈Tp

∏
Gi∈T

Gi, (5.80)

where Tp is the set of proper trees in the circuit, and the notational abuse
Gi ∈ T is used to denote the resistors within the tree T . Note that
the (−1)bcu sign in (5.80) comes from the block structure of Eα,β. This
shows that the non-vanishing requirement on the sum of conductance prod-
ucts within proper trees is equivalent to the index one condition in the
differential-algebraic system (5.27), thus completing the proof. �
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Remark 5.4. The existence of a proper VC-tree, that is, of a tree which
includes all voltage sources and capacitors, and no resistor, inductor or
current source, can be equivalently stated as the absence of VC-loops and
ILR-cutsets, in the light of Lemma 5.1. The proof of Theorem 5.3 shows
that the existence of a proper VC-tree actually makes the ANA system
(5.27) index one also for circuits with resistive coupling.

Remark 5.5. For circuits without resistive coupling, the index one char-
acterization for problems with strictly locally passive resistors depicted in
Theorem 5.1 can be derived from Theorem 5.3. Indeed, as indicated above,
in this settingG has a diagonal structure diag (G1, G2, . . . , Gbr ) with Gi > 0
for i ∈ {1, . . . , br}; therefore, all conductance products have positive sign
in (5.80) and the sum in item (b) of Theorem 5.3 does not vanish.

Example 1 revisited: ANA model and proper trees

Theorem 5.3 shows that, by means of a tree-based approach and in the
absence of VC-loops and IL-cutsets, the positive definite requirement on
the conductance matrix G can be relaxed in the index one characterization
of ANA models. We illustrate this result by explaining the properties of
the circuit depicted in Figure 5.1 in terms of trees. Additional insight will
be obtained from the modified circuit considered in Example 4 below.

Indeed, the expression displayed for the determinant of J1 in (5.63),
namely detJ1 = −G4G5, becomes clear if we realize that the circuit in
Figure 5.1 has just one proper tree in which the resistors are R4 and R5

(cf. Figure 5.4).

C1
CC3

C2
R5

4R

Fig. 5.4 Proper tree in Bashkow’s circuit.

Consistently with Theorem 5.3, the minus sign in detJ1 equals (−1)bcu

since bcu = bc = 3. This approach yields the exact index one requirement
G4 �= 0 �= G5, instead of the (sufficient but not necessary) one arising
in the strictly passive setting, which would require G3 > 0, G4 > 0 and
G5 > 0. Note in particular that the resistor R3 forms a loop together
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with some capacitors and hence it does not enter any proper tree; for this
reason the value of the conductance G3 does not play a role in the index
one characterization. See also, in this regard, Corollary 4.3 in [87].

Example 4

The circuit obtained by replacing the inductor L1 in Figure 5.1 by a resistor
R1 is shown in Figure 5.5.

I0 C1
CC3

C2

L2

R1

R

R

R3

5

4

Ref

2 4

3 5

1

Fig. 5.5 Change L1 by R1 in Bashkow’s circuit.

According to Theorem 5.3, the determinant of the matrix J1, character-
izing index one configurations in ANA, can be written by direct inspection
of the proper trees in the circuit. These are displayed in Figure 5.6.

C1
CC3

C2

R1

R5 C1
CC3

C2
R5

4R

Fig. 5.6 Proper trees in the circuit of Figure 5.5.

In this case there are two proper trees. The resistor R5 belongs to both,
whereas R1 and R4 enter one proper tree each. Since bcu = bc = 3, in the
light of (5.80) the determinant of detJ1 must read

det J1 = −G1G5 −G4G5 = −(G1 +G4)G5. (5.81)

From (5.81) we derive the more precise index one requirement G1 +G4 �= 0,
which certainly holds in particular in a strictly passive setting since in
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this case it would be G1 > 0, G4 > 0. The fact that the resistor R5

belongs to both proper trees makes G5 a common factor in (5.81), yielding
the requirement G5 �= 0 instead of the more restrictive condition G5 > 0
holding in strictly passive problems. Again R3 does not appear in any of
the proper trees and, as before, G3 does not play a role in the index one
characterization.

The expression depicted in (5.81) is confirmed via the explicit compu-
tation of the matrix J1, which in this case can be checked to read

J1 =




G1 −G1 0 0 0 −1 0 0
−G1 G1 +G3 0 −G3 0 0 1 0

0 0 G4 0 0 0 −1 1
0 −G3 0 G3 +G5 −G5 0 0 −1
0 0 0 −G5 G5 0 0 0

−1 0 0 0 0 0 0 0
0 1 −1 0 0 0 0 0
0 0 1 −1 0 0 0 0



,

its determinant being given indeed by (5.81).

5.5.2 Modified Nodal Analysis

The ideas presented above can be refined in order to relax positive definite-
ness assumptions on the incremental capacitance and conductance matrices
C(AT

c e), G(AT
r e) for the MNA model (5.29). Briefly, the goal is to char-

acterize index zero and index one configurations for MNA by assessing the
nonsingularity of the matrices A and A1 depicted in (5.66) and (5.68), re-
spectively, without such definiteness requirements. In this discussion, we
follow again the ideas introduced in [84].

As indicated in subsection 5.4.2, a key condition in this regard is

kerAcCA
T
c = kerAT

c , (5.82)

which is equivalent to rkAcCA
T
c = rkAc and holds under a positive defi-

niteness assumption on C (cf. Remark 5.1 on page 215). Lemma 5.14 below
provides a characterization of (5.82) for uncoupled capacitors without the
need for a definiteness assumption on C. The proof of Lemma 5.14 will be
based on Lemma 5.13, which will be of interest also in the analysis of index
zero configurations. Recall that, according to our definition (p. 197), trees
are implicitly understood to be spanning.
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Lemma 5.13. Consider a connected circuit composed only of uncoupled
capacitors, with reduced incidence matrix Ac and (diagonal) incremental
capacitance matrix C = diag (C1, . . . , Cb). Then the nodal capacitance
matrix AcCA

T
c is nonsingular if and only if∑

T∈Tc

∏
Ci∈T

Ci �= 0, (5.83)

where Tc stands for the set of trees in the capacitive circuit.

Proof. This is a consequence of the Cauchy-Binet formula (5.73). With
the notation introduced for the index sets ω, α, β before Lemma 5.12, we
can expand the determinant of AcCA

T
c as

detAcCA
T
c =

∑
α,β

detAω,α
c detCα,β det(AT

c )β,ω. (5.84)

Note that for detAω,α
c not to vanish, in the sum we can restrict the values

of the index set α to those which define a tree (cf. Lemma 5.5); in this
case it is detAω,α

c = ±1. The same happens with the capacitors indexed
by β, since det(AT

c )β,ω must not vanish; we then have det(AT
c )β,ω = ±1.

Additionally, as we did for conductances in the proof of Theorem 5.3, from
the diagonal structure of the incremental capacitance matrix we get

detCα,β =

{
0 if α �= β,∏

i∈α Ci if α = β,

so that detAω,α
c = det(AT

c )β,ω = ±1 and then detAω,α
c det(AT

c )β,ω = 1.
This means that the sum in (5.84) can be written as

detAcCA
T
c =

∑
α

detCα,α

provided that α takes values within the family of index sets defining trees.
This yields

detAcCA
T
c =

∑
T∈T

∏
Ci∈T

Ci,

showing that the nonsingularity of the nodal capacitance matrix is indeed
equivalent to (5.83). �

Lemma 5.14 below is no longer restricted to capacitive circuits. Recall
that Ac represents the (reduced) incidence matrix of the subgraph defined
by all capacitors and all circuit nodes. We will also consider in the sequel
the subgraph defined by all capacitors together with their incident nodes,
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and call a capacitive block a connected component of this subgraph. The
number of capacitive blocks will be denoted by kc, and Tj will stand for the
set of trees within the j-th block; trees are here assumed to be spanning in
each capacitive block.

Lemma 5.14. Consider a connected circuit in which the capacitors are
uncoupled, with incremental capacitance matrix C. Then rkAcCA

T
c = rkAc

if and only if

kc∏
j=1


∑

T∈Tj

∏
Ci∈T

Ci


 �= 0, (5.85)

that is, iff within each capacitive block the sum of capacitance products in
trees does not vanish.

Proof. Under an appropriate ordering of the branches and nodes, the
reduced incidence matrix Ac can be written as

Ac =




Ãc(1) 0 . . . 0
0 Ãc(2) . . . 0
...

...
. . .

...
0 0 . . . Ãc(kc)

0 0 0 0


 . (5.86)

This results from the fact that different connected components of a given
digraph do not share nodes or branches. The last vanishing rows correspond
to nodes which are not incident with any capacitor. Note that Ãc(j) stands
above for the (non-reduced) incidence matrix of the j-th capacitive block,
with just one possible exception: if the reference node is incident with
some capacitor belonging, say, to the j0-th block, then Ãc(j0) is a reduced
incidence matrix for that block. It may also happen that the reference node
is not incident with any capacitor; in this case all the matrices Ãc(j) are
non-reduced incidence matrices.

In turn, due to the uncoupled assumption on capacitors, the nodal ca-
pacitance matrix reads

AcCA
T
c =




Ãc(1)C(1)ÃT
c(1) 0 . . . 0 0

0 Ãc(2)C(2)ÃT
c(2) . . . 0 0

...
...

. . .
...

...
0 0 . . . Ãc(kc)C(kc)ÃT

c(kc) 0
0 0 0 0 0


 ,
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where C(j) stands for the (diagonal) incremental capacitance matrix of the
j-th capacitive block.

The assertion will then follow in a straightforward manner from the
identity rk Ãc(j) = rk Ãc(j)C(j)ÃT

c(j) proved in the sequel. Let us first remark
that, if the j-th block does not include the circuit reference node, then any
row of Ãc(j) can be written as a linear combination of the remaining ones,
which are linearly independent. If we denote by Ac(j) the submatrix which
results from the removal of any row of Ãc(j) , then rkAc(j) = rk Ãc(j) = nj−1,
being nj the number of nodes within the j-th capacitive block. It is easy
to check additionally that

rk Ãc(j)C(j)ÃT
c(j) = rkAc(j)C(j)ÃT

c(j) = rkAc(j)C(j)AT
c(j) .

It then remains to show that the condition∑
T∈Tj

∏
Ci∈T

Ci �= 0 (5.87)

for the j-th block is equivalent to the identity rkAc(j)C(j)AT
c(j) = rkAc(j) .

Since rkAc(j) = nj − 1 and Ac(j)C(j)AT
c(j) is an (nj − 1) × (nj − 1) matrix,

this amounts to saying that Ac(j)C(j)AT
c(j) is nonsingular. But noting that

Ac(j) is a reduced incidence matrix for the j-th capacitive block, which is
connected, Lemma 5.13 applies. Because of the block-diagonal structure of
the matrix AcCA

T
c , the condition rkAcCA

T
c = rkAc is then equivalent to

(5.85). �

A capacitive block for which the condition (5.87) holds is said in [84] to
be non-degenerate.

We may now weaken the positive definiteness requirements on C, G
in a low index characterization of MNA models with uncoupled capacitors
and resistors, as done below. For the index zero statement in item (1),
the condition (5.83) referred to in (c) makes sense since the existence of
a capacitive tree makes the subgraph defined by the capacitors connected,
and the nodal capacitance matrix of this subgraph is AcCA

T
c ; mind that

Lemma 5.13 is stated for connected capacitive circuits. In the index one
setting of item (2), the condition depicted in (5.85) replaces the above-
mentioned (5.83). Note that, in contrast to the corresponding result for
ANA stated in Theorem 5.3, which is based on proper trees, the MNA
setting naturally leads to normal trees; this is due to the fact that C-loops
may be displayed in index one configurations in MNA.
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Theorem 5.4. Consider a well-posed, connected circuit with nonsingular
inductance matrix L and no coupling among capacitors.

(1) The MNA system (5.29) is index zero if and only if

(a) there are no voltage sources;
(b) there exists at least one capacitive tree; and
(c) the condition on capacitive trees depicted in (5.83) holds.

Assume below that at least one of the conditions (a) or (b) fails.

(2) Suppose that the nondegeneracy condition on capacitors (5.85) holds,
and that there is no coupling either among resistors. Then the MNA
model (5.29) has tractability index one if and only if either there exists
a proper V-tree or

(d) there are neither VC-loops (except for C-loops) nor IL-cutsets; and
(e) the sum of conductance products in normal trees does not vanish.

Proof. The index zero characterization stated in item (1) follows imme-
diately from the form of the matrix A in (5.66), together with Lemma 5.13
and the nonsingularity of L.

For the index one statement in item (2), be aware of the fact that the
expression (5.68) for the A1 matrix is based on the nondegeneracy condition
(5.85). Let us first analyze the case in which the circuit has a proper V -
tree. This precludes the existence of capacitors, since otherwise such a tree
would not be proper. In this situation the projector Qc amounts to In−1.
Note that other voltage sources apart from those in the tree are ruled out
by the well-posedness of the circuit. This means that Au and AT

uQc = AT
u

within A1 in (5.68) are square nonsingular matrices; the nonsingularity of L
together with the block structure of A1 then makes this matrix nonsingular.

Assume in the sequel that there is not such a tree. Next we show that
an index one assumption implies that the topological conditions stated in
(d) are met. In this direction, following again [84] we will make use of the
factorization

A1 =


Ac Ar Au 0 0

0 0 0 Il 0
0 0 0 0 Iu




︸ ︷︷ ︸
D



C 0 0 0 0
0 G 0 0 0
0 0 0 0 Iu
0 0 0 Il 0
0 0 Iu 0 0




︸ ︷︷ ︸
E




AT
c 0 0

AT
rQc 0 0

AT
uQc 0 0

−AT
l Qc L 0
0 0 Iu




︸ ︷︷ ︸
F

. (5.88)
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In an index one setting, the nonsingularity of A1 implies that the matrix
AT

uQc within the last rows of (5.68) must have full row rank or, equivalently,
QT

cAu must have full column rank. According to Lemma 5.11, this means
that all VC-loops must be C-loops. Additionally, the factorization depicted
in (5.88) shows that D must have full row rank if A1 is nonsingular; this
amounts to saying that (Ac Ar Au) must have full row rank, ruling out
IL-cutsets in the light of Lemma 5.4.

We then need to show that, in the absence of proper V -trees and pro-
vided that the topological requirements depicted in (d) hold, the nonsingu-
larity of A1 is equivalent to the non-vanishing of the sum of conductance
products in normal trees, as stated in (e). To achieve this, as in Theorem
5.3 we make use of the Cauchy-Binet formula (5.73) to write

detA1 = detDEF =
∑
α,β

detDω,α detEα,β detF β,ω. (5.89)

Proceeding analogously to Theorem 5.3, the reader can check that all the
blocks Il and Iu, as well as the blocks Au, AT

uQc, −AT
l Qc and L in (5.88)

must be fully present in the submatrices Dω,α, Eα,β and F β,ω for the
corresponding determinants not to vanish. This, together with the diagonal
structure on the capacitance and conductance matrices C and G which
results from the absence of coupling within these elements, shows that the
matrices resulting in non-vanishing products in (5.89) have the form

Dω,α=


Ac̃ Ar̃ Au 0 0

0 0 0 Il 0
0 0 0 0 Iu


, Eα,β =



C̃ 0 0 0 0
0 G̃ 0 0 0
0 0 0 0 Iu
0 0 0 Il 0
0 0 Iu 0 0


, F

β,ω =




AT
c̃ 0 0

AT
r̃Qc 0 0

AT
uQc 0 0

−AT
l Qc L 0
0 0 Iu


,

where a tilde ˜ is used again to indicate that only the branches which
correspond to some capacitors and resistors must be present for the deter-
minants not to vanish. Note that all voltage sources must be present in all
cases.

In the analysis of the matrices Dω,α and F β,ω depicted above, let us
denote by T the set of branches defined by all voltage sources together
with the capacitors and resistors specified by Ac̃ and Ar̃. To yield non-
trivial terms, the set T must necessarily define a tree since otherwise AT =
(Ac̃ Ar̃ Au) would be a singular matrix (cf. Lemma 5.5). Additionally,
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denote by K the upper left block from F β,ω, namely

K =


 AT

c̃

AT
r̃Qc

AT
uQc


 . (5.90)

We show below that, in the present framework,

detK =

{
detAT if T is a normal tree

0 otherwise.
(5.91)

Indeed, if T is a normal tree it must include no inductor, since IL-cutsets
and in particular L-cutsets are excluded, and all capacitors away from T

must define a C-loop with capacitors within T , because all VC-loops are
C-loops. The latter implies kerAT

c = kerAT
c̃ , since every row in AT

c corre-
sponding to a capacitor which is not in T must be linearly dependent with
those of AT

c̃ . Additionally, since T is a tree we may write

R
n−1 = kerAT

c̃ ⊕ ker

(
AT

r̃

AT
u

)
= kerAT

c ⊕ ker

(
AT

r̃

AT
u

)
.

Let P̃c stand for the projector along kerAT
c onto ker (Ar̃ Au)T, and set

Q̃c = I − P̃c. In the light of the relations AT
c̃ Q̃c = AT

c̃Qc = 0 AT
c̃ P̃c =

AT
c̃ (I − Q̃c) = AT

c̃ , AT
r̃ P̃c = AT

uP̃c = 0, we derive

K =


AT

c̃

AT
r̃

AT
u


 (P̃c +Qc) = AT

T (P̃c +Qc). (5.92)

Write P̃c + Qc = I − (Q̃c − Qc) and remark that Q̃c − Qc is a nilpotent
index two matrix since (Q̃c − Qc)(Q̃c − Qc) = Q̃c − Qc − Q̃c + Qc = 0,
where we have used the identities Q̃cQc = Qc, QcQ̃c = Q̃c for projectors
onto the same space (cf. Proposition 2.5 on page 49). We then derive
det(I− (Q̃c−Qc)) = 1, equation (5.92) yielding detK = detAT for normal
trees.

Assume now that T is not a normal tree. Since it contains all voltage
sources there must necessarily exist a capacitor Ci /∈ T which does not form
any VC-loop with elements of T ; in particular it does not form any C-loop
with elements of T . On the other hand, since T is a tree, Ci defines a loop
with certain elements of this set. This means that there exists a loop in
T ∪ {Ci} which is not a C-loop, showing that QT

c (Ar̃ Au) does not have
full column rank by Lemma 5.11. This means that(

AT
r̃Qc

AT
uQc

)
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does not have full row rank and hence K in (5.90) is a singular matrix, so
that detK = 0. This completes the proof of the identity (5.91).

In the light of (5.91), the non-trivial terms in (5.89) must correspond to
normal trees. For them we have

detDω,α = detAT , detF β,ω = detK detL = detAT detL,

using again (5.91). Since detAT = ±1, (5.89) reads

detA1 = (−1)bu detL
∑

T∈Tn

( ∏
Gi∈T

Gi

∏
Ci∈T

Ci

)
, (5.93)

where Tn is the set of normal trees within the circuit. The (−1)bu factor
owes to the block structure of Eα,β ; recall that bu is the number of voltage
sources in the circuit.

