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Preface

Differential-algebraic equations (DAEs) have been the object of increasing
attention in the last three decades. Nowadays, they provide a valuable tool
for system modeling and analysis within different fields, including nonlinear
electric and electronic circuit theory, constrained mechanics, and control
theory, among others.

The first part of this book addresses analytical properties of such
differential-algebraic systems. The few existing monographs on DAEs are
mainly focused on numerical aspects and, in most cases, they are restricted
to a specific approach, structured around the differentiation, geometric,
tractability, perturbation or strangeness indices, respectively. By contrast,
the present book attempts to discuss a variety of analytical frameworks for
the study of DAEs. The emphasis will be on projector methods based upon
the tractability index, and also on reduction techniques supported on the
geometric index. The differentiation index will also be briefly examined;
note that it has received comparatively more attention in the DAE liter-
ature than the projector-based and reduction frameworks, in spite of the
many benefits displayed by these approaches.

Projector-based methods, introduced for linear DAEs in Chapter 2, al-
low for precise input-output functional descriptions and explicit solution
characterizations in terms of the original problem variables: this holds for
linear time-varying DAEs with arbitrary index, under mild smoothness re-
quirements. These methods have been mainly developed by Roswitha Marz
and, accordingly, the material in Chapter 2 is crucially based on her work.
Nevertheless, some recent or new contributions can also be found in this
Chapter, concerning e.g. the so-called Il-projectors, a simplification of the
decoupling of DAEs with properly stated leading term, or a detailed char-
acterization of standard form linear problems.

vii
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Reduction methods, based on the research of Rabier, Rheinboldt and
other authors, define a powerful framework for the analysis of nonlinear
DAEs. Chapter 3 is mainly focused on these techniques, introducing in
particular a local approach for quasilinear DAEs in settings where the global
assumptions of Rabier and Rheinboldt do not hold, and paving the way for
subsequent analyses of singular problems. The differentiation index is also
discussed in this Chapter; cf. Sections 3.1, 3.2 and 3.7.

From a dynamical point of view, the essential differences between DAEs
and explicit ordinary differential equations (ODEs) arise in so-called sin-
gular problems, which lead to new dynamic phenomena such as those dis-
played at impasse points or singularity-induced bifurcations. Recent results
on the classification and analysis of singularities are extensively discussed
in Chapter 4. The topics covered on singularities of linear time-varying
problems are the result of recent research, whereas the material on singular
points of quasilinear DAEs is completely new.

The second part of the present monograph is focused on the analysis of
DAEs arising in electrical circuit theory, emphasizing modeling aspects and
considering both linear and nonlinear problems. Chapter 5 discusses nodal
analysis methods, widely used in circuit simulation programs, with special
attention to index characterizations. Chapter 6 addresses so-called branch-
oriented analysis methods. The models arising from these techniques, which
are not as well-suited as nodal ones for numerical simulation purposes,
provide however several advantages from an analytical point of view. In
particular, they make it possible to frame in the DAE context the state
formulation problem for electrical circuits, including normal tree methods
used to tackle it, and also to analyze different qualitative aspects of circuit
dynamics.

I have tried to write this book in a self-contained manner, making it
accessible to as many interested readers as possible. Some background
material has been added with this aim; this includes regular matrix pencil
theory, Schur complements and Cauchy-Binet expansions from matrix anal-
ysis, several elementary aspects of differential geometry, and rather detailed
introductions to digraphs and to circuit theory fundamentals. See, specifi-
cally, Sections 2.1.1, 3.3 and 5.1. With this material, the prerequisites for
reading this book virtually amount to undergraduate courses on differential
calculus, linear algebra and ordinary differential equations. However, read-
ers with more background on mathematical analysis, differential equations,
and circuit and system theory will probably get a deeper insight into the
contents of this monograph.
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In the same spirit, technicalities have been intended to be kept at a
minimum. In particular, the local properties discussed in Chapter 3 are
not stated in terms of germs in order to make these results available to
readers unfamiliar with this language. Examples have been chosen to be as
simple as possible, being just focused on the ideas that they are intended to
illustrate. In Part II, controlled sources are excluded from most analyses for
the sake of simplicity, although subsection 6.2.6 indicates how to extend the
results to circuits including a broad family of these sources. Notational and
terminological issues are explained or recalled at the points where they show
up; this should make the reading easier, specially regarding the different
variable splittings appearing throughout.