Note finally that the hypothesis that all VC-loops are actually C-loops
implies that all normal trees include exactly one capacitive tree from within
each capacitive block, and all possible combinations of these capacitive
trees enter the sum (5.93); see e.g. Example 5 below. This means that the
expression depicted in (5.93) can be rewritten as

detA1 = (−1)bu detL

( ∑
T∈TN

∏
Gi∈T

Gi

)
·

kc∏
j=1


∑

T∈Tj

∏
Ci∈T

Ci


 . (5.94)

The factors defined by sums of capacitive products do not vanish because of
the non-degeneracy hypothesis (5.85) on the capacitive blocks. Since L is
nonsingular, the nonsingularity of the matrix A1 characterizing index one
configurations in MNA relies indeed on the requirement that the sum of
conductance products in normal trees does not vanish. �

Within Theorem 5.4 it must be understood that, if normal trees do not
include resistors, then the requirement depicted in item (e) may be disre-
garded. Similarly, the non-degeneracy condition (5.85) should be ignored
in problems without capacitors. Note that, excluding cases with proper V -
trees (which are treated separately in Theorem 5.4), at least one capacitor
or resistor must be present in every normal tree; otherwise, the existence
of a V -tree and the assumption that VC-loops are C-loops preclude the
existence of capacitors and this would make this V -tree a proper one.

Remark 5.6. Under the existence of a proper V -tree, the assumption that
resistors are uncoupled can be removed from the index one characterization
in item (2), since the nonsingularity of A1 in (5.68) relies in this situation
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only on the nonsingularity of Au, L and AT
uQc = AT

u. In this setting
capacitors cannot be present, as indicated above, so that the hypothesis
that capacitors are uncoupled can be obviously dropped.

Remark 5.7. For circuits without resistive and capacitive coupling, the
index zero and index one characterizations stated in items (1) and (2) of
Theorem 5.2 under passivity assumptions, can be derived from the corre-
sponding statements in Theorem 5.4. Actually, the positive definiteness
of C guarantees that the conditions (5.83) or (5.85), respectively, are met,
since capacitive products are positive; analogously, the positive definiteness
of G makes all the conductance products positive, so that the sum in item
(e) of Theorem 5.4 is not null.

Example 1 again: MNA model, capacitive blocks and normal trees

In virtue of Theorem 5.4, the requirements of strict passivity on capacitors
and resistors in the MNA context can be relaxed using normal trees. Focus
the attention again on Bashkow’s circuit depicted in Figure 5.1, for which
the matrices Ac and AcCA

T
c can be found in (5.61) and (5.71), respectively.

Removing the positiveness assumption on the capacitances, the condition
kerAcCA

T
c = kerAT

c or, equivalently, rkAcCA
T
c = rkAT

c , may be easily
proved equivalent to the requirements C1 �= 0, C2 �= 0, C3 �= 0.

This property relies on the fact that the circuit has two capacitive blocks,
the first one defined by C1 alone and the second one by C2 and C3, with
one tree each; cf. Figure 5.7. This drives the non-vanishing requirements
to the capacitance C1 and the product C2C3, respectively.

CC3

C2C1

Fig. 5.7 Capacitive blocks C1 and C2-C3 in Bashkow’s circuit.

Additionally, since the circuit has neither VC-loops nor IL-cutsets, the
normal trees are just the proper ones. Therefore, the circuit has just the
normal tree displayed in Figure 5.4, in which the resistors are R4 and R5,
and therefore the product (5.94) amounts in this example to the expres-
sion L1L2G4G5C1C2C3 computed in (5.72). Mind the positive sign in this
expression, which owes to the absence of voltage sources.
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Example 5

Similar considerations apply to the circuit obtained after replacing the re-
sistor R3 by a capacitor C4 in Figure 5.5 (p. 242), as shown in Figure 5.8.
We will use this example to illustrate how the conditions arising in Theorem
5.4 can be checked by examining the capacitive blocks and the structure of
the normal trees in the circuit.

I0 C1
CC3

C2

L2

R1
C4

R

R5

4

Ref

2 4

3 5

1

Fig. 5.8 Change R3 by C4 in Figure 5.5.

The above-mentioned replacement generates a C-loop defined by C2, C3

and C4. The reader can check that, similarly to the case defined by the
VC-loop in Example 2 (Figure 5.2), and consistently with Theorem 5.1,
this raises the index of the ANA model of this circuit to two, at least in
a positive definite setting. In contrast, a C-loop will typically result in an
index one MNA model, as shown below.

The reduced incidence matrix for capacitive branches is now

Ac =




−1 0 0 0
0 1 0 1
0 −1 1 0
0 0 −1 −1
0 0 0 0


 ,

and the nodal capacitance matrix reads

AcCA
T
c =



C1 0 0 0 0
0 C2 + C4 −C2 −C4 0
0 −C2 C2 + C3 −C3 0
0 −C4 −C3 C3 + C4 0
0 0 0 0 0


 . (5.95)
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The reader can check that the nodal capacitance matrix has rank three
(and therefore the identity kerAcCA

T
c = kerAT

c holds) if and only if

C1 �= 0, C2C3 + C2C4 + C3C4 �= 0. (5.96)

These conditions can also be derived directly from the fact that the first
capacitive block is just defined by the C1 capacitor, whereas the second one
contains the three capacitive trees shown in Figure 5.9.

C CC3

C2 C2

C4

C3

C4

Fig. 5.9 Trees within the capacitive block C2-C3-C4 in Figure 5.8.

If the requirements stated in (5.96) are met, set

Qc =




0 0 0 0 0
0 0 0 1 0
0 0 0 1 0
0 0 0 1 0
0 0 0 0 1


 ,

for the projector onto the kernel of the nodal capacitance matrix (5.95).
The matrix A1 in (5.68) may then be shown to read

A1 =




C1 0 0 −G1 0 0
0 C2 + C4 −C2 −C4 +G1 0 0
0 −C2 C2 + C3 −C3 +G4 0 0
0 −C4 −C3 C3 + C4 +G5 −G5 0
0 0 0 −G5 G5 0
0 0 0 −1 1 L2



,

with

detA1 = L2(G1 +G4)G5C1(C2C3 + C2C4 + C3C4). (5.97)

This yields, in addition to (5.96) and L2 �= 0, the index one requirements
G1 +G4 �= 0 and G5 �= 0. As expected, these conditions are less restrictive
than the ones holding in a strictly passive setting, for which all conduc-
tances, capacitances and inductances would be required to be positive.
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Again, these requirements could be directly obtained by examining the
form of the normal trees in the circuit. Indeed, the expression (5.97) reflects,
besides the above-detailed structure of capacitive blocks, the fact that R5

belongs to all normal trees, whereas R1 and R4 are split among them as
detailed in Figure 5.10.

C1
CC3

C2

R1

R5 C1
CC3

C2
R5

4R

C1 C2

R1
C4

R5
C1 C2

C4

R5

4R

C1
CC3

R1
C4

R5
C1

CC3

C4

R5

4R

Fig. 5.10 Normal trees in the circuit of Figure 5.8.

The six normal trees in Figure 5.10 correspond to the different terms
arising in the expansion

detA1 = L2(G1G5C1C2C3 +G4G5C1C2C3 +G1G5C1C2C4

+G4G5C1C2C4 +G1G5C1C3C4 +G4G5C1C3C4)

of (5.97). All trees coming from the capacitive block defined by C2, C3 and
C4 enter the normal trees which include R1 and R5 (left column of Figure
5.10) as well as those including R4 and R5 (right column); this explains the
fact that the conductances and capacitances can be grouped as indicated in
(5.97). Remark that this is a general property which in Theorem 5.4 made
it possible to rewrite (5.93) in the form depicted in (5.94).
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Chapter 6

Branch-oriented methods

Differential-algebraic equations play nowadays an important role in circuit
modeling and simulation, as discussed in Chapter 5. Nevertheless, some
important topics in nonlinear circuit theory have been somehow overlooked
in the differential-algebraic context. Among others, these aspects include
the state formulation problem and the analysis of different qualitative prop-
erties of circuit dynamics. In this Chapter we show that semistate formula-
tions based on DAEs are certainly of interest regarding these topics, which
will be here addressed via reduction methods for so-called branch-oriented
circuit models.

The state formulation problem arises naturally in the time-domain anal-
ysis of electrical circuits. It can be simply defined as the problem of setting
up an explicit ODE modeling the circuit dynamics, either in a local or a
global sense. The goal is often to formulate state space models not for indi-
vidual problems but for general circuit families, in terms of their topology
(cf. 5.1.2.1) and the electrical features of the devices. As detailed in subsec-
tion 6.1.3, following the seminal ideas of Bashkow and Bryant [18, 35, 36]
this problem can be tackled by means of tree-based techniques.

Qualitative properties of nonlinear circuits have been mainly addressed
within the framework of state space models. Many qualitative studies are
directed to the analysis of restricted circuit families displaying specific dy-
namical features, such as nonlinear oscillations or chaotic effects. Van der
Pol’s and Chua’s circuits are paradigmatic examples in these directions; see
e.g. [69, 110, 265, 266]. Explicit ODEs describing the dynamics of these
circuits are given and therefore modeling is not an issue.

However, many other works address qualitative properties of general
circuits or broad circuit families, and in these settings modeling is certainly
a key aspect. See for instance [60, 63–65, 103–105, 286, 287]. Incidentally,

255
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in many cases the topological conditions imposed to guarantee the existence
of a state space model are somehow merged with those involving qualitative
aspects and, sometimes, this makes it difficult to distinguish the aim of
the different topological hypotheses appearing in a given statement. The
assumptions needed for the formulation of a state model are often unduly
restrictive from the qualitative point of view. Moreover, in several cases
the results are bound to certain (say, index one) circuit configurations. A
more detailed discussion can be found in Section 6.3 below.

The differential-algebraic formalism is of help in both the state formu-
lation problem and the analysis of qualitative properties. Roughly speak-
ing, DAE theory defines a sufficiently broad framework as to accommodate
general circuit models and, at the same time, has reached a stage in which
efficient mathematical tools are available to tackle these problems in terms
of the topological and electrical features of the circuit. We elaborate on
this point of view in the next two paragraphs.

The state formulation problem can be naturally addressed as a reduction
problem on semistate (DAE) models. The reduction methods discussed in
Chapter 3 make it possible to formulate local state equations in terms of the
original problem variables. This approach clarifies the role of the different
equations and variables within the tree-based methods mentioned above, as
well as the meaning of the topological and electrical assumptions arising in
the analysis. Our discussion will also accommodate intermediate formula-
tions such as multiport models in a comprehensive, interrelated framework.
The “elimination of unwanted variables” already referred to by Bashkow
[18] will be seen as a reduction process which preserves the geometric index
of the system.

Regarding qualitative aspects, the DAE framework allows us to sepa-
rate clearly the topological conditions arising in qualitative studies from
those involved in the state formulation problem and index analyses; cer-
tain results from graph theory will be needed to achieve this. Additionally,
linear stability properties of equilibria such as e.g. their hyperbolicity or ex-
ponential stability can be assessed directly in the DAE setting via matrix
pencil theory. Specifically, the above-mentioned geometric index analysis,
together with the results in Section 3.5, makes it possible to examine lin-
ear stability properties of equilibria in terms of the pencil coming from the
linearization of the DAE at equilibrium. These ideas may also be of in-
terest in future analyses of other qualitative aspects involving for instance
bifurcations or oscillations.

The gap between the above-mentioned state space and qualitative prob-
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lems and the DAE literature is quite apparent, in spite of several connec-
tions investigated in [39, 40, 74, 118, 235]. This gap may be partially due
to the fact that the formulation of state space models is difficult to autom-
atize. The numerical simulation of circuit dynamics is usually focused on
nodal methods, which allow for an automatic generation of network equa-
tions in semistate form. The DAE literature on circuits has mainly focused
on index computations for such nodal models, with some exceptions [234].
But node potentials, which are the key variables for setting up automati-
cally circuit equations, will not appear in state space reductions, typically
formulated in terms of capacitor voltages (or charges) and inductor currents
(or fluxes). Branch-oriented models, which do not use node potentials as
semistate variables, seem to be more appropriate for these purposes. Ad-
ditionally, the results in Section 3.5 make the framework based on the
geometric index better suited for qualitative studies than the tractability
index supporting the analysis of nodal methods (cf. Chapter 5).

This Chapter is structured as follows. Branch-oriented models are in-
troduced in Section 6.1. Note that this approach has received different
names in the circuit literature; in particular, the analysis method under-
lying these models is sometimes referred to as ‘hybrid analysis’ or ‘mixed
analysis’. Once the models have been introduced, the state formulation
problem can be presented in detail, as done in subsection 6.1.3. The geo-
metric index of these models is analyzed in Section 6.2, where the attention
is focused on problems with strictly passive resistors. Multiport and state
space models are also discussed in this Section. The results are mainly
directed to circuits without controlled sources, although subsection 6.2.6
extends the analysis to problems including certain controlled sources. Fi-
nally, Section 6.3 illustrates how linear stability properties of equilibria in
DC circuits can be addressed using branch-oriented models.

6.1 Branch-oriented semistate models

Branch-oriented models are characterized by the statement of Kirchhoff
laws in the form depicted in (5.4) and (5.7), that is, Ai = 0 and Bv = 0.
Here A and B are the reduced incidence and loop matrices introduced
in subsection 5.1.1. This will make it possible to formulate the circuit
equations just in terms of the branch currents i and voltages v, which
explains the ‘branch-oriented’ label for these methods. The main difference
with nodal analysis stems from the fact that, in the latter, Kirchhoff’s
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voltage law is formulated in terms of the node potentials e as v = ATe.

6.1.1 The basic model

The reader is referred to subsection 5.1.2 in Chapter 5 for background on
elementary aspects of electrical circuit theory. Henceforth all circuits will
be assumed to be connected. As in Chapter 5, they may be nonlinear. Full
coupling within the sets of capacitors, inductors and resistors is allowed; all
these devices are assumed to be time-invariant.

Although most results can be also applied to charge-oriented models, for
simplicity we will assume throughout that capacitors are globally voltage-
controlled by the C1 relation q = γc(vc) depicted in (5.12), with incremental
capacitance matrix C(vc) = γ′c(vc). Analogously, as displayed in (5.16),
inductors will be globally current-controlled by a C1 relation of the form
φ = γl(il), with incremental inductance matrix L(il) = γ′l(il).

Contrary to Chapter 5, we do not make any assumption on controlling
variables for resistors. For the moment we just let the resistive branch
currents and voltages be related by the implicit equation depicted in (6.1e)
below, with gr ∈ C1(R2br ,Rbr ). Note that for instance gyrators or ideal
transformers (p. 209) can be considered as coupled resistors.

Voltage and current sources will be for the moment assumed to be inde-
pendent; cf. subsection 6.2.6 for problems with controlled sources. Splitting
in Kirchhoff current and voltage laws the vectors of currents and voltages as
i = (ic, il, ir, ij, iu) and v = (vc, vl, vr, vj , vu), where the subscripts c,
l, r, j and u correspond to capacitors, inductors, resistors, current sources
and voltage sources, respectively, we are led to the branch-oriented model

C(vc)v′c = ic (6.1a)

L(il)i′l = vl (6.1b)

0 = Acic +Alil +Arir +Ajij +Auiu (6.1c)

0 = Bcvc +Blvl +Brvr +Bjvj +Buvu (6.1d)

0 = gr(vr, ir) (6.1e)

0 = ij − is(t) (6.1f)

0 = vu − vs(t). (6.1g)

Below we will also use the formulation of Kirchhoff’s current law (6.1c) in
terms of a reduced cutset matrix, that is, in the form Qi = 0 (cf. (5.6)).
Recall, for later use, that bc, bl, br, bj and bu represent the number of ca-
pacitors, inductors, resistors, and current and voltage sources in the circuit.
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6.1.2 Tree-based formulations

In the analysis of branch-oriented models, at several points we will profit
from the choice of certain trees in a connected circuit. All circuits will be
assumed hereafter to be well-posed (see p. 206) and, allowed by Lemma 5.1,
we will choose all trees with the restriction that voltage sources correspond
to twigs and current sources are located within the links.

As detailed in 5.1.1.8, the choice of a tree in a connected digraph yields
two sets of so-called fundamental cutsets and loops, each one uniquely de-
fined by a twig or a link, respectively. Choosing the orientation of the
cutsets and loops coherently with that of the corresponding twigs or links,
and using the orthogonality property QBT = 0 following from Lemma 5.9,
the corresponding reduced cutset and loop matrices have the expressions
depicted in (5.3a)-(5.3b), namely

Q =
(
Ir −FT

)
B = (F Is ) ,

for a certain matrix F ∈ Rs×r; we are denoting r = n−1 and s = b−n+1,
n and b being the number of nodes and branches, respectively. Recall that
the first r columns of both matrices correspond to twigs, whereas the last
s ones are associated with the links.

The use of these matrices makes it possible to recast Kirchhoff laws
Qi = 0 and Bv = 0 as

i
1

= FTi
2

(6.2a)

v
2

= −Fv
1
. (6.2b)

Here and in the sequel the boldface subscripts ‘1’ and ‘2’ refer to tree and
cotree elements, respectively, that is, twigs and links. For instance, the
vector of tree voltages v1 can be split in terms of twig capacitors, induc-
tors, resistors and voltage sources as v

1
= (vc1 , vl1 , vr1 , vu); analogously,

the vector of cotree voltages v
2

can be written in terms of link capacitors,
inductors, resistors and current sources as v

2
= (vc2 , vl2 , vr2 , vj). The same

holds for the tree and cotree current vectors i
1

and i
2
. The relations de-

picted in (6.2) for Kirchhoff laws express the widely used fact that tree
currents can be written in terms of cotree currents, whereas cotree voltages
can be expressed in terms of tree voltages [283].

Once a tree has been chosen, the model (6.1) can be rewritten in the
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form

C(vc)v′c = ic (6.3a)

L(il)i′l = vl (6.3b)

0 = i
1
− FTi

2
(6.3c)

0 = Fv1 + v2 (6.3d)

0 = gr(vr , ir) (6.3e)

0 = ij − is(t) (6.3f)

0 = vu − vs(t). (6.3g)

Remark 6.1. We know from 5.1.1.7 that the rows of any two reduced
cutset and incidence matrices Q, A span the same space, meaning that
the relation Q = M0A holds for a nonsingular matrix M0. The same
happens with any two reduced loop matrices B, B̂ so that B̂ = M1B

for some nonsingular matrix M1. This means that (6.3) results from the
premultiplication of (6.1) by a nonsingular matrix with a block diagonal
structure defined by the blocks (Ic, Il, M0, M1, Ir, Ij , Iu), the identities
having sizes bc, bl, br, bj and bu, respectively. This transformation does
not change the geometric index of the system, as indicated in 3.4.7.1, so
that the circuit model (6.1) has the same index as the tree-based one (6.3).
Later analyses will often use models of the form depicted in (6.3), the results
holding as well for (6.1). Note that, for the same reason, the choice of any
two trees yields the same index.

Example

The use of fundamental cutsets and loops can be easily illustrated by means
of Bashkow’s circuit, already considered in Example 1 (pp. 226-229). This
circuit is displayed in Figure 6.1 below, together with the tree already
introduced in Figure 5.4.

I0 C1

L1

CC3

C2

L2R

R

R3

5

4

Ref

2 4

3 5

1

C1
CC3

C2
R5

4R

Fig. 6.1 Bashkow’s circuit and tree.
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Within this tree, the three capacitors C1, C2 and C3, as well as the resistors
R4 and R5 are twigs, whereas the two inductors L1 and L2 as well as the
current source I0 and the resistor R3 are links. The fundamental cutset
defined by the twig capacitor C1 includes also the links accommodating
L1 and the current source. According to the chosen reference directions,
Kirchhoff’s current law yields for this cutset

0 = ic1 − il1 + ij, (6.4)
the current in the branch accommodating the current source being denoted
by ij . The reader can easily check that the fundamental cutsets defined by
the other twigs lead to the relations

0 = ic2 − il1 + ir3 (6.5a)

0 = ic3 + il2 + ir3 (6.5b)

0 = ir4 + il1 (6.5c)

0 = ir5 + il2 . (6.5d)
In turn, the fundamental loop defined by the link inductor L1 includes the
twig capacitors C1 and C2, as well as the twig resistor R4. Kirchhoff’s
voltage law yields

0 = vl1 + vc1 + vc2 − vr4 (6.6)
and, for the remaining fundamental loops,

0 = vl2 − vc3 − vr5 (6.7a)

0 = vj − vc1 (6.7b)

0 = vr3 − vc2 − vc3 , (6.7c)
where vj stands for the voltage across the current source I0. Equations
(6.4), (6.5), (6.6) and (6.7), together with the dynamic relations Ckv

′
ck

= ick

(k = 1, 2, 3), Lki
′
lk

= vlk (k = 1, 2), the characteristic relations for resistors
and the equation ij = i0(t) for the current source would define the branch-
oriented model (6.3) for Bashkow’s circuit, based on the tree depicted above.
For later convenience, the equations for resistors will be written as

0 = vr4 −R4ir4 (6.8a)

0 = vr5 −R5ir5 (6.8b)

0 = ir3 −G3vr3 , (6.8c)
where we use a current-controlled description for the twig resistors R4,
R5, and a voltage-controlled one, based on the conductance G3 = 1/R3,
for the link resistor R3. The chance to use this hybrid description will
be extensively discussed in subsection 6.2.2 for coupled, strictly passive
resistors.
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6.1.3 The state formulation problem

The state space formulation problem can be now detailed in terms of
the semistate circuit models (6.1) and (6.3) introduced above. We as-
sume throughout that the incremental capacitance and inductance matrices
C(vc), L(il) are nonsingular for all values of vc and il.

In this setting, the problem can be stated as the formulation of an
explicit ODE in terms of certain state variables defined by the voltages of
some capacitors and the currents of some inductors which, together with an
output mapping expressing the remaining currents and voltages in terms
of these state variables and the sources, fully characterizes the solutions of
(6.1), at least in a local sense. The state dimension of this ODE, that is,
the number of capacitor voltages and inductor currents appearing in this
state space model, is called the order of complexity of the circuit [35, 36].
The problem can be analogously formulated in terms of capacitor charges
and inductor fluxes.

In order to elaborate on this problem, let us first assume that the circuit
has neither VC-loops nor IL-cutsets or, equivalently, that there exists a
proper tree, that is, a tree containing all voltage sources and capacitors, and
no current sources or inductors (cf. 5.1.2.1, p. 206). In this case, Kirchhoff
laws yield no constraints involving voltages coming just from capacitors or
voltage sources, or currents coming only from inductors or current sources.
Following the ideas of Bashkow [18], in this setting the state formulation
problem requires expressing the variables ic, ir, ij, iu, vl, vr, vj and vu in
terms of vc, il, vs(t) and is(t), using equations (6.1c)-(6.1g). Note that all
capacitor currents ic in a proper tree will be twig currents, belonging to i

1

within the tree-based model (6.3), and all inductor voltages vl will be link
voltages, entering v

2
in (6.3). If the above-mentioned procedure is feasible,

the insertion of the expressions for ic and vl into equations (6.1a), (6.1b)
would yield an explicit ODE describing the dynamics of the circuit; this
state space model would have the form

v′c = f1(vc, il, q(t)) (6.9a)

i′l = f2(vc, il, q(t)), (6.9b)

with all capacitor voltages and all inductor currents entering the equation.
Here q(t) comprises the excitation terms vs(t) and is(t). The relations
defining ic, ir, ij , iu, vl, vr, vj and vu in terms of vc, il, vs(t) and is(t)
would yield the above-mentioned output mapping.

In the presence of VC-loops in a well-posed circuit, Kirchhoff’s voltage
law would include some constraints involving voltages coming only from
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some capacitors and (maybe) some voltage sources. Analogously, the exis-
tence of IL-cutsets would lead to constraints involving currents coming just
from some inductors and (possibly) some current sources. In these situa-
tions, the order of complexity will be actually smaller than the number of
reactances. According to the work of Bryant [35, 36], this problem can be
tackled using a normal tree (cf. again p. 206), the variables entering the
state space model corresponding to the voltages vc1 of twig capacitors and
the currents il2 of link inductors. The state space model sought will then
have the form

v′c1 = f1(vc1 , il2 , q(t), q
′(t)) (6.10a)

i′l2 = f2(vc1 , il2 , q(t), q
′(t)). (6.10b)

The reasons for the dependence on the derivatives of the excitation terms
will become clear later.

The goal in this context is of course to figure out general conditions
supporting the elimination procedure sketched above. The related lit-
erature assumes different conditions on the circuit to allow for such a
derivation; besides the above-mentioned works of Bashkow and Bryant, see
[13, 32, 58, 60, 63, 66, 75, 76, 145, 206, 209, 213, 280, 294, 299] and
also the more recent papers [164, 235, 253, 271–274]. A nice survey of the
literature can be found in particular in [273]. The working conditions can
be roughly grouped along three directions, defined by the kind of coupling
allowed among resistors, capacitors and inductors; the possible requirement
of (strict) passivity on these devices, either in a local or in a global sense;
and the presence or absence of controlled sources.

As will be detailed later, in the derivation of state models along
the above-defined lines, one encounters two technical difficulties (cf.
[13, 273, 274]). The first one concerns the compatibility between the choice
of a normal tree and the existence of coupled resistors; the derivation of a
state space model often assumes that the coupled resistors admit a hybrid
description in terms of twig currents and link voltages, that is, a description
of the form

vr1 = η1(ir1 , vr2) (6.11a)

ir2 = η2(ir1 , vr2), (6.11b)

where, as indicated above, the subscripts ‘1’ and ‘2’ refer to tree and cotree
elements, respectively. The second requirement is that certain matrices
arising in the analysis are nonsingular; see specifically pp. 289-290 in [13],
as well as 6.2.3.2 below. In nonlinear problems, these requirements may
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be understood in a local sense around an operating point (cf. subsection
6.2.1).

The following Section tackles this state formulation problem as a reduc-
tion problem for the branch-oriented circuit model (6.3). In fully coupled,
strictly locally passive problems the above-mentioned procedure will be
shown to be feasible. This will be done by showing that (6.3) (and then
(6.1), following Remark 6.1) has a well-defined geometric index, which will
be one or two depending on the absence or presence of VC-loops and/or IL-
cutsets. State space models will be naturally obtained as a consequence of
the reduction process; see specifically (6.61) and (6.62) in subsection 6.2.5.
Although the state space derivation in the passive, coupled setting is not
new (cf. in particular [213]), the DAE formalism is of help in clarifying the
interrelations among different models, as well as the role of the different
assumptions and, in particular, of the above-mentioned compatibility and
nonsingularity requirements.

6.2 Geometric index analysis and reduction of branch models

In this Section we undertake the geometric index analysis of the branch-
oriented models (6.1) and (6.3), using the framework introduced in sub-
section 3.4.7. A distinction must be made between linear and nonlinear
problems, since for the latter the results will hold locally around an oper-
ating point, as discussed in subsection 6.2.1. The attention will be then
focused on problems with strictly (locally) passive resistors; cf. subsec-
tion 6.2.2. As we did in Chapter 5 for nodal models, we will perform in
the branch equations (6.1) several variable eliminations which lead to “in-
termediate” formulations, in particular to the multiport model considered
in subsection 6.2.3. These eliminations will actually be Schur reductions,
which were shown in 3.4.7.4 to preserve the geometric index of semiexplicit
DAEs; note that, if the incremental capacitance and inductance matrices
C(vc), L(il) are everywhere nonsingular, the models (6.1) and (6.3) can
be trivially rewritten in semiexplicit form. This will pave the way for the
index characterization presented in 6.2.4 and for the state space reductions
of subsection 6.2.5. Finally, in subsection 6.2.6 we indicate how to extend
these results to a large family of circuits including controlled sources.
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6.2.1 Operating points

A vector (v, i) = (vc, vl, vr, vj , vu, ic, il, ir, ij , iu) satisfying equations
(6.1c)-(6.1g) (or, equivalently, (6.3c)-(6.3g)) at a given time t is said to be
an operating point at t. Mind that the system of equations (6.1c)-(6.1g)
defines 2b− (bc + bl) relations among 2b variables and, therefore, in circuits
including reactances the operating points at a given t will typically be non-
unique. The set of operating points is often called the configuration space
of the circuit [128].

In linear circuits (or in circuits with linear resistors) the configuration
space at a given time t is, if non-empty, a linear space. In this context, the
results discussed below can be understand to hold globally; for illustrative
purposes this will be detailed, in particular, for the properties involving
strictly passive resistors in subsection 6.2.2.

The results for nonlinear problems will be stated in a local way; fixing a
time t∗ and certain vectors v∗r , i∗r of resistors’ voltages and currents, we will
assume in the sequel that there exists at least one operating point (v∗, i∗)
at t∗ with vr = v∗r and ir = i∗r . Under this assumption, we will call the pair
(v∗r , i

∗
r) a resistive operating point at t∗. It is worth emphasizing that this

requires not only that gr(v∗r , i
∗
r) = 0 but also the existence of a solution to

the linear system which results from the substitutions ir = i∗r , ij = is(t∗),
vr = v∗r and vu = vs(t∗) in (6.1c)-(6.1d).

6.2.2 Implicitly described resistors and strict passivity

As indicated in subsection 6.1.3, the compatibility between the choice of
a tree and the existence of a description of the form (6.11) for coupled
resistors is often a key requirement in the derivation of a state space circuit
model. In this subsection we show that, under a strict passivity assumption
on resistors, such a description is always well-defined, that is, it exists for
any choice of a tree. More precisely, all possible assignments of current and
voltage variables to the resistive branches lead to well-defined descriptions
of the set of resistors and, moreover, yield positive definite hybrid matrices.
This property will hold locally for nonlinear problems and globally for linear
circuits. This result will also show that the voltage-controlled assumption
on resistors (5.19) performed for nodal analysis methods in Chapter 5 is not
unduly restrictive. The ideas here presented, which in essence can be traced
back at least to [213], may be also applied to the fully-implicit description
of capacitors and inductors displayed in (5.11) and (5.15), respectively.
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In the models (6.1) and (6.3), no assumption has been made on the
resistors’ characteristic

gr(vr, ir) = 0, (6.12)

except that gr ∈ C1(R2br ,Rbr); recall that br is the number of resistors.
In particular, full coupling among resistors is allowed. In this nonlinear
context, the analysis will be performed locally around a resistive operating
point (v∗r , i∗r) (cf. subsection 6.2.1 above); for the results discussed in this
subsection it is actually enough to assume just that gr(v∗r , i∗r) = 0.

In the linear setting, gr(vr , ir) reads Dvr + Eir for certain br × br real
matrices D and E, and (6.12) has the form

Dvr + Eir = 0. (6.13)

The results will be discussed here in both nonlinear and linear contexts,
holding globally for the latter. In later subsections the results will be re-
stricted to the nonlinear framework, although they can be applied globally
to linear problems in a way similar to the one here presented.

We provide below a strict (local, in nonlinear cases) passivity defini-
tion directed to these fully implicit descriptions of resistors. Proposition
6.1 will prove that this notion is well-defined and, in particular, that it
amounts to the positive definiteness of the (incremental) conductance and
resistance matrices G, R in (local) voltage- and current-controlled descrip-
tions, respectively. Essentially, we will assume that there exists some ex-
plicit voltage-current description of the resistors which uses exactly one
variable (that is, the current or the voltage) from each circuit branch; the
appearance of the current or the voltage variable may differ from one branch
to another, that is, we certainly do not assume this description to use either
all voltages or all currents.

In the nonlinear setting defined by (6.12), this property can be derived
from the existence of a disjoint union α ∪ β = {1, . . . , br} such that the
derivative (

∂gr

∂vrα

∂gr

∂irβ

)∣∣∣∣
(v∗

r ,i∗r)

(6.14)

is nonsingular. Then, by the implicit function theorem there exists a local
C1 map η = (η1, η2) yielding a local description of gr(vr, ir) = 0 of the form

vrα = η1(irα , vrβ
) (6.15a)

irβ
= η2(irα , vrβ

). (6.15b)
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The Jacobian matrix H(irα , vrβ
) = η′(irα , vrβ

) will be called the incremen-
tal hybrid matrix associated with the partition defined by α, β. The implicit
function theorem locally yields

H(irα , vrβ
) =

(
∂η

∂irα

∂η

∂vrβ

)
= −

(
∂gr

∂vrα

∂gr

∂irβ

)−1(
∂gr

∂irα

∂gr

∂vrβ

)
, (6.16)

the partial derivatives of η being evaluated at (irα , vrβ
) and those of gr at

(vr, ir).
In particular, if α = {1, . . . , br} and β = ∅ then (6.15) corresponds to

the current-controlled representation vr = η1(ir) (cf. (5.21)); the dual case
α = ∅, β = {1, . . . , br} yields the voltage-controlled description ir = η2(vr),
as in (5.19). The incremental hybrid matrix would then amount to the
incremental resistance or conductance matrices, respectively.

For the linear case, in which the implicit description gr(vr, ir) = 0 reads
Dvr + Eir = 0 as depicted in (6.13), we use a notation for submatrices
analogous to the one introduced in subsection 5.5.1 (see p. 237); specifically,
ω will represent the set {1, . . . , br}, whereas α and β stand, as above, for
disjoint subsets of {1, . . . , br} with α ∪ β = {1, . . . , br}. We then denote
by Dω,α and Eω,β the submatrices of D and E defined by the columns
indexed by α and β, respectively. The nonsingularity of (6.14) can be then
expressed as that of

(Dω,α Eω,β). (6.17)

Now the map η in (6.15) is globally defined and reads(
vrα

irβ

)
= −(Dω,α Eω,β)−1(Eω,α Dω,β)

(
irα

vrβ

)
≡ H

(
irα

vrβ

)
, (6.18)

where the br × br real matrix

H = −(Dω,α Eω,β)−1(Eω,α Dω,β) (6.19)

is called the hybrid matrix associated with the above-indicated partition.

Definition 6.1. Assume that the set of resistors is characterized by the
implicit description (6.12), and let the matrix in (6.14) be nonsingular at
a given (v∗r , i

∗
r) ∈ R

2br such that gr(v∗r , i
∗
r) = 0. The resistors are then

said to be strictly locally passive at (v∗r , i
∗
r) if the incremental hybrid matrix

H(i∗rα
, v∗rβ

) in (6.16) is positive definite.
In the linear case defined by (6.13), provided that the matrix in (6.17)

is nonsingular, the set of resistors is said to be strictly passive if the hybrid
matrix H in (6.19) is positive definite.
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The following result shows that, in the strictly passive framework, any
other hybrid representation exists (locally in nonlinear cases), and that
the strict passivity notions in Definition 6.1 are actually independent of
the specific choice of this representation; that is, the positive definiteness
assumption on the hybrid matrices above does not depend on the spe-
cific subsets α, β defining the partition of {1, . . . , br}. This is consistent
with the fact that the strict local passivity notion expresses that, for all
(vr, ir) �= (v∗r , i

∗
r) satisfying g(vr, ir) = 0 and sufficiently close to (v∗r , i

∗
r),

the incremental product (vr − v∗r )T(ir − i∗r) is positive; note that the sign
of this product near (v∗r , i

∗
r) equals that of

(irα − i∗rα
)T(vrα − v∗rα

) + (vrβ
− v∗rβ

)T(irβ
− i∗rβ

)

= ((irα − i∗rα
)T (vrβ

− v∗rβ
)T)H(i∗rα

, v∗rβ
)
(
irα − i∗rα

vrβ
− v∗rβ

)
and is therefore positive provided that the incremental hybrid matrix is pos-
itive definite. In the linear case the corresponding property holds globally.
See also Remark 6.2 below.

Proposition 6.1. If α and β define a partition of {1, . . . , br} which makes
(6.14) nonsingular and the incremental hybrid matrix H(i∗rα

, v∗rβ
) in (6.16)

positive definite, then for any α̃, β̃ defining another partition of {1, . . . , br}
there exists a locally defined C1 map η̃ such that (6.15) is equivalent to

vrα̃ = η̃1(irα̃ , vrβ̃
) (6.20a)

irβ̃
= η̃2(irα̃ , vrβ̃

), (6.20b)

with η̃′(i∗rα̃
, v∗rβ̃

) positive definite.
In the linear setting, if α, β make (6.17) nonsingular and the hybrid

matrix H in (6.19) positive definite, then for any other partition defined by
α̃, β̃ there exists a positive definite H̃ such that (6.18) is equivalent to(

vrα̃

irβ̃

)
= H̃

(
irα̃

vrβ̃

)
. (6.21)

This means that, in a strictly passive circuit, one can choose arbitrarily
the voltage or the current in every circuit branch as a variable for a hybrid
description of the form (6.15) or (6.18); that is, all hybrid descriptions
(as well as the extremal cases given by the voltage-controlled and current-
controlled representations) are well-defined. Furthermore, we can speak of
a strictly passive resistive network without the need to resort to a specific
hybrid or voltage/current-controlled description.
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The key aspect in the proof of Proposition 6.1 is the following linear
algebra result. We make use of the fact that a positive definite matrix is
nonsingular.

Lemma 6.1. Consider a linear mapping y = Hx with H ∈ Rbr×br positive
definite. Let γ and λ define any partition of {1, . . . , br}, and assume that
xγ , yγ (resp. xλ, yλ) denote the components of x, y indexed by γ (resp. λ).
Then there exists a matrix H̃ ∈ Rbr×br such that y = Hx is equivalent to(

xγ

yλ

)
= H̃

(
yγ

xλ

)
. (6.22)

Moreover, H̃ is positive definite.