This book can be used in a graduate course on DAEs. Additionally,
different reader profiles might benefit from its contents. Some hints are
given in the section How to read this monograph on page 22. In partic-
ular, the book may be of interest for applied mathematicians and ana-
lysts. It is worth indicating in this regard that, very often, the main goal
in DAE analyses is to unveil their behavior in terms of some kind of re-
lated ODE; from this perspective, DAEs pose many problems which can
be better framed within linear algebra or mathematical analysis contexts,
rather than in the theory of differential equations. The book can also be
helpful within numerical mathematics, covering the analysis which usually
precedes the numerical simulation of differential and differential-algebraic
equations.

Regarding applications, the present book may be useful for scientists
and engineers interested in singular system theory and modeling issues.
Part IT may be of help in electrical and electronic circuit analysis and design.
On the other hand, the general theory discussed in Part I can be used
in other applications of DAEs arising for instance in mechanics, chemical
processes or control theory. Other scientists aiming to get a glimpse on
DAEs would profit from certain parts of the book.

Unfortunately, other aspects of DAE theory which might be of inter-
est for some readers are beyond the scope of this monograph. These
topics include numerical issues, normal form theory, over- and under-
determined problems, partial differential-algebraic equations (PDAEs),
stochastic DAESs, singularity-induced bifurcations, or impasse phenomena
and singularities in electrical circuits. Hopefully, the references cited on
these topics will be of some help for the interested readers.
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Chapter 1

Introduction

Many systems in science and engineering can be modeled by an explicit
ordinary differential equation (ODE) of the form

v = f(u,t), (1.1)
where f € C1(Q,R"), the set Q being open in R"*!. This equation is often
said to define a state space model of the system, and u is referred to as a
state variable. Explicit ODEs such as (1.1) have a long-term mathematical
history, and a large number of analytical and numerical tools have been
developed for their study.

However, in many cases such an explicit state space model for the dy-

namics of a given system is not available. The system may instead be
described by an implicit ODE

F(t,z,2') =0, (1.2)

where F : © — R™ is defined on an open set @ C R?™+! For reasons
detailed later, the equation (1.2) is called a semistate model of the system
and, accordingly, = is said to be a semistate variable.

If the algebraic (in the sense of non-differential) problem F(¢,z,p) =0
arising from (1.2) can be globally and uniquely solved for p, a global state
model for the system can be derived, and the implicit formulation would
not make any difference with the explicit ODE setting. From a local point
of view, if F' is a C'! mapping and the matrix of partial derivatives F}(t, z, p)
is nonsingular at a given zero of F', then by the implicit function theorem
the set defined by F(t,z,p) = 0 can be locally described as p = f(x,t) for
a C! map f, so that 2/ = f(x,t) defines a local state space model for (1.2).

Broadly speaking, the attention in this book will be mainly focused on
the implicit ODE (1.2) under the assumption that the derivative F,(¢, x, p)
is everywhere singular. In many cases, some of the relations within (1.2) do
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not involve at all the time derivative z’, hence being purely algebraic equa-
tions. This motivates calling (1.2) a differential-algebraic equation (DAE)
or a differential-algebraic system. From the modeling perspective, alge-
braic constraints within the DAE (1.2) make some components of the m-
dimensional semistate variable z redundant; the elimination of this redun-
dancy may lead to a state space model of the form (1.1), in which the
dimension of the state variable u is r < m.

For the sake of completeness, explicit ODEs such as (1.1), as well as
implicit systems (1.2) in which F), is everywhere nonsingular, are framed
in the differential-algebraic context as index zero DAEs. Certain problems
in which F), is singular only on a subset (typically, a hypersurface) of the
semistate space will also be addressed. In this setting, the points where
F), is singular are particular instances of what will be called a singularity;
note, however, that the notion of a singularity will also appear in problems
with an everywhere singular matrix Fj,.

In this Chapter we present an overview of DAE theory. Some notes on
the origin of DAEs, from a mathematical perspective but also regarding
application fields where they show up, can be found in Section 1.1. Section
1.2 introduces several frameworks developed for the analysis of DAEs. Dy-
namical features and, in less detail, numerical aspects are also discussed.
The role of DAEs in system modeling is examined in Section 1.3. Several
issues concerning DAE formulations, as well as the structural forms that
arise more often in applications, are compiled in Section 1.4. All this back-
ground will make it possible to define, in Section 1.5, the goals and contents
of this monograph in a more detailed manner.