Proof. Assume, without loss of generality, that γ (resp. λ) are the first
p (resp. last br − p) elements of {1, . . . , br}. Write then y = Hx as(

yγ

yλ

)
=
(
H11 H12

H21 H22

)(
xγ

xλ

)
. (6.23)

The positive definiteness of H makes the block H11 positive definite as well
(see e.g. 7.1.2 in [137]), since

(
wT 0

)(H11 H12

H21 H22

)(
w

0

)
= wTH11w > 0

for any non-vanishing w ∈ Rp. Hence, the submatrix H11 is nonsingular;
this leads to xγ = H−1

11 (yγ − H12xλ) and thereby yλ = H21H
−1
11 (yγ −

H12xλ) +H22xλ, yielding an explicit expression for H̃ in (6.22), namely

H̃ =
(
H̃11 H̃12

H̃21 H̃22

)
=
(

H−1
11 −H−1

11 H12

H21H
−1
11 H22 −H21H

−1
11 H12

)
. (6.24)

Finally, the identities(
xT

γ x
T
λ

)(H11 H12

H21 H22

)(
xγ

xλ

)
= xT

γyγ + xT
λyλ = yT

γxγ + xT
λyλ

=
(
yT

γ x
T
λ

)( H̃11 H̃12

H̃21 H̃22

)(
yγ

xλ

)
show that the positive definiteness of H is transferred to H̃. �

Proof of Proposition 6.1. In the light of Lemma 6.1, let xγ stand
for the set of voltage and current variables present in (irα , vrβ

) but not in
(irα̃ , vrβ̃

); xλ for the ones which are both in (irα , vrβ
) and (irα̃ , vrβ̃

); yγ for
the variables in (vrα , irβ

) not belonging to (vrα̃ , irβ̃
); and yλ for the ones
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present both in (vrα , irβ
) and (vrα̃ , irβ̃

). Note that, by construction, xγ

equals the set of variables in (vrα̃ , irβ̃
) which do not belong to (vrα , irβ

)
and, similarly, yγ equals the variables (irα̃ , vrβ̃

) which are not present in
(irα , vrβ

).
In the linear case the result follows immediately from Lemma 6.1. Focus

in the sequel on the nonlinear case. With the above-introduced notation,
equation (6.15) can be written as

yγ = ηγ(xγ , xλ) (6.25a)

yλ = ηλ(xγ , xλ). (6.25b)

We need to show that (6.20) is locally well-defined; we will write this rela-
tion as (xγ , yλ) = η̃(yγ , xλ).

Let H11 stand for the derivative ∂ηγ

∂xγ
. As detailed in the proof of Lemma

6.1, from the positive definiteness of the incremental matrix H , it follows
that H11 is positive definite and, in particular, nonsingular. This means
that from (6.25a) we can write xγ = η̃γ(yγ , xλ) for a locally defined map η̃γ .
Additionally, from (6.25b) we derive yλ = ηλ(η̃γ(yγ , xλ), xλ) = η̃λ(yγ , xλ).
From the implicit function theorem one gets

∂η̃γ

∂yγ
=
(
∂ηγ

∂xγ

)−1

∂η̃γ

∂xλ
= −

(
∂ηγ

∂xγ

)−1
∂ηγ

∂xλ

∂η̃λ

∂yγ
=
∂ηλ

∂xγ

∂η̃γ

∂yγ
=
∂ηλ

∂xγ

(
∂ηγ

∂xγ

)−1

∂η̃λ

∂xλ
=
∂ηλ

∂xγ

∂η̃γ

∂xλ
+
∂ηλ

∂xλ
= − ∂ηλ

∂xγ

(
∂ηγ

∂xγ

)−1
∂ηγ

∂xλ
+
∂ηλ

∂xλ
.

The positive definiteness of the incremental hybrid matrix η̃′(yγ , xλ) then
follows from these expressions and (6.24) by writingH11 = ∂ηγ

∂xγ
, as indicated

above, and H12 = ∂ηγ

∂xλ
, H21 = ∂ηλ

∂xγ
, H22 = ∂ηλ

∂xλ
. �

Remark 6.2. In the setting of Proposition 6.1, for α̃, β̃ defining any par-
tition of {1, . . . , br}, it is actually true that(

∂gr

∂vrα̃

∂gr

∂irβ̃

)∣∣∣∣∣
(v∗

r ,i∗r)

(6.26)

in nonlinear cases, as well as

(Dω,α̃ Eω,β̃) (6.27)
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in linear problems, are nonsingular. This is an easy consequence of the
following fact: if D and E are br × br matrices, with D nonsingular and
H = −D−1E positive definite, then the exchange of the j-th columns of D
and E result in two matrices D̃, Ẽ with D̃ nonsingular and H̃ = −D̃−1Ẽ

positive definite. Indeed, the nonsingularity of D̃ follows from the identity
DH = −E and Cramer’s rule, since the j-th diagonal entry of a positive
definite matrix H is positive; the positive definiteness of H̃ follows from
Lemma 6.1. The transition from (6.14) and (6.17) to (6.26) and (6.27) can
be seen as a sequence of such column exchanges in g′(v∗r , i

∗
r) or in the matrix

(D E) coming from (6.13), respectively; the nonsingularity of (6.14) is then
equivalent to that of (6.26), the same holding for (6.17) and (6.27).

6.2.3 Multiport reduction

In the state formulation problem, as well as in the geometric index analysis
performed in subsection 6.2.4, a key step is the elimination of the resistive
voltages and currents from the models (6.1) and (6.3). If the source currents
ij , iu and voltages vj , vu are also eliminated, this would yield a reduced
model involving only reactive variables and excitation terms which, for the
reasons detailed below, will be called a multiport model. We show here that,
under a strict passivity assumption on resistors, this multiport reduction
is always feasible around an operating point. Furthermore, the multiport
model will preserve the geometric index of the original branch-oriented one.
Focusing on nonlinear problems we state the results in a local way, although
the linear analogs can be easily derived.

6.2.3.1 Multiport model

Since all circuits are assumed to be connected and well-posed (cf. page 206),
we may choose a tree containing all voltage sources and no current source.
Using the subscripts ‘1’ and ‘2’ for twigs and links, rewrite the model (6.3)



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

272 Branch-oriented methods

as

C(vc)v′c = ic (6.28a)

L(il)i′l = vl (6.28b)

0 =



ic1
il1
iu
ir1


− FT



il2
ic2
ij
ir2


 (6.28c)

0 =



vl2

vc2

vj

vr2


+ F



vc1

vl1

vu

vr1


 (6.28d)

0 = gr(vr, ir) (6.28e)

0 = ij − is(t) (6.28f)

0 = vu − vs(t). (6.28g)

The matrix F will be split in blocks according to the different variables
entering (6.28d) as follows:

F =



F11 F12 F13 F14

F21 F22 F23 F24

F31 F32 F33 F34

F41 F42 F43 F44


 . (6.29)

In particular, the block F̃ = F44 will be important in the elimination of
resistive currents and voltages.

Now, the chance to write locally the resistive variables ir1 , vr2 , vr1 and
ir2 in terms of reactive variables and the excitation terms via the implicit
function theorem relies on the key assumption that the derivative matrix

M =




I 0 0 −F̃T

0 I F̃ 0
∂gr

∂ir1

∂gr

∂vr2

∂gr

∂vr1

∂gr

∂ir2


 (6.30)

is nonsingular at a resistive operating point (v∗r , i
∗
r). The first two sets of

rows in (6.30) describe the derivatives with respect to ir1 , vr2 , vr1 and
ir2 of the entries corresponding to ir1 and vr2 within (6.28c) and (6.28d),
respectively, whereas the last rows comprise the corresponding derivatives of
gr in (6.28e). It is worth remarking that, if the nonsingularity ofM in (6.30)
holds at a resistive operating point (v∗r , i∗r), then the elimination procedure
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detailed below is locally feasible around any operating point (v∗, i∗) at t∗

for which vr = v∗r and ir = i∗r , since the entries of M depend only on the
circuit topology and the resistive variables.

The invertibility of the matrix M in (6.30) plays a fundamental role in
index analyses and in the state formulation problem, and it is shown in
Theorem 6.1 to hold for problems with strictly locally passive resistors; cf.
also 6.2.3.2. In problems with linear resistors, the last rows of M in (6.30)
are defined in terms of the matrices D and E in (6.13) and the forthcoming
procedure holds globally.

Provided that the nonsingularity of (6.30) is met, we can locally write

ir1 = α1(vc1 , vl1 , il2 , ic2 , vs(t), is(t)) (6.31a)

vr2 = α2(vc1 , vl1 , il2 , ic2 , vs(t), is(t)) (6.31b)

vr1 = α3(vc1 , vl1 , il2 , ic2 , vs(t), is(t)) (6.31c)

ir2 = α4(vc1 , vl1 , il2 , ic2 , vs(t), is(t)), (6.31d)

for certain locally defined mappings αi; we have used ij = is(t), vu = vs(t)
from (6.28f), (6.28g). From these relations and (6.28c), (6.28d) we can also
express locally iu and vj in terms of the same variables, that is

iu = α5(vc1 , vl1 , il2 , ic2 , vs(t), is(t)) (6.32a)

vj = α6(vc1 , vl1 , il2 , ic2 , vs(t), is(t)). (6.32b)

Using the expressions for vr1 and ir2 given in (6.31c) and (6.31d), the
remaining equations of (6.28) yield a system of the form

C(vc)v′c = ic (6.33a)

L(il)i′l = vl (6.33b)

0 =
(
ic1
il1

)
− Ψ1(vc1 , vl1 , il2 , ic2 , vs(t), is(t)) (6.33c)

0 =
(
vl2

vc2

)
− Ψ2(vc1 , vl1 , il2 , ic2 , vs(t), is(t)), (6.33d)

for certain locally defined maps Ψ1, Ψ2. For later use, the expressions
defining ic1 and il1 in (6.33c) read

ic1 = FT
11il2 + FT

21ic2 + FT
31is(t) + FT

41α4 (6.34a)

il1 = FT
12il2 + FT

22ic2 + FT
32is(t) + FT

42α4, (6.34b)

whereas vl2 and vc2 in (6.33d) are given by

vl2 = −F11vc1 − F12vl1 − F13vs(t) − F14α3 (6.35a)

vc2 = −F21vc1 − F22vl1 − F23vs(t) − F24α3. (6.35b)
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Note that, for notational simplicity, we do not write explicitly the depen-
dence of α3 and α4 on (vc1 , vl1 , il2 , ic2 , vs(t), is(t)).

It is worth emphasizing that, so far, the unique requirement on the tree
used in this scheme is that it contains all voltage sources and no current
source; in particular, we do not yet need the tree to be a proper or a normal
one, as will be required at later stages. Note also that no specific hybrid
description has been assumed for the set of resistors.

Remark 6.3. System (6.33) will be called a multiport model. Indeed, the
maps Ψ1 and Ψ2 within equations (6.33c), (6.33d) can be understood to
define bc+bl abstract relations involving the currents and voltages of certain
bc+bl ports of a (possibly nonlinear) subnetwork which includes all resistors
and sources, with a time dependence coming from the sources; cf. Figure
6.2.

−

+

−

+

−

+

−

+

−

+

−

+

Multiport

vc1

vc2

vcbc

ic1

ic2

icbc

vl1

vl2

vlbl

il1

il2

ilbl

Fig. 6.2 Multiport model.

The connection of reactances at those ports leads to the dynamical sys-
tem modeled by the DAE (6.33). This description is often assumed as a
starting point in circuit analysis, cf. for instance [60, 244, 258]. See also
[13, 269, 273]. Theorem 6.1 will show that this formulation is feasible for
well-posed circuits with fully-coupled, strictly locally passive resistors at
(v∗r , i

∗
r), provided that there exists at least one operating point (v∗, i∗) at

t∗ for which vr = v∗r and ir = i∗r ; this result will be a consequence of the
invertibility in this context of the matrix M in (6.30). As indicated above,
in nonlinear problems this formulation holds locally around any such op-
erating point, whereas in linear settings the multiport model is globally
defined.
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Theorem 6.1. Assume that (6.1) and (6.3) model a well-posed, connected
circuit with strictly locally passive resistors at a resistive operating point
(v∗r , i∗r). For any tree containing all voltage sources and no current source,
the matrix (6.30) is nonsingular and therefore the mappings (6.31) and
(6.32) as well as the multiport model (6.33) are locally well-defined around
any operating point for which vr = v∗r , ir = i∗r.

Moreover, if the incremental matrices C(vc) and L(il) are nonsingular,
the geometric index of the branch-oriented models (6.1) and (6.3) equals
the one of the multiport model (6.33).

The proof of Theorem 6.1 relies on the linear algebra property stated
independently in Lemma 6.2. Recall that a real square matrix S is skew-
symmetric if ST = −S.

Lemma 6.2. Any matrix of the form(
I S

D I

)
, (6.36)

with S skew-symmetric and D definite, is nonsingular.

Proof. We make use of the fact that the matrix in (6.36) is nonsingular
if and only if so it is the Schur complement (cf. Lemma 3.3 on p. 127) of the
first identity block. This means that the nonsingularity of (6.36) amounts
to that of I −DS.

In order to assess the nonsingularity of I −DS, assume that

(I −DS)w = 0. (6.37)

Premultiplying by wTST we get 0 = wTSTw − wTSTDSw = wTSTDSw.
Here we have used the fact that wTSTw = 0 for any skew-symmetric matrix
S, since S = −ST yields

wTSTw = (wTSTw)T = wTSw = −wTSTw.

The identity wTSTDSw = 0 and the definiteness of D then imply that
Sw = 0, and by (6.37) this leads to w = 0, showing that I −DS is indeed
nonsingular. �

Proof of Theorem 6.1. Due to the strictly locally passive assumption
on resistors at (v∗r , i∗r), Proposition 6.1 and Remark 6.2 imply that the block

K =
(
∂gr

∂vr1

∂gr

∂ir2

)
(6.38)



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

276 Branch-oriented methods

in (6.30) is nonsingular at (v∗r , i∗r). Via the implicit function theorem, this
defines a local hybrid description of resistors of the form

vr1 = η1(ir1 , vr2) (6.39a)

ir2 = η2(ir1 , vr2), (6.39b)

where it is worth recalling that the subscripts ‘1’ and ‘2’ stand for tree and
cotree devices, respectively. For later use, set

H11 =
∂η1
∂ir1

, H12 =
∂η1
∂vr2

, H21 =
∂η2
∂ir1

, H22 =
∂η2
∂vr2

,

the derivatives being evaluated at (i∗r1 , v
∗
r2).

Premultiply then the matrix M in (6.30) by
 I 0 0

0 I 0
0 0 K−1


 (6.40)

to assess the nonsingularity of M in terms of

J =




I 0 0 −F̃T

0 I F̃ 0
−H11 −H12 I 0
−H21 −H22 0 I


 , (6.41)

where we have used the identity(
H11 H12

H21 H22

)
= −

(
∂gr

∂vr1

∂gr

∂ir2

)−1(
∂gr

∂ir1

∂gr

∂vr2

)
which follows from the implicit function theorem. Note that J in (6.41) has
the form depicted in (6.36) with

D = −H = −
(
H11 H12

H21 H22

)
, S =

(
0 −F̃T

F̃ 0

)
.

From Proposition 6.1, the matrix H is positive definite, so that D = −H is
negative definite; the nonsingularity of J and therefore of M in (6.30) then
follows from Lemma 6.2.

The index equivalence between the models (6.1), (6.3) and (6.28) and
the multiport equations (6.33) is an immediate consequence of Proposition
3.7 (p. 128), since the elimination of z2 = (ir1 , vr2 , vr1 , ir2 , iu, vj , ij, vu)
from (6.28) is a Schur reduction under the assumption that M in (6.30) is
nonsingular; specifically, the mapping g2 in Proposition 3.7 is defined by
the expressions involving iu, ir1 in (6.28c) and vj , vr2 in (6.28d), together
with (6.28e), (6.28f) and (6.28g). �
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Remark 6.4. The hybrid description (6.39) means that the voltages of
resistive twigs and the currents of resistive links can be written in terms
of the currents of twig resistors and the resistive link voltages. As shown
above, the chance to use a hybrid description compatible with the chosen
tree follows from the strict passivity assumption on resistors. Without such
a passivity assumption, the existence of the hybrid description (6.39) is
often required a priori (see [13] and 6.2.3.2 below). Note that the existence
of this representation is, in general, independent of the nonsingularity of M
in (6.30), which in this setting also follows from the passivity requirement.

6.2.3.2 Additional remarks on the invertibility of the matrix M

The nonsingularity of the matrix M in (6.30) is closely related with the
so-called associated resistive network obtained by replacing twig reactances
by independent voltage sources and link reactances by independent current
sources (see [271, 272, 274] and references therein); mind that this term
is often use in other senses (cf. for instance 2.4.12 in [128]). Note that
every choice of a tree in the original circuit defines a different associated
resistive network. For a given tree including all voltage sources and no
current source, these replacements lead to a resistive circuit modeled by
the algebraic equation

0 =


 iũ
iu
ir1


− FT


 is̃(t)
is(t)
ir2


 (6.42a)

0 =


 v̃
vj

vr2


+ F


 vs̃(t)
vs(t)
vr1


 (6.42b)

0 = gr(vr, ir), (6.42c)

together with ij = is(t), i̃ = is̃(t), vu = vs(t) and vũ = vs̃(t); we are
using the tilde ˜ to refer to the newly introduced sources. The chance to
express, locally around a given point satisfying (6.42), all resistive currents
and voltages in terms of the excitations via the implicit function theorem
relies on the nonsingularity of M . In a linear setting, the nonsingularity of
this matrix is equivalent to the unique solvability of the associated resistive
network.

Theorem 6.1 shows that any associated resistive network is uniquely
solvable if the original circuit is well-posed and resistors are strictly passive;
via Proposition 6.1, this property holds without the need to assume a priori
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the existence of a hybrid description of resistors compatible with any tree.
Without such a strict passivity requirement on the resistors, however, the
matrix M need not be invertible. In spite of the fact that our attention is
mainly focused on problems with strictly passive resistors, a brief digression
in this regard follows.