1.1 Historical remarks: Different origins, different names

The origins of DAE theory can be traced back to the work of K. Weierstrass
and L. Kronecker on parametrized families of bilinear forms [144, 301]. In
terms of matrices, these pencils were applied to the analysis of linear systems
of ordinary differential equations with a possibly singular leading coefficient
matrix by F. R. Gantmacher [90, 91]; see specifically Section 7 in Chapter
XII of [91].

Another milestone is the work of P. Dirac on generalized Hamiltonian
systems [79-81]. The key ideas supporting what nowadays is known as
the differentiation index of a semiexplicit DAE can be found in these ref-
erences. A geometric approach to the study of so-called constrained sys-
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tems stemmed from the work of Dirac, mainly motivated by applications
in mechanics [17, 101, 102, 170, 171, 205, 208, 261-263]. From different
perspectives, mechanical systems have driven much investigation on DAEs;
cf. additionally [83, 122, 163, 227] and the bibliography therein.

A large amount of research on differential-algebraic equations has also
been motivated by applications in circuit theory. The differential-algebraic
form of circuit equations is naturally due to the combination of differential
equations coming from reactive elements with algebraic (non-differential)
relations modeling Kirchhoff laws and device characteristics. The term
‘algebraic-differential system’ was already used in the circuit context by
Brown in 1963 [32]. In the electrical circuit literature, these models are
often referred to as semistate systems. The word ‘semistate’, which is due
to Dziurla (see p. 31 in [136]), appeared for the first time in the joint work
of Dziurla and Newcomb [82]; see also [210]. In spite of their different
origins, the terms ‘semistate’ and ‘differential-algebraic’ can be understood
as synonyms hereafter. DAEs are nowadays pervasive in nonlinear circuit
analysis and design, specially because of their appearance in nodal analysis
methods used to set up network equations in circuit simulation programs
[85, 87, 112-116, 194, 253, 292, 293]. The reader is referred to Chapters
5 and 6 for extensive discussions of the role of DAEs in circuit modeling.

Control theory has also been the focus of considerable attention in the
DAE literature. Differential-algebraic equations are often called in this con-
text descriptor systems, after the seminal work of Luenberger [168, 169).
Linear and nonlinear, possibly time-varying control systems have been the
focus of an increasing interest from the differential-algebraic perspective
in the last three decades, optimal control problems playing an important
role; see [12, 14, 30, 50, 53, 73, 97, 109, 146, 150-154, 282, 306, 307]
and references therein.

In the 1970s, a mathematical approach to differential-algebraic systems,
somehow independent of specific application fields, began to flourish. It is
worth mentioning at this point the work of Gear [93], Takens [288] and, in
the early 1980s, the books of Campbell [39, 40] as well as the papers by
Petzold [216], Gear and Petzold [95], and Rheinboldt [238]. Numerical as-
pects were emphasized in many of these references. A variety of approaches
to DAE analysis began to be developed in that period, through the work
of the above-mentioned authors as well as Griepentrog, Hairer, Mérz, Ra-
bier, and Reich, among others; see subsection 1.2.1 below. After 1990, the
attention has also been directed to so-called singular DAEs, extending in
different ways the seminal work of Rabier [219] and Chua and Deng [61, 62]
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on impasse points. Singular problems will be presented in subsection 1.2.2
and extensively discussed in Chapter 4. Much recent research is focused
on partial differential-algebraic equations (PDAEs) and stochastic DAEs,
beyond the scope of this book; as a sample of the related literature, see
[2, 25, 111, 172, 176, 232, 264, 293] and [259, 305], respectively.

Besides the ongoing mathematical interest on analytical and numerical
aspects of differential-algebraic systems, quite a lot of attention on DAEs
has remained associated with applications in the above-mentioned fields
of mechanics, electrical circuits and control theory; applications of DAEs
are also found in chemistry [146], power systems [11, 134, 175, 296, 298],
magnetohydrodynamics [48, 49, 174], neural networks [55, 211, 256], fault
diagnosis [138, 295], model identification and observer design [57, 212], and
robotics [46, 211, 278, 279], among other fields. DAEs also arise from
problems in other branches of mathematics, such as the discretization of
PDEs [30, 167], root-finding [245, 247, 254, 255] or optimization [260].

Other names for DAEs, not linked with specific applications, are ‘im-
plicit systems’, ‘singular systems’ and, restricted to quasilinear problems
(cf. subsection 1.4.3 below) ‘generalized vector fields’. Finally, DAEs should
not be confused with ‘algebraic differential equations’, that is, problems of
the form 2’ = p(x) in which p is a polynomial mapping.

1.2 DAE analysis

A C'-solution of the differential-algebraic system (1.2) is a C' mapping
z:Z — R™ with Z C R an open interval, such that (¢,z(t),2'(t)) € Q
and F(t,z(t),2'(t)) = 0 for all t € Z. Other types of solutions for DAEs
will arise in different contexts, for instance when using properly stated
formulations, or in the presence of impasse points. For the moment the
term ‘solution’ will mean ‘C*-solution’.

A solution z(t) which is a priori required to take a prescribed value
z(tg) = xo at a fixed time to is said to have initial value xo. Contrary to
explicit ODEs (cf. (1.1)) defined by a C! map f, for DAEs it is usually
the case that not every point admits a solution through it. A point zg
for which there is indeed a solution of (1.2) with x(tp) = x¢ is said to be
a consistent initial value at to, and the set of pairs (zg,tp) admitting a
solution is called the solution set. Additionally, we say that the DAE has a
unique solution through x at o if any two solutions x(¢) and Z(t) (defined
on the open intervals Z and 7, respectively, both of them comprising ¢)
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such that z(tg) = Z(ty) = xo verify z(t) = Z(t) for all t € TNZ. The
solution is said to be locally unique if the condition z(tg) = Z(to) = o
implies x(t) = Z(t) on some neighborhood of ¢y.

For autonomous DAEs (that is, problems of the form (1.2) with F in-
dependent of ¢), the consistency of an initial value does not depend on the
choice of tp, and the solution set can be thought of as lying on z-space. In
many cases, the solution set has a manifold structure (cf. Section 3.3), so-
lutions are uniquely defined through every point on this manifold, and they
yield a C'-flow (see e.g. [3]) on it. This has led to the solution manifold
concept and to several definitions in the literature around the notions of a
solvable DAE and a reqular DAE.

However, in many other problems the above-mentioned properties are
not met. For instance, solutions though a given point may not be unique;
examples can be found in (4.35) on p. 167, and (4.61), p. 185. Furthermore,
the solution set may not be a manifold, as the same examples illustrate.
To accommodate solutions at the backward impasse points discussed in
subsection 4.4.1 we would need to deal with C°-semiflows. Note that these
phenomena are not due to weak smoothness assumptions, since all of them
can be displayed even in analytic problems. There are too many situations
to handle, so that the discussion of notions such as that of the solution
manifold or the one of a regular DAE is postponed until Chapter 3. At
this introductory level, it is enough for the moment to have in mind the
above-presented definition of a C!-solution and the notion of the solution
set.

1.2.1 Indices
The Kronecker index of reqular linear time-invariant DAFEs

Linear time-invariant DAEs are systems of the form
Ax' + Ex = q(t), (1.3)

where A and E belong to R™*™ (R™*P denoting throughout the set of real
matrices with n rows and p columns), and ¢ : J — R™ is a sufficiently
smooth mapping defined on an open interval 7 C R. As detailed in Sec-
tion 2.1, the solutions of (1.3) can be completely characterized in terms of
the Weierstrass-Kronecker canonical form of the matrix pencil {A, E'}, pro-
vided that this pencil is a regular one; the Kronecker index (also called the
nilpotency indezx) of the pencil will play a key role in this analysis. Needless
to say, our interest will be directed to cases in which the leading matrix A is
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singular, since otherwise the problem trivially amounts to a linear explicit
ODE with constant coefficients.

Linear time-varying and nonlinear DAFEs

More difficult is the treatment of the linear time-varying counterpart of
(1.3), namely

AW (H) + E(t)a(t) = q(t), (1.4)

as well as that of nonlinear problems of the form F(¢,x,z’) = 0 depicted
in (1.2). From an analytical point of view, usually the solutions are not
explicitly sought in terms of (1.2) or (1.4). Instead, most strategies aim
at constructing a related mathematical object from which the solutions of
the DAE can be described; this object may be an explicit ODE, a vector
field on a manifold, or a canonical form for the equation. These strategies
have led to different analytical frameworks, organized around different index
notions which generalize the nilpotency index of a regular matrix pencil.
These approaches are commented on below.