In such a non-passive context, the nonsingularity of M can be further
discussed if we assume that, for some tree, there exists indeed a hybrid
description of resistors of the form depicted in (6.39), as it is done in [13].
We are then led to assess the nonsingularity of the matrix J in (6.41). In
particular, sufficient conditions for the nonsingularity of J are given, with
a different notation, in [13] (see eqs. (127) and (128) in pp. 289-290), where
it is required that either

I −H21F̃
T (6.43)

and

I +H12F̃ +H11F̃
T(I −H21F̃

T)−1H22F̃ (6.44)

are nonsingular, or so they are

I +H12F̃ (6.45)

and

I −H21F̃
T +H22F̃ (I +H12F̃ )−1H11F̃

T. (6.46)

These requirements can be easily understood by noticing that the Schur
complement (cf. Lemma 3.3 on p. 127) of the upper-left identity blocks in
J within (6.41) reads

J̃ =
(
I 0
0 I

)
+
(
H11 H12

H21 H22

)(
0 −F̃T

F̃ 0

)

=
(
I +H12F̃ −H11F̃

T

H22F̃ I −H21F̃
T

)
, (6.47)

which makes it possible to examine the nonsingularity of J , supporting
index analyses or unique solvability properties of associated resistive net-
works, in terms of the somehow simpler matrix J̃ in (6.47). In particular,
the fact that the nonsingularity of the pair of matrices (6.43)-(6.44) or that
of (6.45)-(6.46) implies the nonsingularity of J becomes clear, since (6.44)
and (6.46) are the Schur complements of (6.43) and (6.45), respectively, in
J̃ . Incidentally, none of these pairs of requirements is actually necessary
for the nonsingularity of J̃ ; indeed, a two-branch example with F̃ = 1,
H12 = −1, H21 = 1, H11 �= 0 �= H22 yields nonsingular matrices J and J̃

in (6.41) and (6.47) even though the ones in (6.43) and (6.45) are singular.
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6.2.4 Index characterization

Using the results presented in subsections 3.4.7 and 6.2.3, we character-
ize below the geometric index of the branch-oriented model (6.1) and the
tree-based reformulations (6.3) and (6.28) in problems with strictly locally
passive resistors. The tractability index of these models is discussed in
[234]. Mind that, according to the results of subsection 6.2.2, the strict
passivity assumption avoids the need to assume a priori the existence of
a hybrid description for resistors or the invertibility of the matrix M in
(6.30).

Theorem 6.2. Consider a well-posed, connected circuit with nonsingular
incremental capacitance and inductance matrices C, L, and strictly locally
passive resistors at all operating points.

(1) The branch-oriented models (6.1) and (6.3), as well as the multiport
model (6.33), have geometric index one if and only if the circuit has
neither VC-loops nor IL-cutsets.

(2) Assuming additionally that the matrices C and L are positive definite,
the existence of VC-loops and/or IL-cutsets makes systems (6.1), (6.3)
and (6.33) index two.

Proof. According to Theorem 6.1 (p. 275), it is enough to prove the as-
sertions for the multiport model (6.33), which is locally well-defined around
any operating point and retains the index of the branch models (6.1), (6.3)
and (6.28) for any tree containing all voltage sources and no current source,
under the assumption that resistors are strictly locally passive; see also Re-
mark 6.1 on p. 260. For item (1) we will assume that the tree leading to
(6.33) is proper, whereas for item (2) it will be a normal tree (cf. page 206).

Assume first that there are neither VC-loops nor IL-cutsets, as stated
in item (1). Letting then the tree be a proper one, in which all capacitors
are twigs and all inductors are links, the multiport model (6.33) amounts
to

C(vc)v′c = ic (6.48a)

L(il)i′l = vl (6.48b)

0 = ic − Ψ1(vc, il, vs(t), is(t)) (6.48c)

0 = vl − Ψ2(vc, il, vs(t), is(t)), (6.48d)

which is an index one DAE since the derivative of (6.48c)-(6.48d) with
respect to the algebraic variables ic, vl is obviously nonsingular.
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The converse result in item (1) can be directly addressed in terms of
the original branch model (6.1). Assume that this system is index one,
so that the derivative of the mappings in (6.1c), (6.1d), (6.1e), (6.1f) and
(6.1g) with respect to the algebraic variables ic, ir, ij, iu, vl, vr, vj , vu

must be nonsingular at any operating point. Since ic, iu only enter (6.1c),
it follows that (Ac Au) has full column rank, so that the circuit has no VC-
loops according to Lemma 5.3 (p. 199). Analogously, since vl, vj are only
present in (6.1d), the submatrix (Bl Bj) must have full column rank, which
according to Lemma 5.7 (p. 200) indicates that there are no IL-cutsets. Item
(1) is then proved.

Focus in the sequel on item (2), and assume that the tree used in the
derivation of (6.33) is a normal one. In a normal tree, the fundamental
cutset defined by each twig inductor only has link inductors and current
sources and, analogously, the fundamental loop defined by each link capac-
itor only involves twig capacitors and voltage sources (see page 207). This
implies in particular that the blocks F22, F42 and F24 within the matrix F
in (6.29) vanish, and then the expressions (6.34b) and (6.35b) for il1 and
vc2 read

il1 = FT
12il2 + FT

32is(t) (6.49a)

vc2 = −F21vc1 − F23vs(t). (6.49b)

Additionally, the relations F24 = 0 and F42 = 0 show that the variable ic2
is not involved in the expression for ir1 in (6.28c), nor is the variable vl1

in the equation defining vr2 within (6.28d). Therefore, the αi-mappings in
(6.31) are actually independent of vl1 and ic2 , so that (6.34a) and (6.35a)
can be rewritten as

ic1 = FT
11il2 + FT

21ic2 + FT
31is(t) + FT

41α4(vc1 , il2 , vs(t), is(t))

= β1(vc1 , il2 , ic2 , vs(t), is(t)) (6.50)

vl2 = −F11vc1 − F12vl1 − F13vs(t) − F14α3(vc1 , il2 , vs(t), is(t))

= β2(vc1 , il2 , vl1 , vs(t), is(t)), (6.51)

where, with notational abuse, we have removed the dependence of α3 and α4

on vl1 and ic2 . Mind that β1 does not depend on vl1 and β2 is independent
of ic2 ; moreover, β1 and β2 are linear in ic2 and vl1 , respectively, with

∂β1

∂ic2
= FT

21,
∂β2

∂vl1

= −F12. (6.52)

Using the expressions depicted in (6.50) and (6.51), we can then elimi-
nate ic1 and vl2 from the multiport model (6.33). This is a Schur reduction
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which, according to Proposition 3.7, does not change the index. The re-
sulting model is defined in terms of the variables (vc1 , vc2 , il1 , il2 , vl1 , ic2)
by

C(vc)
(
v′c1
v′c2

)
=
(
β1(vc1 , il2 , ic2 , vs(t), is(t))

ic2

)
(6.53a)

L(il)
(
i′l1
i′l2

)
=
(

vl1

β2(vc1 , il2 , vl1 , vs(t), is(t))

)
(6.53b)

0 = il1 − FT
12il2 − FT

32is(t) (6.53c)

0 = vc2 + F21vc1 + F23vs(t), (6.53d)

where it is worth emphasizing that at least one of the two equations (6.53c)
or (6.53d) must necessarily be present in the model because of the existence
of at least one IL-cutset or VC-loop.

System (6.53) is a Hessenberg DAE of the form depicted in (3.78),
with dynamic variables y = (vc1 , vc2 , il1 , il2) and algebraic variables z =
(vl1 , ic2). Note that, indeed, the twig inductor voltages vl1 and the link
capacitor currents ic2 within z do not appear in the algebraic relations
(6.53c)-(6.53d). The mappings h and g in (3.78) are here defined by

h(y, z, t) =



C(vc)−1

(
β1(vc1 , il2 , ic2 , vs(t), is(t))

ic2

)
L(il)−1

(
vl1

β2(vc1 , il2 , vl1 , vs(t), is(t))

)

 (6.54a)

g(y, t) =
(
il1 − FT

12il2 − FT
32is(t)

vc2 + F21vc1 + F23vs(t)

)
. (6.54b)

According to the results in 3.4.7.3, for the Hessenberg system (6.53)
to have geometric index two we need to check that the product gyhz is
nonsingular. In the light of (6.54), this product reads

(
0 0 I −FT

12

F21 I 0 0

)
C−1(vc)

(
0 FT

21

0 I

)
L−1(il)

(
I 0

−F12 0

)

 , (6.55)

where we have used (6.52) and the fact that β1 and β2 do not depend on vl1

and ic2 , respectively. The expression depicted in (6.55) can be rewritten as(
0 0
F21 I

)
C−1(vc)

(
0 FT

21

0 I

)
+
(
I −FT

12

0 0

)
L−1(il)

(
I 0

−F12 0

)
, (6.56)
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that is,

(
I −FT

12

)
L−1(il)

(
I

−F12

)
0

0
(
F21 I

)
C−1(vc)

(
FT

21

I

)

 , (6.57)

which is easily proved nonsingular since the positive definiteness assump-
tions on C and L make C−1 and L−1 positive definite as well. This shows
that the Hessenberg model (6.53) is index two, and thereby the multiport
equations (6.33) as well as the branch-oriented models (6.1) and (6.3) have
geometric index two, thus completing the proof of item (2). �

Theorem 6.2 implicitly presumes the existence of at least one operating
point (cf. subsection 6.2.1). In this regard, the index two setting raises
the question of whether there exist operating points actually satisfying the
hidden constraint for the Hessenberg DAE (6.53). This can be answered in
the affirmative. Indeed, the hidden constraint gyh+ gt = 0 reads(

0 0
F21 I

)
C−1(vc)

(
β1(vc1 , il2 , ic2 , vs(t), is(t))

ic2

)

+
(
I −FT

12

0 0

)
L−1(il)

(
vl1

β2(vc1 , il2 , vl1 , vs(t), is(t))

)
+
(−FT

32i
′
s(t)

F23v
′
s(t)

)
= 0.

(6.58)

Since β1 does not depend on vl1 and is linear in ic2 and, similarly, β2 is
independent of ic2 and linear in vl1 , it follows that this system is linear in
vl1 and ic2 . The nonsingularity of the product gyhz proved above makes
it possible to express z = (vl1 , ic2) in terms of the remaining variables.
Specifically, the first rows of (6.58) allow us to write

vl1 = ζ1(vc1 , il2 , vs(t), is(t), i′s(t)), (6.59)

whereas the last ones yield

ic2 = ζ2(vc1 , il2 , vs(t), is(t), v′s(t)). (6.60)

In turn, the conditions F24 = 0 and F42 = 0 in a normal tree indicate that
ic2 and vl1 are not involved in the requirements on the configuration space
imposed by the equations defining ir1 and vr2 within (6.28c) and (6.28d),
respectively. Broadly speaking, this means that vl1 and ic2 can be freely
assigned; since the existence of an operating point guarantees that the linear
system defined by (6.28c) and (6.28d) with ir = i∗r, ij = is(t∗), vr = v∗r
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and vu = vs(t∗) has a solution, it follows that there actually exist operating
points at t∗ with vl1 , ic2 given by the relations depicted in (6.59)-(6.60).

Note also that, by Proposition 6.1, there would be no loss of generality
in recasting Theorem 6.2 in terms of local voltage-controlled or current-
controlled descriptions for resistors, with positive definite incremental con-
ductance or resistance matrices, respectively.

6.2.5 State space reduction

The reduction approach supporting the geometric index characterization in
Theorem 6.2 naturally yields local state equations modeling the circuit dy-
namics. Based on the semiexplicit form of the branch models (6.1) and (6.3)
under the assumption of nonsingularity on C(vc), L(il), and the Hessenberg
form of (6.53) in the index two case, we may follow the ideas discussed in
3.4.7.2 and 3.4.7.3 to derive such state space models. This is done in The-
orem 6.3 below, which can be understood as a restatement in DAE terms
of the proper and normal tree methods [18, 35, 36].

For the sake of notational simplicity, we remove in (6.61) and (6.62)
below the explicit dependence on t of the source terms vs(t), is(t) and their
derivatives v′s(t), i

′
s(t). The expressions defining the maps in (6.62) are

detailed within the proof.

Theorem 6.3. Under the assumptions of Theorem 6.2, the circuit dynam-
ics are locally modeled by state space equations of the form

v′c = C(vc)−1Ψ1(vc, il, vs, is) (6.61a)

i′l = L(il)−1Ψ2(vc, il, vs, is), (6.61b)

in problems with geometric index one, and

v′c1 = C̃(vc1 , vs)
(
β1(vc1 , il2 , ζ2(vc1 , il2 , vs, is, v

′
s), vs, is)

ζ2(vc1 , il2 , vs, is, v
′
s)

)
(6.62a)

i′l2 = L̂(il2 , is)
(

ζ1(vc1 , il2 , vs, is, i
′
s)

β2(vc1 , il2 , ζ1(vc1 , il2 , vs, is, i
′
s), vs, is)

)
(6.62b)

for circuits with geometric index two.

Proof. In the index one context, the reduction (6.61) is immediately ob-
tained from (6.48). Note that this state space model has the form displayed
in (3.77).

For the index two case, we use the Hessenberg form of (6.53) to derive
a state space model of the form depicted in (3.82). The state variables
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u will be defined by the twig capacitor voltages vc1 and the link inductor
currents il2 , whereas w will include the twig inductor currents il1 and the
link capacitor voltages vc2 . The mapping w = ψ(u, t) used in the reduction
of Hessenberg DAEs within 3.4.7.3 is now explicitly given by (6.53c) and
(6.53d), namely

il1 = FT
12il2 + FT

32is(t) = ψ1(il2 , is(t)) (6.63a)

vc2 = −F21vc1 − F23vs(t) = ψ2(vc1 , vs(t)). (6.63b)

Let us then insert these expressions within the capacitance and inductance
matrices C(vc), L(il) and split their inverses as

C((vc1 , ψ2(vc1 , vs(t))))−1 =
(
C̃(vc1 , vs(t))
Ĉ(vc1 , vs(t))

)
, (6.64)

and

L((ψ1(il2 , is(t)), il2))−1 =
(
L̃(il2 , is(t))
L̂(il2 , is(t))

)
, (6.65)

respectively. In both cases, the rows defining the ˜ submatrices are those
corresponding to tree reactances, whereas the ones entering the ˆ subma-
trices correspond to cotree elements.

We also need to express the variables z = (vl1 , ic2) in terms of vc1 and
il2 . Following again 3.4.7.3, this will be given by the mapping z = ζ(u, t),
which comes from the hidden constraint gyh + gt = 0. The map ζ is in
this case defined by the relations displayed in (6.59)-(6.60). The insertion
of these expressions into the corresponding entries of (6.53a) and (6.53b)
finally yields the local state space model (6.62). �

Note that the explicit appearance of the derivatives v′s(t), i
′
s(t) of the

excitation terms in (6.62) is consistent with the index two nature of the
circuit configurations arising in item (2) of Theorem 6.2.

An index one example: Bashkow’s circuit

Let us drive our attention again to Bashkow’s circuit (Figure 6.1). The
multiport model (6.33) for this circuit is obtained after eliminating from
the equations discussed in subsection 6.1.2 the resistive branch variables
using (6.5c), (6.5d), (6.7c) and (6.8), as well as the voltage and the current
in the source by means of (6.7b) and the identity ij = i0(t). This leads to



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

6.2. Geometric index analysis and reduction of branch models 285

C1v
′
c1

= ic1 (6.66a)

C2v
′
c2

= ic2 (6.66b)

C3v
′
c3

= ic3 (6.66c)

L1i
′
l1 = vl1 (6.66d)

L2i
′
l2 = vl2 (6.66e)

0 = ic1 − il1 + i0(t) (6.66f)

0 = ic2 − il1 +G3(vc2 + vc3) (6.66g)

0 = ic3 + il2 +G3(vc2 + vc3) (6.66h)

0 = vl1 + vc1 + vc2 +R4il1 (6.66i)

0 = vl2 − vc3 +R5il2 . (6.66j)

This is an index one DAE, consistently with Theorem 6.2 and the absence
of VC-loops and IL-cutsets. The state space equation given by (6.61) is

C1v
′
c1

= il1 − i0(t) (6.67a)

C2v
′
c2

= −G3(vc2 + vc3) + il1 (6.67b)

C3v
′
c3

= −G3(vc2 + vc3) − il2 (6.67c)

L1i
′
l1 = −vc1 − vc2 −R4il1 (6.67d)

L2i
′
l2 = vc3 −R5il2 , (6.67e)

which, as expected, coincides with the one derived in [18].

State equations of index two circuits

VC-loops. Consider the circuit discussed in Example 2 (pp. 229-230),
displayed in Figure 6.3 together with a normal tree. According to Theo-
rem 6.2, the presence of a VC-loop should make the branch and multiport
models for this circuit index two, under positive definite assumptions on
the circuit matrices which in this uncoupled problem hold if the individ-
ual capacitances, inductances and resistances are positive. This is indeed
the case, as shown below; for the sake of brevity we work directly with the
multiport model (6.33), which can be easily derived from the corresponding
tree-based model of the form (6.3).

Using the normal tree shown in Figure 6.3, the multiport model for this
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Fig. 6.3 Circuit with a VC-loop and normal tree.

circuit reads

C1v
′
c1

= ic1 (6.68a)

C2v
′
c2

= ic2 (6.68b)

C3v
′
c3

= ic3 (6.68c)

L1i
′
l1 = vl1 (6.68d)

L2i
′
l2 = vl2 (6.68e)

0 = ic1 − il1 + i0(t) (6.68f)

0 = ic2 − ic3 − il1 − il2 (6.68g)

0 = vl1 + vc1 + vc2 +R4il1 (6.68h)

0 = vl2 + vc2 +R5il2 − v0(t) (6.68i)

0 = vc3 + vc2 − v0(t). (6.68j)

Note that the capacitor C3 is located within a link, owing to the exis-
tence of the VC-loop defined by C2 and C3 together with the voltage source.
The fundamental loop equation for the VC-loop is (6.68j). With respect to
the circuit and the tree considered in Figure 6.1, note that now the twig
capacitor C2 defines a cutset together with the link reactances L1, C3 and
L2, so that (6.68g) replaces (6.5a). The fundamental loop defined by the
link inductor L2 also changes with respect to the one in Figure 6.1.

Now, twig capacitor currents and link inductor voltages can be elim-
inated as in (6.50) and (6.51). This yields the Hessenberg model (6.53),
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which for this example reads

C1v
′
c1

= il1 − i0(t) (6.69a)

C2v
′
c2

= il1 + il2 + ic3 (6.69b)

C3v
′
c3

= ic3 (6.69c)

L1i
′
l1 = −vc1 − vc2 −R4il1 (6.69d)

L2i
′
l2 = −vc2 −R5il2 + v0(t) (6.69e)

0 = vc2 + vc3 − v0(t), (6.69f)

where it is worth remarking the presence of the algebraic variable ic3 , cor-
responding to the link capacitor C3. The hidden constraint for this index
two DAE is easily derived from (6.69b), (6.69c) and (6.69f), and can be
written as (cf. (6.60))

ic3 = − C3

C2 + C3
(il1 + il2) +

C2C3

C2 + C3
v′0(t).

This expression finally leads to the state space model

C1v
′
c1

= il1 − i0(t) (6.70a)

(C2 + C3)v′c2
= il1 + il2 + C3v

′
0(t) (6.70b)

L1i
′
l1 = −vc1 − vc2 −R4il1 (6.70c)

L2i
′
l2 = −vc2 −R5il2 + v0(t). (6.70d)

The state dimension of this equation (four) equals the order of complexity
of the circuit, which in the absence of IL-cutsets is defined by the number
of reactances minus the number of independent VC-loops.