The differentiation index

The idea behind the differentiation index framework is, roughly speaking, to
define the index of (1.2) as the number of differentiations needed to write =’
in terms of (z,t). As illustrated in Sections 3.1 and 3.2, the constraints are
differentiated in order to realize an explicit underlying ODE for which the
solution set of the DAE is an invariant manifold. A more general discussion
can be found in Section 3.7. When applied in particular to a linear time-
invariant equation of the form (1.3) having a regular pencil, this notion
yields the nilpotency index of the pencil.

The differentiation index approach has been developed mainly by S.
Campbell; important contributions are also due to C. W. Gear and L. Pet-
zold, among other authors. The reader is referred to the book [30] for a de-
tailed introduction to this framework; see also [10, 42, 43, 45, 46, 54, 94].

The tractability index and projector-based methods

A different generalization of the nilpotency index of a regular matrix pencil
comes from the tractability indexr notion, which is the key concept in the
projector-based framework developed by R. Mérz. Within this approach,
the behavior of linear DAEs such as (1.3) or (1.4) is unveiled by means
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of an inherent ODE which, speaking again in general terms, is obtained
from the projection of the equation and the problem variables into certain
characteristic subspaces. Allowing for mild smoothness assumptions, this
framework provides explicit solution characterizations for DAEs with arbi-
trarily high index, as well as precise functional input-output descriptions
of the system behavior in the original problem setting.

The main references concerning projector techniques directed to linear
time-varying problems of the form (1.4) are [107, 108, 179, 182, 185]; re-
cently, a different formulation for DAESs, discussed in subsection 1.4.2 below,
has allowed for a substantial improvement of this approach, regarding both
linear and nonlinear problems; see [16, 188, 189, 191, 192, 190, 193] and
references therein, as well as the forthcoming title [157]. Projector tech-
niques for linear DAEs are extensively discussed in Chapter 2; Chapter 4
addresses singularities of these linear problems, whereas nodal models of
electrical circuits are analyzed via projector-based methods in Chapter 5.

The geometric index and reduction methods

Reduction methods, based on the so-called geometric index, describe the
behavior of an autonomous DAE in terms of a vector field defined on the
solution set, provided that it has a manifold structure. This vector field
defines a differential equation on this manifold and induces a flow on it. Us-
ing local parametrizations, the ODE on the solution manifold locally leads
to an explicit reduced ODFE on an open subset of R"; note that, in contrast
to the underlying ODE arising in the differentiation index framework, the
state dimension of this reduced ODE is strictly lower than that of the origi-
nal DAE. In the original problem coordinates, the reduction process can be
roughly described as the elimination of certain variables by solving the con-
straints. The solution manifold and the reduced ODE are computed in an
iterative manner, and the name of iteration steps needed for the algorithm
to stabilize defines the index.

The geometric reduction approach has a key reference in the paper [238]
by W. Rheinboldt, and has been later developed by S. Reich [229-231] and
in the joint research of P. Rabier and Rheinboldt [220, 221, 228]. Reduc-
tion methods for nonlinear problems are the focus of Chapter 3; special
attention will be paid to quasilinear DAEs (cf. subsection 1.4.3 below),
including nonautonomous cases. Their application to linear time-varying
DAEs (1.4) is briefly addressed in Section 2.4. Singularities of quasilinear
problems are tackled via reduction methods in Chapter 4 (Section 4.4).
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Reduction techniques will be applied to the analysis of certain electrical
circuit models in Chapter 6.

Perturbation, strangeness and structural indices

A salient feature of linear time-invariant DAEs (1.3) with an index v > 2
regular pencil is that solutions will depend explicitly on the derivatives of
the excitation ¢(¢) up to order v — 1. This dependence, which is displayed
(in a more subtle way) also by linear time-varying and nonlinear problems,
supports the perturbation index concept [121], which reflects the sensitivity
of the DAE solutions to perturbations. See also [45, 122].

The reader is referred to the book [151] for an extensive analysis of
the strangeness index notion and related canonical forms for DAEs intro-
duced by P. Kunkel and V. Mehrmann. Other references on this topic are
[147-150, 152]; some relations with the tractability and geometric indices
are discussed in [157] and [228], respectively.

Finally, different aspects of the so-called structural index are addressed
in [215, 237].

The paragraphs above give an overview of the main frameworks de-
veloped for the analysis of DAEs. This book will be mainly focused on
projector-based and reduction methods, supported on the tractability and
geometric indices, respectively. In these contexts, when the assumptions
supporting the index notion are met the DAE is called regular. The failing
of these assumptions will lead to singular problems, presented below.

1.2.2 Dynamics and singularities

As sketched above, when the conditions supporting the tractability or ge-
ometric index notions are met, the behavior of the DAE (1.2) can be de-
scribed in terms of a related (inherent or reduced, respectively) explicit
ODE. For the moment, we will informally refer to these systems as regular.
In spite of the mathematical challenges raised by the unveiling of such an
explicit ODE, from a dynamical point of view a regular autonomous DAE
does not lead to new qualitative phenomena. For instance, in problems
with a well-defined geometric index the dynamical behavior of the DAE is
given by the flow induced by a vector field on a lower-dimensional manifold.
Locally, the solutions of a reduced ODE are embedded onto those of the
DAE, and therefore the flows of both are locally diffeomorphic.
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Things change substantially in the presence of singularities. Sin-
gular points of a DAE will be defined as those where the assump-
tions supporting the definition of an index fail, and indeed yield sev-
eral types of dynamical behavior not displayed by explicit ODEs. The
best-known phenomenon associated with singular DAEs is the one oc-
curring at impasse points [61, 62, 219, 222, 223, 233]. Other singular
phenomena in autonomous DAEs have been addressed only for par-
ticular structures, mainly quasilinear problems with a dense subset of
regular points [165, 202, 203, 236, 254, 276, 277, 309] and semiexplicit
DAEs [22, 23, 173, 236, 249]. Last-step singularities (cf. Chapter 4) were
considered by Rabier and Rheinboldt in [228]. From a different per-
spective, several results concerning singularities of scalar problems have
been discussed in [7, 34, 72, 289]. Singular bifurcations are tackled in
[19-21, 166, 241-243, 246, 275, 296-298]. In the linear time-varying con-
text singularities have been studied in [196, 197]; some results can also be
found in [139, 225, 228].

A systematic approach to the local analysis of singular DAEs is pre-
sented in Chapter 4; no previous framework for the general study of singu-
larities in differential-algebraic systems is known to the author. An outline
of the main ideas follows. After providing invariant definitions of singular
points in linear time-varying and quasilinear autonomous DAEs, the “regu-
lar” analysis frameworks will be modified in order to accommodate singular
problems. In both contexts, this will result in an implicit ODE which can be
rewritten in explicit form on an open dense subset of its domain, the leading
term of which captures the singularities of the original DAE. In particular,
this approach extends the scope of the results of Rabier and Rheinboldt
for quasilinear systems. Broadly speaking, the working scenarios allowing
for this replace constant rank assumptions by the requirement that certain
characteristic spaces admit a continuation through the singularity, thereby
relaxing the hypotheses which support the analysis in regular settings.

Qualitative properties of DAFEs

Qualitative results for DAEs are of major importance in different appli-
cations. For regular autonomous DAEs, even though the local dynamics
amount to that of explicit ODEs, it is necessary to have tools allowing one
to assess qualitative properties directly in the differential-algebraic setting,
since an explicit state space description of the system dynamics may not
be feasible in many practical cases. The qualitative theory of DAEs makes
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such an explicit ODE description unnecessary. In this regard it is important
to examine, in DAE terms, stability properties of invariants such as equilib-
rium points or periodic trajectories, as well as the associated bifurcations
characterizing the dependence of these properties on system parameters.

Although a general discussion of qualitative aspects of differential-
algebraic systems would exceed the scope of this book, we will address
some issues in this direction. Linear stability properties of regular equi-
libria in quasilinear DAEs will be characterized in terms of matrix pencils
in Section 3.5; from different points of view, this type of results has been
discussed in [92, 183, 184, 186, 228, 231, 240, 281, 291]. The reduction
framework seems to be well-suited for characterizing the situations in which
the matrix pencil which results from the DAE linearization describes the
stability properties of equilibria. The electrical counterpart of these results
is tackled in Section 6.3, where a key point will be to distinguish the topo-
logical conditions characterizing the hyperbolicity or exponential stability
of equilibrium points from those allowing for the formulation of a state
space model for the network, a distinction which is not always clear in the
circuit literature.