Note that the leading coefficients of (6.70) do not vanish since all re-
actances are positive and then C1 �= 0 �= C2 + C3 and L1 �= 0 �= L2; in
this regard, it is worth mentioning that in problems without IL-cutsets the
proofs of the index two cases in Theorems 6.2 and 6.3 hold if the capac-
itance matrix C is positive definite and the inductance matrix L is just
nonsingular.

IL-cutsets. If all circuit matrices are positive definite, the existence of IL-
cutsets also leads to index two models within the branch-oriented approach,
as illustrated below. The procedure discussed above allows one to derive a
state space equation also in this setting. Let us then consider the circuit in
Example 3 (pp. 231-232), displayed in Figure 6.4 together with a normal
tree, assuming again that all capacitances, inductances and conductances
are positive.
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The inductor L1 is now located in the tree, due to the existence of the
IL-cutset defined by L1, L3 and the current source. The reader can check
that the normal tree depicted in Figure 6.4 leads to the multiport model

C2v
′
c2

= ic2

C3v
′
c3

= ic3

L1i
′
l1 = vl1

L2i
′
l2 = vl2

L3i
′
l3 = vl3

0 = ic2 − il3 +G3(vc2 + vc3) − i0(t)

0 = ic3 + il2 +G3(vc2 + vc3)

0 = il1 − il3 − i0(t)

0 = vl2 − vc3 +R5il2

0 = vl3 + vl1 + vc2 +R4(il3 + i0(t)).

The Hessenberg DAE (6.53), which includes the algebraic variable vl1 com-
ing from the twig inductor, reads

C2v
′
c2

= −G3(vc2 + vc3) + il3 + i0(t)

C3v
′
c3

= −G3(vc2 + vc3) − il2

L1i
′
l1 = vl1

L2i
′
l2 = vc3 −R5il2

L3i
′
l3 = −vc2 −R4(il3 + i0(t)) − vl1

0 = il1 − il3 − i0(t),

and the hidden constraint for this index two equation can be checked to
yield, as in (6.59),

vl1 = − L1

L1 + L3
(vc2 +R4(il3 + i0(t))) +

L1L3

L1 + L3
i′0(t),
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which finally leads to the state space model

C2v
′
c2

= −G3vc2 −G3vc3 + il3 + i0(t) (6.71a)

C3v
′
c3

= −G3vc2 −G3vc3 − il2 (6.71b)

L2i
′
l2 = vc3 −R5il2 (6.71c)

(L1 + L3)i′l3 = −vc2 −R4il3 −R4i0(t) − L1i
′
0(t). (6.71d)

The order of complexity (four) of the circuit now equals the number of reac-
tances minus the number of independent IL-cutsets. Again, the leading co-
efficients do not vanish since the capacitances and inductances are positive
and thus C2 �= 0 �= C3, L2 �= 0 �= L1 + L3. In problems without VC-loops
the index two characterization in Theorem 6.2 and the state space deriva-
tion in Theorem 6.3 are actually feasible with nonsingular capacitance and
positive definite inductance, in consonance with the requirements in this
example.

6.2.6 Controlled sources

The results discussed above can be extended to a broad family of circuits
including controlled sources. Specifically, the geometric index characteri-
zation and the state space reduction introduced in subsections 6.2.4 and
6.2.5, respectively, can be adapted in order to apply to circuits with con-
trolled sources under certain restrictions on the controlling variables of these
sources and on the network topology. These ideas are detailed below.

Current and voltage sources will now be assumed to be defined by cer-
tain relations of the form

ij = gj(v, i, t) (6.72a)

vu = gu(v, i, t) (6.72b)

where ij and vu stand for the currents and voltages in current and voltage
sources, respectively. These relations accommodate in particular indepen-
dent sources, which correspond to certain components of ij and vu which
are governed by explicit functions of time, to be denoted by is(t) and vs(t).
The remaining sources, associated with the remaining components of ij and
vu, are controlled by certain branch voltages and/or currents.

Letting iu, vj describe the currents and voltages in all voltage and cur-
rent sources, respectively, the general branch-oriented model for circuits
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with controlled sources is defined by the DAE

C(vc)v′c = ic (6.73a)

L(il)i′l = vl (6.73b)

0 = Acic +Alil +Arir +Ajij +Auiu (6.73c)

0 = Bcvc +Blvl +Brvr +Bjvj +Buvu (6.73d)

0 = gr(vr, ir) (6.73e)

ij = gj(v, i, t) (6.73f)

vu = gu(v, i, t). (6.73g)

Assume now that the circuit has neither I-cutsets nor V-loops; in the present
framework, this means that there are neither cutsets formed by independent
and/or controlled current sources, nor loops formed by independent and/or
controlled voltage sources. Choosing a tree in which all voltage sources are
twigs and all current sources are links, the corresponding tree-based model
reads

C(vc)v′c = ic (6.74a)

L(il)i′l = vl (6.74b)

0 =



ic1
il1
iu
ir1


− FT



il2
ic2
ij
ir2


 (6.74c)

0 =



vl2

vc2

vj

vr2


+ F



vc1

vl1

vu

vr1


 (6.74d)

0 = gr(vr, ir) (6.74e)

ij = gj(v, i, t) (6.74f)

vu = gu(v, i, t), (6.74g)

where, as usual, the subscripts ‘1’ and ‘2’ refer to tree and cotree elements,
respectively,

The key assumption making it feasible to extend the results of subsec-
tions 6.2.4 and 6.2.5 to circuits with controlled sources is defined in terms of
the controlling variables allowed for them. Specifically, we will assume that
equations (6.74c)-(6.74g) are such that ij and vu can be eventually written
in terms of capacitor voltages, inductor currents, and voltages and currents
in independent (voltage and current, respectively) sources. This means that
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the defining relations (6.74f) and (6.74g) for the sources, together with the
circuit topology, make it possible to write

ij = γj(vc, il, vs(t), is(t)) (6.75a)

vu = γu(vc, il, vs(t), is(t)). (6.75b)

We will elaborate further on this point in 6.2.6.3 below.

6.2.6.1 Index one

Let us suppose that the circuit has neither VC-loops nor IL-cutsets, where
the excluded sources are both independent and controlled ones. The tree
leading to (6.74) can be then assumed to be a proper one.

Proceeding as in subsection 6.2.3, under a strict passivity assumption on
resistors (or in the broader setting discussed in 6.2.3.2), resistive voltages
and currents can be explicitly written in terms of (vc, il, vu, ij) and in turn,
using (6.75), in terms of (vc, il, vs(t), is(t)). Therefore, the derivation of the
model (6.48) is still feasible in this context and the circuit is immediately
seen to be index one; a state space reduction of the form (6.61) also follows
in a trivial manner.

6.2.6.2 Index two

Assume now that the circuit has VC-loops and/or IL-cutsets. The tree used
in the formulation of (6.74) can be then taken to be a normal one.

Suppose additionally that no controlled voltage source enters a VC-loop
and, analogously, that controlled current sources are absent from IL-cutsets.
In this situation, the normal tree can be chosen in a way such that the fun-
damental cutset defined by each twig inductor only has link inductors and
independent current sources, and the fundamental loop defined by each link
capacitor only involves twig capacitors and independent voltage sources.
This means that the analogs of (6.49a)-(6.49b) can be written as

il1 = FT
12il2 +

(
FT

32

)∗
is(t) (6.76a)

vc2 = −F21vc1 − (F23)
∗
vs(t), (6.76b)

where
(
FT

32

)∗ and (F23)
∗ are the submatrices of FT

32 and F23 defined by the
columns corresponding to independent sources.

Again, under a strict passivity assumption on resistors, or in the frame-
work of 6.2.3.2, resistive voltages and currents can be written in terms of
(vc1 , il2 , vs(t), is(t)), as in the proof of the index two case in Theorem 6.2
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and using additionally (6.75) and (6.76). This implies that ic1 and vl2 can
still be expressed in the form

ic1 = β1(vc1 , il2 , ic2 , vs(t), is(t)) (6.77)

vl2 = β2(vc1 , il2 , vl1 , vs(t), is(t)), (6.78)

as in (6.50)-(6.51), the identities (6.52) also holding in the present context.
Hence, the circuit equations can be written as the Hessenberg system of
size two

C(vc)
(
v′c1
v′c2

)
=
(
β1(vc1 , il2 , ic2 , vs(t), is(t))

ic2

)
(6.79a)

L(il)
(
i′l1
i′l2

)
=
(

vl1

β2(vc1 , il2 , vl1 , vs(t), is(t))

)
(6.79b)

0 = il1 − FT
12il2 − (

FT
32

)∗
is(t) (6.79c)

0 = vc2 + F21vc1 + (F23)
∗
vs(t). (6.79d)

The index two condition on this DAE again relies on the nonsingularity of
the matrix (6.55), which holds exactly as detailed in the proof of Theorem
6.2 (p. 282). Note also that a state space reduction analogous to the one
presented in Theorem 6.3 can be derived from the Hessenberg model (6.79).

6.2.6.3 Assumptions on controlling variables for the sources

The assumption that the voltages and currents in controlled sources can be
expressed in the form displayed in (6.75) is met in practice by many circuits.
The reader should not erroneously understand that only the voltages of
capacitors and independent voltage sources and the currents of inductors
and independent current sources can be controlling variables; the key idea
is that not only these variables, but also those which can be expressed in
terms of them using the network equations, may act as controlling variables
for the sources.

In particular, the controlling variables accommodated in conditions 1
and 2(a) of the MNA index characterization stated in Theorem 4.1 of [87]
(cf. Tables I-IV there) fall in this framework. For instance, VCCS’s (note
that [87] presumes that all controlled sources fall in the four categories
defined on p. 211 above) are assumed in Table III of [87] to be controlled
by the voltages of capacitors, all kind of voltage sources, and branches that
form a loop with capacitors and voltage sources. By Kirchhoff’s voltage
law, the latter implies that these controlling voltages can be written in
terms of those coming from the capacitors and the voltage sources in the



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

6.3. Qualitative properties 293

loop. This means that the currents of voltage-controlled current sources
can be eventually expressed as

ivccsj = gvccs
j (vc, vu). (6.80)

Analogously, the remaining sources are assumed (in Tables IV, I, and II,
respectively) to be governed by relations that can be written in the form

icccsj =gcccs
j (il, is(t),γ̌r(vc, vu), ǧj(vc, vu)) (6.81)

vvcvs
u =gvcvs

u (vc, vs(t), ĝu(il, is(t),γ̂r(vc, vs(t)), ĝj(vc, vs(t)))) (6.82)

vccvs
u =gccvs

u (il, is(t),γ̃r(vc, vs(t), g̃u(vc, vs(t))), g̃j(vc, vs(t), g̃u(vc, vs(t)))). (6.83)

From the expressions depicted in (6.82) and (6.83) it is clear that the volt-
ages in all voltage sources can be written in terms of (vc, il, vs(t), is(t)) and,
subsequently, the same holds for the currents in current sources (cf. (6.80)
and (6.81)).

Therefore, the assumption that ij and vu can be eventually written
in the form displayed in (6.75) is met by the above-mentioned sources. As
detailed in [87, 292], this accommodates in particular the controlled sources
arising in MOSFET transistors, used in many electronic applications. The
extension of these results to circuits including broader families of controlled
sources is however an open problem.

6.3 Qualitative properties

Qualitative features of nonlinear electrical circuits are often addressed via
state models; see [60, 64, 65, 88, 103–105, 128, 201, 204, 286, 287] and
references therein. Many results involving equilibria were established via
state space formulations in the 1970s; a compilation of these results can be
found in the survey paper [60]. As it happens in index analyses, qualitative
properties of equilibria can be assessed in terms of the topology of the
circuit and the electrical features of the devices. Topological aspects were
already emphasized in [60, 64, 65].

Nevertheless, in spite of the wide scope of the state space framework
discussed in these references and particularly in [60], a drawback of this
approach is that the topological conditions arising in qualitative analyses
are somehow merged with those supporting a state formulation. Indeed,
the use of state models in [60] requires local solvability hypotheses (see
specifically Theorems 4 and 12 there) which can be seen as local index
one conditions on a multiport model (cf. [244]), and therefore restrict the
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results to these index one configurations. As a simple example, a C-loop,
displayed for instance in many MOS transistor models [287, 292], would put
the circuit out of the scope of this framework. Other related results, such
as Theorem 10 in [64], are also explicitly restricted to circuit configurations
not displaying C-loops or L-cutsets.

The DAE setting accommodates circuit models in great generality, al-
lowing for a precise distinction between “qualitative” topological conditions
and those supporting state space reductions. In the study of equilibria car-
ried out in this Section, we will hence clarify the nature of the different
topological conditions arising in the analysis, stating the results in a way
such that they apply to index one and index two configurations. Under
some passivity and reciprocity requirements on the circuit matrices, the
qualitative analysis will rely on certain graph configurations involving VL-
loops, IC-cutsets, VCL-loops and ICL-cutsets. The results must then be
stated in a manner which applies in particular to well-posed circuits with
VC-loops (including C-loops) and/or IL-cutsets (including L-cutsets).

We will split the topological conditions supporting different qualitative
features, specifically the nonsingularity, hyperbolicity, and exponential sta-
bility of equilibrium points. These linear stability features are expressed in
terms of certain properties of the matrix pencil spectrum, namely on the
conditions λ �= 0, Reλ �= 0 and Reλ < 0 for the pencil eigenvalues λ. Note
that the qualitative analysis is possible in terms of matrix pencil theory
because of the geometric index characterization carried out in subsection
6.2.4 above, which makes it possible to apply directly the results of Section
3.5 and, specifically, Theorem 3.5 (p. 131). This way we improve on the
results of [252], where the tractability index analysis requires an ad hoc
support of the use of the matrix pencil spectrum (cf. Theorem 5 there).

Other qualitative aspects of nonlinear circuits will not be touched upon
here. Somehow related issues concerning DC operating points are ad-
dressed in [103–105], where operating points potential stability and in-
stability are defined and analyzed in terms of the DC equations only.
Broadly speaking, these papers classify an operating point of a given
DC circuit as unstable if no insertion of parallel capacitors and series
inductors results in a stable equilibrium of the corresponding dynamic
circuit. Find details in the above-mentioned references. Several results
based upon Lyapunov function methods can be found in [64, 88, 128, 287]
and references therein, whereas qualitative features of certain circuit fam-
ilies are tackled in [98, 155, 257, 286, 287]. Different qualitative proper-
ties of nonlinear circuit dynamics can be studied via the geometric ap-
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proach stemming from the work of Brayton and Moser [28, 29]; later
results in this direction can be found in [77, 118, 119, 268, 302, 303].
Jump phenomena, impasse points and related singularities are addressed
in [61, 62, 233, 236, 246, 258, 288]. Chaotic effects in state space models
of nonlinear circuits have been exhaustively analyzed in the literature; see
[69, 265, 266] as a sample.

6.3.1 Equilibria of DC circuits

Assume that a given circuit has no controlled sources and that the indepen-
dent ones are DC sources; this means that the circuit is driven by constant
excitations is(t) = Is and vs(t) = Vs with Is ∈ Rbj , Vs ∈ Rbu . For simplic-
ity, let us substitute ij = Is, vu = Vs within equations (6.1c)-(6.1d) of the
branch-oriented model (6.1) to derive

C(vc)v′c = ic (6.84a)

L(il)i′l = vl (6.84b)

0 = Acic +Alil +Arir +AjIs +Auiu (6.84c)

0 = Bcvc +Blvl +Brvr +Bjvj +BuVs (6.84d)

0 = gr(vr, ir). (6.84e)

This is a quasilinear DAE of the form A(x)x′ = f(x), where x is the
semistate vector defined by all branch currents and voltages (except for
the currents and voltages in current and voltage sources, respectively). For
later use, we will order the variables in x as (vc, il, ic, vl, ir, vr, iu, vj).
The matrix-valued mapping A(x) can be written as

A(x) =



C(vc) 0 0 0 0 0 0 0

0 L(il) 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


 , (6.85)

and the vector field f(x) reads

f(x) =




ic
vl

−Acic −Alil −Arir −AjIs −Auiu
−Bcvc −Blvl −Brvr −Bjvj −BuVs

−gr(vr , ir)


 , (6.86)
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where the − sign in the last entries is aimed at later convenience. In the
sequel we assume that a given x∗ is an equilibrium point of (6.84), namely,
that f(x∗) = 0.

Remark 6.5. In the light of (6.84a) and (6.84b), the equilibrium condition
requires that ic = 0 and vl = 0. This is equivalent to open-circuiting capac-
itors, so that ic = 0, and short-circuiting inductors, which makes vl = 0.
From the point of view of circuit theory, this is the usual procedure to com-
pute the so-called DC operating points of the network. The relations which
result from performing the substitutions ic = 0 and vl = 0 in (6.84c) and
(6.84d), respectively, together with (6.84e), are known as the DC equations
of the circuit.

Given an equilibrium x∗ of (6.84), our goal in this Section is to charac-
terize topologically certain properties of the spectrum of the matrix pencil
λA(x∗) − f ′(x∗), that is,

σ({A(x∗),−f ′(x∗)}) = {λ ∈ C / det(λA(x∗) − f ′(x∗)) = 0}. (6.87)

Following Theorem 3.5, in circuits with a well-defined geometric index
this spectrum will describe linear stability properties of the equilibrium
point x∗. Certainly, these circuits include in particular the ones arising
in Theorem 6.2. Recalling that the semistate variables x are ordered as
(vc, il, ic, vl, ir, vr, iu, vj), in the light of (6.85) and (6.86) we have

λA(x∗) − f ′(x∗) =



λC 0 −I 0 0 0 0 0
0 λL 0 −I 0 0 0 0
0 Al Ac 0 Ar 0 Au 0
Bc 0 0 Bl 0 Br 0 Bj

0 0 0 0 E D 0 0


 , (6.88)

where C and L stand for C(v∗c ) and L(i∗l ), respectively, whereas

D =
∂gr

∂vr
(v∗r , i

∗
r), E =

∂gr

∂ir
(v∗r , i

∗
r).

We will assume that the set of resistors is strictly locally passive at (v∗r , i
∗
r)

(cf. Definition 6.1); it follows from Proposition 6.1 (p. 268) that all hybrid
definitions of the resistors are locally well-defined and yield positive definite
incremental hybrid matrices H . In particular, the incremental conductance
and resistance matrices G = −E−1D, R = −D−1E are well-defined and
positive definite. Recall that full coupling is allowed within the sets of
capacitors, inductors and resistors.
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Remark 6.6. The expression depicted in (6.88) shows that ill-posed cir-
cuits yield a singular matrix pencil. Indeed, the existence of a V-loop im-
plies that Au does not have maximal column rank (cf. Lemma 5.3), making
(6.88) singular for any λ. Analogously, an I-cutset prevents Bj from having
maximal column rank, according to Lemma 5.7, and thereby also makes
(6.88) singular. In problems with strictly locally passive resistors and pos-
itive definite matrices C, L the converse is also true, that is, a singular
matrix pencil (6.88) necessarily corresponds to an ill-posed circuit; see Re-
mark 6.11 after Theorem 6.5.