Other qualitative aspects of differential-algebraic systems have been
analyzed in the last two decades. Local normal forms are discussed in
[21-23, 67, 68, 202, 236, 277, 309]. Regarding periodic DAEs and peri-
odic solutions, several results concerning Floquet theory for DAEs can be
found in [158, 159]; related aspects involving the analysis of nonlinear os-
cillations in semistate models of electrical circuits are addressed in [74].
Finally, the reader is referred to Chapter 4 and the bibliography cited there
for the discussion of qualitative phenomena at singularities, in particular
at singular equilibria and pseudoequilibria.

1.2.3 Numerical aspects

The numerical treatment of differential-algebraic systems has driven a
great deal of research on this field. Most monographs on DAEs are
partially (or, in some cases, totally) devoted to numerical methods: see
[10, 30, 107, 121, 122, 151, 157, 228]. Essentially, all the frameworks dis-
cussed in subsection 1.2.1 have a numerical counterpart. This book will be
focused on analytical properties of DAEs, and hence the reader is referred
to the above-mentioned titles for detailed discussions of computational is-
sues. Without any attempt to be exhaustive, other important references are
[8, 38, 44, 47, 51, 52, 96, 129-133, 140, 141, 182, 216, 217, 267, 270].
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Regarding the problem of computing consistent initial values, see
[30, 33, 86, 97, 124, 126, 156, 162, 215] and the bibliography therein.
Numerical techniques for the analysis of singular DAEs are discussed in
[9, 199, 207, 218, 223, 228, 275, 304], among other references.

1.3 State vs. semistate modeling

The dichotomy between DAEs and explicit ODEs is also relevant from the
point of view of system modeling. In fact, much attention has been di-
rected to DAEs because of its chance to model easily systems in which
certain constraints are imposed among the variables appearing within a
given set of differential equations. This is very clear for instance in circuit
theory, where time-domain models of electrical networks combine differ-
ential equations arising from capacitors and inductors with algebraic ones
coming from Kirchhoff laws and the characteristics of devices (cf. Sections
5.2 and 6.1).

These constraints mean that there exist some redundancy among the
model variables. For this reason differential-algebraic models are sometimes
called semistate models [82, 210]; the idea is that, in contrast to state space
models based on explicit ODEs of the form (1.1), where an initial value can
be freely assigned to every component of the state variable u, in a DAE
such as (1.2) an initial value can be specified only for some components
of the vector x for a solution to be well-defined. The dynamic degree of
freedom of a given DAE, which is a local quantity, will be called the (local)
state dimension of the problem. More details in this regard can be found
in the reduction framework of Chapter 3.

From the modeling perspective, the elimination of redundant variables
can be seen as a model reduction process. This includes, in particular, the
derivation of a state space description of a given system by means of the
reduction of an initial DAE model; in this direction, the state formulation
problem for electrical circuits will be tackled in Chapter 6 as a reduction
of certain semistate models. On the other hand, in many practical cases
only some of the variables are eliminated from a given semistate equation,
yielding another DAE which may be easier to analyze while still capturing
the essential features of the system. Again, the electrical circuits discussed
in Chapters 5 and 6 will provide several examples of this, since for instance
augmented nodal analysis or multiport models can be seen as intermediate
formulations between a tableau or a branch-oriented model, in which no



12 Introduction

variable has been eliminated and therefore redundancy is maximal, and a
state space model, displaying no redundancy among variables.

It is important to notice that a reduction process leading to a state space
model of a given system is not always feasible in practice. When this is the
case, the thoroughly discussed mathematical tools for the analysis of dy-
namical systems formulated in terms of explicit ODEs become unavailable.
These tools include, in particular, qualitative theory and numerical inte-
gration methods. In these cases the DAE-oriented techniques referred to in
subsections 1.2.2 and 1.2.3 above, which apply without recourse to a state
space reduction, become very relevant in system analysis and simulation.

Finally, a particularly important role in system modeling is played by
so-called semiexplicit DAEs (cf. subsection 1.4.3 below), having the form

y' = h(y, z,t) (1.5a)
0=yg(y,z1). (1.5b)

These systems arise in applications when algebraic (that is, non-differential)
constraints are explicitly added to a set of differential relations, but also as
the reduced equation of the singular perturbation problem

y' = h(y, z,t) (1.6a)
ez = g(y,2,t) (1.6Db)

where, typically, 0 < ¢ < 1. Conversely, the way from (1.5) to (1.6) is
usually called a regularization of the DAE [10, 30, 142, 143, 214]. Semiex-
plicit DAEs also arise as the enlarged system

/

' =p (1.7a)
0=F(tz,p) (1.7b)

of the fully implicit problem (1.2).