Remark 6.7. At several points we will compute the matrix pencil spectrum
at equilibrium using models slightly different from (6.84). Specifically, we
will use tree-based formulations, as well as hybrid descriptions of resistors
of the form (6.39) instead of (6.84e). Proceeding as in Remark 6.1 (p. 260)
and in the proof of Theorem 6.1 (p. 275), respectively, these reformulations
can be easily seen to result in a premultiplication of λA(x∗) − f ′(x∗) in
(6.88) by a nonsingular matrix, which does not change the pencil spectrum
nor affects the invertibility of f ′(x∗).

6.3.2 Nonsingularity

In different contexts, it is of interest to assess if a given equilibrium x∗ of the
circuit equations (6.84) is nonsingular in the sense that the Jacobian matrix
f ′(x∗) is invertible. In nonlinear problems, the nonsingularity of f ′(x∗)
guarantees the isolation of this equilibrium and makes it well-conditioned
for Newton-based computations (see for instance [63, 105, 160, 161, 245]
and references therein). In linear cases, the nonsingularity of the matrix
coming from the right-hand side of (6.84) implies the existence of a unique
equilibrium for the circuit dynamics.

Restricting the attention to problems with strictly locally passive re-
sistors (or strictly passive resistors in linear settings), this nonsingularity
requirement can be examined topologically, as shown in Theorem 6.4 be-
low. Specifically, the nonsingularity of equilibria will rely on the absence of
VL-loops and IC-cutsets. Circuits with inductor-only loops and capacitor-
only cutsets were examined in [201] and, later, in [119, 120]; Theorem 6.4
can be seen as a restatement, in the DAE setting, of a property already
discussed in these references.

It is worth emphasizing that these topological conditions are entirely
independent of those characterizing the index in Theorem 6.2, so that the
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statement in Theorem 6.4 applies to index one and index two configurations.
Note also that this result is consistent with the fact that a VL-loop or an
IC-cutset would yield an ill-posed resistive circuit after short-circuiting in-
ductors and open-circuiting capacitors (cf. Remark 6.5), due to the presence
of a V-loop or an I-cutset, respectively, in this resistive circuit.

Theorem 6.4. Assume that (6.84) models a well-posed, connected circuit
with strictly locally passive resistors. An equilibrium point x∗ of (6.84) is
nonsingular if and only if the circuit has neither VL-loops nor IC-cutsets.

Proof. Assume first that the matrix f ′(x∗) is nonsingular. This is equiv-
alent to the nonsingularity of the matrix


0 0 I 0 0 0 0 0
0 0 0 I 0 0 0 0
0 Al Ac 0 Ar 0 Au 0
Bc 0 0 Bl 0 Br 0 Bj

0 0 0 0 E D 0 0


 .

It follows immediately that (Al Au) must have full column rank, and ac-
cording to Lemma 5.3 this rules out VL-loops in the circuit. Similarly,
(Bc Bj) must have full column rank, which precludes IC-cutsets in the
light of Lemma 5.7.

Conversely, assume that the circuit contains neither VL-loops nor IC-
cutsets. From Lemma 5.1 it follows that there exists a tree which contains
all voltage sources and inductors and neither current sources nor capacitors.
We may then rewrite (6.84) in the form

C(vc)v′c = ic (6.89a)

L(il)i′l = vl (6.89b)

0 =


 il
iu
ir1


− FT


 ic
Is
ir2


 (6.89c)

0 =


 vc

vj

vr2


+ F


 vl

Vs

vr1


 (6.89d)

0 = gr(vr, ir), (6.89e)

where, as usual, the subscripts ‘1’ and ‘2’ are used to specify twig and
link elements, respectively. Note that, as indicated in Remark 6.7, this
transformation just involves the premultiplication of (6.1) by a nonsingular
matrix and hence does not affect the invertibility of the matrix f ′(x∗).
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Splitting the matrix F in blocks as

F =


F11 F12 F13

F21 F22 F23

F31 F32 F33


 , (6.90)

and writing for simplicity the columns below according to the order of
variables ic, vl, il, iu, vc, vj , ir1 , vr2 , vr1 , ir2 , the derivative of the right-
hand side of (6.89) is nonsingular if and only if so it is



I 0 0 0 0 0 0 0 0 0
0 I 0 0 0 0 0 0 0 0

−FT
11 0 I 0 0 0 0 0 0 −FT

31

−FT
12 0 0 I 0 0 0 0 0 −FT

32

0 F11 0 0 I 0 0 0 F13 0
0 F21 0 0 0 I 0 0 F23 0

−FT
13 0 0 0 0 0 I 0 0 −FT

33

0 F31 0 0 0 0 0 I F33 0
0 0 0 0 0 0 −H11 −H12 I 0
0 0 0 0 0 0 −H21 −H22 0 I




, (6.91)

where the matrixH (which is split in blocks) comes from the resistive hybrid
description (6.39) associated with the tree chosen above (cf. Remark 6.7).
Note that we have written the row corresponding to ir1 coming from (6.89c)
right before the one associated with vr2 from (6.89d) for the sake of clarity
in the sequel.

Looking at the first two rows and at the third, forth, fifth and sixth
columns, it is clear that the nonsingularity of (6.91) amounts to that of


I 0 0 −FT

33

0 I F33 0
−H11 −H12 I 0
−H21 −H22 0 I


 , (6.92)

which is a nonsingular matrix, according to Lemma 6.2 (p. 275). Therefore,
the absence of VL-loops and IC-cutsets indeed makes f ′(x∗) a nonsingular
matrix. �

Remark 6.8. The absence of VL-loops and IC-cutsets in Theorem 6.4 is
somehow reminiscent of the index characterization in terms of VC-loops and
IL-cutsets stated in Theorem 6.2. A notion of reactive duality underlies
this similarity. Indeed, the substitution of capacitors by inductors and
vice-versa in a given electrical circuit results in a spectral transformation
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of the form λ → λ−1; in particular, VL-loops or IC-cutsets yielding null
eigenvalues (mind that the nonsingularity of f ′(x∗) is equivalent to the
property 0 /∈ σ({A(x∗),−f ′(x∗)})) lead to VC-loops or IL-cutsets which
increase the multiplicity of the infinite eigenvalue in the circuit resulting
from these substitutions. Find details in [248].

Remark 6.9. If, in the setting of Theorem 6.4, there are neither VC-
loops nor IL-cutsets, and the capacitance and inductance matrices C, L are
positive definite, then zero eigenvalues owing to VL-loops or IC-cutsets are
shown in Theorem 4 of [248] to be simple or semisimple for the linearization
of a local state space circuit model at equilibrium. Recall that, given a
matrix M , the index of an eigenvalue λ is the smallest positive integer κ for
which rk (λI −M)κ = rk(λI −M)κ+1; eigenvalues of algebraic multiplicity
one are called simple, and those with algebraic multiplicity greater than
one but with index one are called semisimple. This is of interest e.g. in
the analysis of local bifurcation phenomena in electrical circuits, since this
property precludes for instance Takens-Bogdanov bifurcations [110] which
are based on the existence of null eigenvalues with index two.

6.3.3 Hyperbolicity and exponential stability

Assume that the circuit model (6.84) has a well-defined geometric index
at a given equilibrium point x∗. According to the results in Section 3.5,
the equilibrium x∗ may then be said to be hyperbolic if the matrix pencil
spectrum (6.87) has no purely imaginary eigenvalues, that is, if Reλ �= 0
for all eigenvalues λ. As shown in Theorem 6.4 above, the absence of null
eigenvalues in problems with strictly locally passive resistors is equivalent
to the absence of VL-loops and IC-cutsets, so that the hyperbolicity prob-
lem in this setting requires studying the existence of non-vanishing, purely
imaginary eigenvalues. The importance of these stem from the fact that,
in linear problems, they correspond to natural frequencies yielding proper
oscillations, whereas in the nonlinear context a pair of purely imaginary
eigenvalues may be responsible for Hopf bifurcations [204] leading as well
to nonlinear oscillations.

We provide in item (1) of Theorem 6.5 below sufficient conditions to
guarantee that Reλ �= 0 for all pencil eigenvalues λ. In a certain sense,
the topological conditions arising in this problem will be mild extensions
of the topological requirements for nonsingularity depicted in Theorem 6.4.
Via Proposition 6.2, VC-loops and IL-cutsets (yielding index two config-
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urations) can be accommodated in the analysis, so that the topological
conditions in Theorem 6.5 will be again independent of the ones arising in
the index characterization presented in Theorem 6.2.

Supported also on the results of Section 3.5, in hyperbolic problems
strict local passivity assumptions on the circuit matrices will naturally yield
the exponential stability of the equilibrium. This is given by the condition
Reλ < 0 for all eigenvalues in the pencil spectrum (6.87); cf. item (2) of
Theorem 6.5.

Proposition 6.2. Let K and J be two sets of edges of a connected digraph
G, with K ⊆ J .

(1) If all cutsets in J are contained in K, then kerAT
G−J = kerAT

G−K or,
equivalently,

wTAG−J = 0 ⇒ wTAJ−K = 0. (6.93)

(2) If all loops in J are contained in K, then kerBT
G−J = kerBT

G−K or,
equivalently,

wTBG−J = 0 ⇒ wTBJ−K = 0. (6.94)

Proof. Item (1) is proved in [252] (Proposition 4.4). In turn, item (2) is
a restatement of Proposition 4.5 in [252], which shows that, if all loops in
J are contained in K, then

wT
1A

T
K + wT

2A
T
J−K = 0 ⇒ w2 = 0. (6.95)

From this result we can check that (6.94) holds by means of the identity
BAT = 0 (cf. Lemma 5.9) written in the form

BJA
T
J +BG−JA

T
G−J = 0. (6.96)

Indeed, assume that wTBG−J = 0. From (6.96) we derive wTBJA
T
J = 0,

that is

wTBKA
T
K + wTBJ−KA

T
J−K = 0.

Writing

wT
1 = wTBK , w

T
2 = wTBJ−K ,

from the relation depicted in (6.95) we get wT
2 = wTBJ−K = 0, as we aimed

to show. �



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

302 Branch-oriented methods

Below we will use the fact that, if M is a positive definite real matrix,
and denoting as u� the conjugate transpose of u, then u�(M +MT)u is real
and positive for any non-vanishing complex vector u. This can be easily
checked by writing u = u1 + iu2 for real vectors u1, u2; indeed,

u�(M +MT)u = uT
1 (M +MT)u1 + uT

2 (M +MT)u2 > 0

since the purely imaginary terms cancel each other due to the symmetry of
M +MT. It then follows that

u�(M +MT)u = 0 ⇒ u = 0 (6.97)

for any positive definite matrixM . Recall that in the definition of a positive
definite matrix (p. 211) we do not require it to be symmetric.

Theorem 6.5. Assume that (6.84) models a well-posed, connected circuit
with strictly locally passive resistors and symmetric and nonsingular incre-
mental capacitance and inductance matrices C, L. Let x∗ be an equilibrium
point of (6.84).

(1) All eigenvalues λ in the matrix pencil spectrum (6.87) verify Reλ �= 0
if at least one of the following two pairs of topological conditions holds.

(a) There are neither VL-loops nor ICL-cutsets (except for IL-cutsets).

(b) There are neither VCL-loops (except for VC-loops) nor IC-cutsets.

(2) If, additionally, C and L are positive definite, and at least one of the
two pairs of conditions (a) and (b) above holds, then all eigenvalues
verify Reλ < 0.

Proof. The equations defining a non-vanishing w = (wc, wl, wa, wb, wr)
as a left-eigenvector for (6.88) are

λwT
cC + wT

bBc = 0 (6.98a)

λwT
l L+ wT

aAl = 0 (6.98b)

−wT
c + wT

aAc = 0 (6.98c)

−wT
l + wT

bBl = 0 (6.98d)

wT
aAr + wT

rE = 0 (6.98e)

wT
bBr + wT

rD = 0 (6.98f)

wT
aAu = 0 (6.98g)

wT
bBj = 0, (6.98h)



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

6.3. Qualitative properties 303

or, eliminating wT
c and wT

l via (6.98c)-(6.98d),

λwT
aAcC + wT

bBc = 0 (6.99a)

λwT
bBlL+ wT

aAl = 0 (6.99b)

wT
aAr + wT

rE = 0 (6.99c)

wT
bBr + wT

rD = 0 (6.99d)

wT
aAu = 0 (6.99e)

wT
bBj = 0. (6.99f)

Let us transpose (6.99a) and premultiply the resulting equation by w�
aAc,

where as indicated above w�
a stands for the conjugate transpose wa

T. Since
C is symmetric, this yields

λw�
aAcCA

T
cwa + w�

aAcB
T
c wb. (6.100)

Analogously, multiplying the conjugate of (6.99b) by BT
l wb we obtain

λw�
bBlLB

T
l wb + w�

aAlB
T
l wb. (6.101)

In turn, multiplying the conjugate of (6.99c) by BT
rwb leads to

w�
aArB

T
rwb + w�

rEB
T
r wb = 0,

which, using w�
r = −w�

bBrD
−1 from (6.99d) and the identity R = −D−1E

for the incremental resistance matrix, is transformed into

w�
aArB

T
rwb + w�

bBrRB
T
rwb = 0. (6.102)

Finally, multiplying the conjugate of (6.99e) by BT
uwb and premultiplying

the transpose of (6.99f) by w�
aAj we get

w�
aAuB

T
uwb = 0 (6.103)

w�
aAjB

T
j wb = 0. (6.104)

The sum of (6.100), (6.101), (6.102), (6.103) and (6.104) yields

λw�
aAcCA

T
cwa + λw�

bBlLB
T
l wb + w�

bBrRB
T
rwb = 0, (6.105)

where we have used AcB
T
c + AlB

T
l + ArB

T
r + AuB

T
u + AjB

T
j = ABT = 0

(cf. Lemma 5.9 on p. 201) to cancel the terms leading to w�
aAB

Twb.
Since C and L are symmetric, the conjugate transpose of (6.105) reads

λw�
aAcCA

T
cwa + λw�

bBlLB
T
l wb + w�

bBrR
TBT

rwb = 0. (6.106)

The sum of (6.105) and (6.106) results in

2Reλ(w�
aAcCA

T
cwa + w�

bBlLB
T
l wb) + w�

bBr(R +RT)BT
r wb = 0. (6.107)
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Now, to prove the statement in item (1), assume that Reλ = 0, so that
(6.107) amounts to

w�
bBr(R+RT)BT

rwb = 0.

According to Proposition 6.1 (p. 268), R is positive definite and hence from
(6.97) we derive wT

bBr = 0. It then follows that wr = 0, according to
(6.99d), and from (6.99c) we derive also wT

aAr = 0. Note additionally that
wT

aAu = 0 and wT
bBj = 0, as depicted in (6.99e) and (6.99f), respectively.

Assume first that the topological requirements displayed in (a) are met.
The fact that the only ICL-cutsets are IL-cutsets means, according to item
(1) of Proposition 6.2 above, that wT

aAr = 0, wT
aAu = 0 imply wT

aAc = 0.
By (6.99a) the latter yields wT

bBc = 0. Since wT
bBr = 0 and wT

bBj = 0,
the absence of VL-loops yields wb = 0, following Lemma 5.8 on p. 200. In
the light of (6.99b) we then get wT

aAl = 0 and, since no I-cutset may be
present, Lemma 5.4 (p. 199) means that wa = 0. We have then arrived
at the contradiction that the left eigenvector w vanishes since wr = 0, as
indicated above, and wc = 0, wl = 0 because of (6.98c) and (6.98d).

Let us now suppose that the topological conditions in (b) hold. Now,
the identities wT

bBr = 0 and wT
bBj = 0 together with the fact that all

VCL-loops are VC-loops yield wT
bBl = 0, using item (2) of Proposition 6.2.

It then follows from (6.99b) that wT
aAl = 0. Together with wT

aAr = 0,
wT

aAu = 0 and the absence of IC-cutsets, this yields wa = 0 according to
Lemma 5.4. From (6.99a) we then derive wT

bBc = 0. The absence of V-
loops implies that wb = 0 (cf. Lemma 5.8). Jointly with wr = 0 and wc = 0,
wl = 0 from (6.98c) and (6.98d), this would lead to the contradiction w = 0.

Finally, to prove item (2) we use again the relation (6.107). Assuming
Reλ > 0, the symmetry and positive definiteness of C, L, together with
the positive definiteness of R, imply that wT

aAc = 0, wT
bBl = 0, wT

bBr = 0.
The latter implies that wr = 0 and then wT

aAr = 0 (cf. (6.99d) and (6.99c),
respectively). Note also that wT

aAu = 0, wT
bBj = 0 as stated in (6.99e),

(6.99f). Additionally, from (6.99a) and (6.99b) we obtain wT
bBc = 0 and

wT
aAl = 0, respectively. The well-posedness of the circuit and Lemmas 5.4

and 5.8 then would yield wa = 0 and wb = 0, so that wc = 0 and wl = 0;
together with wr = 0, these properties contradict the assumption that w
does not vanish.

This means that, without making use of any topological conditions, the
positive definiteness assumptions yield Reλ ≤ 0. Combining this result
with the topological criteria stated in (a) or (b), which guarantee that
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Reλ �= 0, we finally derive that the condition Reλ < 0 holds for all eigen-
values. �

Remark 6.10. The proof of item (1) above also shows that the absence
of ICL-cutsets alone is enough to preclude purely imaginary, non-vanishing
eigenvalues in the circuit; cf. Theorem 4.3 in [252], where an analogous proof
is given for MNA models. Indeed, the above-derived conditions wT

aAr = 0,
wT

aAu = 0 would yield in this setting wa = 0. This leads to wT
bBc = 0 in

the light of (6.99a), and the non-vanishing of λ in (6.99b) together with
the nonsingularity of L yields wT

bBl = 0. Using wT
bBr = 0, wT

bBj = 0 and
the absence of V-loops we obtain wb = 0. The identities wr = 0, wc = 0
and wl = 0 are derived as above. The same happens if the circuit has no
VCL-loops.

Remark 6.11. In turn, the proof of item (2) shows that, in cases with
strictly locally passive resistors and positive definite matrices C, L, a sin-
gular matrix pencil (6.88) necessarily corresponds to an ill-posed circuit
(see Remark 6.6 on page 297). Indeed, if the matrix pencil is singular,
any λ ∈ C must admit a nontrivial left-eigenvector w (which may certainly
depend on λ) for (6.88). The reasoning in the proof of item (2) shows
that those verifying Reλ > 0 yield the conditions wT

a (Ac Al Ar Au) = 0
and wT

b (Bc Bl Br Bj) = 0 for the components wa, wb of the eigenvector
w = (wc, wl, wa, wb, wr), where wa and wb cannot vanish simultaneously;
the case wa �= 0 indicates that an I-cutset is present, whereas the condition
wb �= 0 expresses the existence of a V-loop.

From the results of Section 3.5 it follows that the requirements stated
in Theorem 6.5 support the hyperbolicity or exponential stability of equi-
libria in circuits with a well-defined geometric index. Recall, in this regard,
the geometric index characterization of branch-oriented circuit models pre-
sented in Theorem 6.2.

Example

A simple illustration of the results stated in Theorems 6.4 and 6.5 is pro-
vided by the circuit displayed in Figure 6.5, which includes a DC voltage
source with voltage Vs, a DC current source injecting a current Is, as well as
two (uncoupled) inductors with inductances L1, L2, a capacitor with capac-
itance C, a linear resistor with conductance G and a diode, denoted by D,
with a current-voltage characteristic given by id = γ(vd) = i0(evd/v0 − 1).
The constants i0 and v0 are positive, and so they are L1, L2, C and G.
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L2

IsL1

C GVs D
−

+

Fig. 6.5 Nonlinear DC circuit.

The circuit has a unique DC operating point, defined by the conditions
vc = Vs, il1 = γ(Vs) − Is, il2 = −Is, vd = Vs, id = γ(Vs), vg = ig = 0,
iu = Is − γ(Vs), vj = −Vs and ic = vl1 = vl2 = 0. We are denoting by vg

and ig the voltage and the current in the linear resistor, whereas iu and vj

stand for the current and the voltage in the voltage and current sources,
respectively. Mind that the convention on reference directions implies that
iu flows out of the “−” pole in the source. This operating point defines
an equilibrium for the circuit dynamics (cf. (6.108) below). For later use,
denote by Gd the (positive) incremental conductance γ′(Vs) at equilibrium.

Topologically, the absence of VL-loops and IC-cutsets makes the equilib-
rium nonsingular, according to Theorem 6.4. This rules out null eigenvalues
from the matrix pencil spectrum associated with this circuit. Additionally,
even though the circuit displays a VCL-loop defined by the voltage source,
the capacitor and the inductor L1, there are no ICL-cutsets and hence, fol-
lowing item (a) of Theorem 6.5, the pencil is hyperbolic, namely, all pencil
eigenvalues verify Reλ �= 0. Moreover, all of them satisfy Reλ < 0 be-
cause of the positiveness of L1, L2, C, G and Gd, thereby guaranteeing the
asymptotic stability of the equilibrium point.

The reader can easily verify these assertions using the DAE

Cv′c = −γ(vc) + il1 + Is (6.108a)

L1i
′
l1 = −vc + Vs (6.108b)

L2i
′
l2 = vl2 (6.108c)

0 = il2 +Gvl2 + Is, (6.108d)

which models the circuit dynamics. Indeed, the eigenvalues of the pencil
coming from the linearization of (6.108) at equilibrium are given by

λ1,2 =
−Gd

2C
±
√(

Gd

2C

)2

− 1
L1C

, λ3 =
−1
L2G

, (6.109)

and it is straightforward to check that all of them satisfy Reλ < 0.
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A non-hyperbolic configuration. It is interesting to note that, open-
circuiting the diode, we get a circuit displaying a VCL-loop and an ICL-
cutset (cf. Figure 6.6). In this situation, neither the pair of conditions
in (a) nor those in (b) within Theorem 6.5 are met and, therefore, the
hyperbolicity of the equilibrium can no longer be guaranteed. Mind the
fact that item (1) in Theorem 6.5 only provides sufficient conditions for the
hyperbolicity of the pencil. In this case, the eigenvalues are given by the
expressions depicted in (6.109) with Gd = 0, namely,

λ1,2 = ±i
√

1
L1C

, λ3 =
−1
L2G

, (6.110)

so that the pencil is actually non-hyperbolic in this problem. The pair of
purely imaginary eigenvalues λ1,2 characterizes the frequency of the proper
oscillations in the linear circuit obtained after removing the diode.

L2

L1 Is

GCVs
−

+
L2

L1 Is

GCVs
−

+

Fig. 6.6 A VCL-loop and an ICL-cutset resulting from the removal of the diode.

Index two. Finally, the fact that these qualitative results are independent
of the topological conditions arising in index analyses (cf. Theorem 6.2 on
page 279) can be easily illustrated by making G = 0 in (6.108). This
corresponds to open-circuiting the linear resistor in Figure 6.5, as displayed
in Figure 6.7.

IsL1

L2CVs D
−

+

Fig. 6.7 Open-circuiting G yields an index two configuration.
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The IL-cutset defined by the current source and the inductor L2 makes the
DAE (6.108) index two. The equilibrium conditions in this circuit do not
change with respect to the ones discussed above, but now the dynamical
behavior is two-dimensional, the eigenvalues of the linearization being given
by the pair λ1,2 in (6.109). The hyperbolicity of the equilibrium point is
now explained by the fact that the unique ICL-cutset is an IL-cutset, so that
item (a) in Theorem 6.5 still applies in this index two setting. Additionally,
the removal of the diode results in a non-hyperbolic index two configuration,
with a pair of eigenvalues again defined by λ1,2 in (6.110).
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[5] B. Andrásfai, Graph Theory: Flows, Matrices, Adam Hilger, 1991.
[6] V. I. Arnol’d, Ordinary Differential Equations, MIT Press, 1973.
[7] V. I. Arnol’d, Geometrical Methods in the Theory of Ordinary Differential

Equations, Springer-Verlag, 1988.
[8] U. M. Ascher, H. Chin and S. Reich, Stabilization of DAEs and invariant

manifolds, Numer. Math. 67 (1994) 131-149.
[9] U. M. Ascher and P. Lin, Sequential regularization methods for higher

index DAEs with constraint singularities: The linear index-2 case, SIAM
J. Numer. Anal. 33 (1996) 1921-1940.

[10] U. M. Ascher and L. R. Petzold, Computer Methods for Ordinary Differ-
ential Equations and Differential-Algebraic Equations, SIAM, 1998.

[11] S. Ayasun, C. O. Nwankpa and H. G. Kwatny, Computation of singular
and singularity induced bifurcation points of differential-algebraic power
system model, IEEE Trans. Circ. Sys. I 51 (2004) 1525-1538.

[12] A. Backes, Extremalbedingungen für Optimierungsprobleme mit Algebro-
Differentialgleichungen, PhD Thesis, Inst. Math., Humboldt University,
Berlin, 2005.

[13] N. Balabanian and T. A. Bickart, Electrical Network Theory, John Wiley
& Sons, New York, 1969.

[14] K. Balla, G. A. Kurina and R. März, Index criteria for differential algebraic
equations arising from linear-quadratic optimal control problems, J. Dyn.
Control Syst. 12 (2006) 289-311.

[15] K. Balla and V. H. Linh, Adjoint pairs of differential-algebraic equations
and Hamiltonian systems, Appl. Numer. Math. 53 (2005) 131-148.

309



April 7, 2008 15:7 World Scientific Book - 9in x 6in DifferentialAlgebraic

310 Bibliography

[16] K. Balla and R. März, A unified approach to linear differential-algebraic
equations and their adjoint equations, Z. Anal. Anwendungen 21 (2002)
783-802.

[17] F. Barone, R. Grassini and G. Mendella, A unified approach to constrained
mechanical systems as implicit differential equations, Ann. Inst. Henri
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[92] B. Garćıa-Celayeta, Stability for Differential-Algebraic Equations, PhD

Thesis, Universidad Pública de Navarra, 1998.
[93] C. W. Gear, The simultaneous numerical solution of differential-algebraic

equations, IEEE Trans. Circuit Theory 18 (1971) 89-95.
[94] C. W. Gear, Differential-algebraic equation index transformations, SIAM

J. Sci. Stat. Comput. 9 (1988) 39-47.
[95] C. W. Gear and L. R. Petzold, Differential/algebraic systems and matrix

pencils, in B. Kagstrom and A. Ruhe (eds.), Matrix Pencils, Lect. Notes
Maths., Vol. 973, 75-89, Springer-Verlag, 1983.

[96] C. W. Gear and L. R. Petzold, ODE methods for the solution of differen-
tial/algebraic systems, SIAM J. Numer. Anal. 21 (1984) 716-728.
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{1, 2}-inverse, 39

Π-projectors, 44, 45, 49

active circuit, 196, 211
admissible Π-projector sequence, 46
admissible P -projector sequence, 41

equivalence to Π-sequence, 46
algebraic variables, 17
algebraically nice DAE, 41
algebraically nice point, 74
associated resistive network, 277
asymptotic stability, 130, 133

Augmented Nodal Analysis (ANA),
214
index, 220, 238

backward impasse point, see impasse
point

bifurcation, 160, 166, 300
boundary singularity, 169, 170
branch, 203
branch current, 203
branch voltage, 203
branch-oriented model, 258

index, 279
tree-based formulation, 260

C1-space, 36
C-loop, 206, 232, 247, 294
canonical projector, 33
capacitance matrix, 208

capacitive block, 245
non-degenerate, 246

capacitive tree, 232, 247
capacitor, 207

linear, 208
voltage-controlled, 207

Cauchy-Binet formula, 237
characteristic values

geometric sense, 107
of a nice at level k DAE, 41
of a regular linear DAE, 43
of a regular point, 74

charge, 207
charge-oriented model, 212
chart, 90
chord, 198
codimension, 91
complete decoupling, 53
completion, 136
conductance matrix, 210
conductance products, 238, 247
configuration space, 265
conjugacy, 116
connected component, 197
connected graph, 197
consistent initial value, 4
constrained system, 2
contact equivalence, 112
continuation, 145, 147, 156
controlled source, 210, 289–293
conventional model, 212
core-rank, 28
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cotree, 198
coupling, 207–209
current source, 210, 289
current-controlled current source

(CCCS), 211
current-controlled voltage source

(CCVS), 211
cut space, 201
cutset, 197

characterization, 199, 200, 301
cutset matrix, 200

reduced, 201
cycle space, 201
cyclomatic number, 200

DC circuit, 295
DC equations, 296
DC operating point, 296
DC source, 210
decoupling

index one, 31, 37
properly stated form, 51
singular, 149, 156
standard form, 78
time-invariant DAEs, 80

derivative array, 135
descriptor system, 3
diffeomorphism, 91
differential, 92
differential-algebraic equation (DAE),

2
differential-algebraic system, 2
differentiation index, 6, 136

one, 85, 136
two, 88, 136
zero, 136

digraph, 196
underlying graph, 196

diode, 209
directed graph, see digraph
directed subgraph, 197
dynamic variables, 17
dynamical degree of freedom, 28

edge, 196
eigenvalue (of a matrix pencil), 28

embedding, 92
enlarged system, 12
equilibrium point, 130, 296

nonsingular, 297
regular, 130

excess capacitors, 207
excess inductors, 207
explicit ODE, 1
exponential stability, 130, 301

fine decoupling, 52
flux, 208
forest, 198
forward impasse point, see impasse

point
fundamental cutset, 203, 259
fundamental loop, 203, 259
fundamental matrices, 203

generalized inverse, 39
generalized vector field, 19, 94
geometric index, 7, 106

independence of reduction
operators, 112

invariance, 112
nonautonomous DAEs, 123, 124
of branch-oriented circuit models,

279
of fully nonlinear DAEs, 134
of linear DAEs, 82
one, 102, 124
Rabier and Rheinboldt sense, 96,

111
two, 104
zero, 98, 123

graph, 196
gyrator, 209

harmless singularity, 152, 179
Hessenberg DAE, 19

size k, 19
size three, 19
size two, 18

autonomous, 88, 120
circuit model, 281
nonautonomous, 125
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hidden constraint, 88, 121, 126
hybrid analysis, 257
hybrid description of resistors, see

resistor
hybrid matrix, 267
hyperbolicity, 130, 300

I singularity
general quasilinear DAEs, 180
quasilinear ODEs, 166
semiexplicit index one DAEs, 184

I-cutset, 206, 210
IC-cutset, 294, 297, 302
ICL-cutset, 294, 302, 305
ideal transformer, 209
IK singularity

general quasilinear DAEs, 180
quasilinear ODEs, 168
semiexplicit index one DAEs, 184

IL-cutset, 206, 220, 232, 238, 247,
279, 294, 302

ill-posed circuit, 206
immersion, 92
impasse point

general quasilinear DAEs, 180
backward, 180
forward, 180

quasilinear ODEs, 163
backward, 166
forward, 166

semiexplicit index one DAEs, 183
backward, 183
forward, 183

implicit ODE, 1
implicitly defined resistors, see

resistor
incidence matrix, 198

reduced, 199
incremental capacitance matrix, 208
incremental conductance matrix, 209
incremental hybrid matrix, 267
incremental inductance matrix, 208
incremental resistance matrix, 210
independent source, 210
index, 5–8

differentiation, 6, 136

geometric, 7, 82, 106
Kronecker, 5, 27
perturbation, 8
strangeness, 8
structural, 8
tractability, 6, 42, 75

inductance matrix, 209
inductor, 208

current-controlled, 208
linear, 209

infinite eigenvalue, 28
inherent ODE

index one, 31, 37
properly stated form, 52
scalarly implicit, 149, 156
standard form, 78
time-invariant DAEs, 80

initial value, 4
inner singularity, 169, 170
input-output description, 13–15, 32,

38

Josephson junction, 208

K singularity
general quasilinear DAEs, 180
quasilinear ODEs, 168
semiexplicit index one DAEs, 183

Kirchhoff laws, 204–206
Kronecker canonical form, 27
Kronecker index, 5, 27

characterization via projectors, 30,
34, 80

L-cutset, 206, 294
linear DAE, 5, 6, 25

time-invariant, 5, 25
homogeneous, 26

time-varying, 6
analytic, 158
properly stated form, 15, 25
standard form, 16, 25

link, 198
local equivalence, 112

of one-step reductions, 114
of singular reductions, 176
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of state space reductions, 116
local parametrization, 90
locally passive, 211
locally regular DAE, 110
loop, 197

characterization, 199, 200, 301
loop matrix, 200

reduced, 200
lumped circuit, 195
Lyapunov function, 294

M -projectors, 44, 45, 49
matrix chain

based on Π-projectors, 45
based on P -projectors, 40
equivalence of P - and Π-chains, 46

matrix pencil, 27
spectrum, 28

mixed analysis, 257
Modified Nodal Analysis (MNA), 215

index, 232, 247
MOSFET, 293
multiport model, 274, 275

index, 279
mutual inductance, 209

nice DAE, 41
nice point, 74
nilpotency index, see Kronecker index
nodal analysis, 212
nodal capacitance matrix, 215
nodal conductance matrix, 237
node, 203
node potential, 205
Node Tableau Analysis (NTA), 213

index, 220
non-passive, 211, 236, 278
noncritical singularity

general quasilinear DAEs, 180
quasilinear ODEs, 163
semiexplicit index one DAEs, 183

normal tree, 206

Ohm’s law, 210
open circuit, 211
operating point, 265

order of complexity, 262
orthogonal projector, 30

P -projectors, 34, 39
partial differential-algebraic equation

(PDAE), 4, 195
passive, 195, 211, 219
path, 197
perturbation index, 8
positive definite, 211
positive semidefinite, 211
preadmissible Π-projector sequence,

46
preadmissible P -projector sequence,

41
projector, 30
proper tree, 206
properly stated leading term, 38
pseudoequilibrium, 166, 184

Q-projectors, 34, 40
qualitative properties, 9, 130, 293
quasilinear DAE, 19

singular points, 168–171
quasilinear ODE, 19, 162

R-projector, 39
rank of a digraph, 199
rank of a smooth mapping, 92
reactance, see reactive element
reactive duality, 299
reactive element, 203
reciprocal, 211
reduced cutset matrix, 201
reduced incidence matrix, 199
reduced loop matrix, 200
reduced ODE, 7, 87, 107

Hessenberg DAE of size two, 89,
121, 126

linear DAEs, 82
semiexplicit index one DAE, 86,

119, 125
reduction

of linear DAEs, 82
of quasilinear DAEs, 107
one-step, 101
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singular, 175–178
reference direction, 203
reference node, 199, 205
reflexive generalized inverse, 39
regular DAE, 42, 110
regular manifold, 110
regular matrix pencil, 27
regular point

of a linear DAE, 74
of a quasilinear DAE, 106

k-regular point, 105
0-regular point, 98
1-regular point, 104

regularization, 12
resistance matrix, 210
resistive operating point, 265
resistor, 209

current-controlled, 210
hybrid description, 263, 276
implicitly defined, 258, 266

linear, 266
linear, 210
voltage-controlled, 209

Schur complement, 127
Schur reduction, 127–129, 276
self-inductance, 209
self-loop, 197
semi-implicit DAE, 187
semi-singular point, 168, 184
semiexplicit DAE, 17

Hessenberg form, 19
index one, 85–87, 119, 125
nonautonomous, 124
singularities, 181–184

semilinear DAE, 17
semisimple eigenvalue, 300
semistate model, 1, 193
semistate system, 3
short circuit, 211
simple eigenvalue, 300
singular matrix pencil, 27
singular perturbation problem, 12
singular point, see singularity
singularity, 9

of linear DAEs, 140

harmless, 152
independence of projectors,

142
invariance, 142
type k-A, 141, 155
type k-B, 141, 155
type 0, 141, 154

of quasilinear DAEs, 170
k-singular point, 170
0-singular point, 169
harmless, 179
independence of reduction

operators, 171
invariance, 171
last step, 161

of quasilinear ODEs, 162–168
singularity crossing, 166, 185
singularity-induced bifurcation, 160
skew-symmetric matrix, 275
smooth manifold, 90
smooth mapping, 91
solution, 4
solution manifold, 110

Hessenberg DAE of size two, 89
semiexplicit index one DAE, 86

solution set, 4
spanning tree, see tree
standard form linear DAE, 16, 25
state dimension, 28
state formulation problem, 255, 256,

262–264
state space model, 1, 262, 263, 283
strangeness index, 8
strictly locally passive, 211

implicitly defined resistors, 267
strictly passive, 211

implicitly defined resistors, 267
structural index, 8
subgraph, 197
subimmersion, 93
submanifold, 91
submersion, 92

tangent bundle, 92
tangent space, 91
topological properties of circuits, 204
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tractability index, 6, 42, 75
characterization via Π-projectors,

48
independence of projectors, 43
of ANA circuit models, 220, 238
of MNA circuit models, 232, 247
of NTA circuit models, 220
of properly stated linear DAEs, 42
of quasilinear DAEs, 218
of standard form linear DAEs, 75
one, 37

transistor, 293
tree, 197
tree-based model, 259

index, 279
twig, 198

underlying ODE, 6, 87
Hessenberg DAE of size two, 88
semiexplicit index one DAE, 85

uniform differentiation index, 136

V-loop, 206, 210
V-tree, 247
VC-loop, 206, 220, 232, 238, 247, 279,

294, 302
VC-tree, 238
VCL-loop, 294, 302, 305
vertex, 196
VL-loop, 294, 297, 302
voltage source, 210, 289
voltage-controlled current source

(VCCS), 211
voltage-controlled voltage source

(VCVS), 211

well-posed circuit, 206, 210
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