1.4 Formulations

When using DAEs to describe physical systems, several options arise in the
formulation of the model. In particular, there are different ways to capture
the variables which are required to be differentiated. If the derivatives of
all the components of the semistate vector x are involved in the model,
as it happens in explicit ODEs, we are faced with a standard form DAE.
Nevertheless, this presents certain disadvantages which are discussed, in
terms of input-output system descriptions, in subsection 1.4.1 below. This
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will motivate the introduction of so-called properly stated DAFEs, presented
in subsection 1.4.2. Finally, in subsection 1.4.3 we discuss some structural
forms for DAEs which are often displayed in applications.

1.4.1 Input-output descriptions
Explicit ODEs

Let us consider from a functional point of view the linear constant coefficient
ODE

' + Ez = q(t), (1.8)
where E is an m x m real matrix, together with an initial condition
Z‘(fo) =x9 € R™. (19)

The initial value problem (IVP) defined by (1.8) and (1.9) is known to yield
a smoothing operator

Ck(J,Rm) . Ck+1(J,Rm)
q(t) —  =(b),

where z(t) is the unique solution of the ODE (1.8) which satisfies (1.9),
in the understanding that ty € J. This means that the initial value
problem induces a mapping between the functional spaces C*(7,R™) and
CF1(J,R™), for any k > 0; this point of view is important for instance in
system theory or in electrical engineering, where ¢(¢) and z(t) are viewed
as input and output signals of a system defined by the matrix E and with
initial state zg.
Moreover, the ODE (1.8) alone defines a bijection

CHT,R™) xR™ — CFY(T,R™)
(Q(t)vx()) I Z‘(t),

with an inverse given by z(t) — (2/(t) + Fz(t), x(tp)). The bijective
nature of this mapping somehow indicates that C*-spaces are the right
ones to accommodate excitations and solutions of the problem. Note that
the same remarks apply if we replace the constant matrix £ in (1.8) by a
time-varying one E(t) € Ck(J,R™*™).
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Linear time-invariant DAEs

In the differential-algebraic context one is often interested in obtaining sim-
ilar functional descriptions of the solution behavior and, specially, in pro-
viding functional spaces where excitations and solutions are mapped into
one another bijectively. As discussed below, and unlike the ODE case, nei-
ther the DAE formulations handled so far nor the use of C* spaces are
appropriate in this regard.

Indeed, consider the linear time-invariant DAE (1.3), and assume that
the matrix pencil {A, E'} is regular with Kronecker index one (cf. Section
2.1). It will shown that in this situation there exist nonsingular matrices
G, H such that the solutions of (1.3) can be obtained from those of

u +Wu = ¢ (t) (1.10a)

v = Ga(t), (1.10b)

for a certain matrix W, by means of the transformation x = Hw. Here the

variable w stands for (u,v), whereas the excitation g(t) = (¢1(¢),¢2(t)) in
(1.10) is defined by ¢(t) = Gg(t).

Let us assume that ¢(¢) (and thereby ¢(t)) is continuous. System (1.10)
certainly has a solution w(t) = (u(t), v(t)), defined by a C'-solution u(t) of
(1.10a) and a C°-mapping v(t) given by (1.10b). But if the excitation g(t)
(or, more precisely, ¢2(t)) is not differentiable, then neither are v(t), w(t),
nor z(t) = Hw(t); in this situation it does not make sense to differentiate
2 in (1.3). This raises the problem of the sense in which z(t) = Hw(t) can
be considered a solution of (1.3) in cases in which ¢(¢) is just a continuous
map. We are additionally faced with the characterization of the functional
spaces of (i) solutions onto which continuous excitations are mapped, and
(ii) excitations yielding C*-solutions.

We might agree to restrict the attention to C'-excitations q(t). This
is however unsatisfactory, not only because continuous excitations seem to
be acceptable in the light of (1.10), but also when looking for the space of
solutions z(t) onto which C'-excitations are mapped.

This introductory digression shows that, for index one DAESs, there is no
hope for a bijective transformation C* — C**+1 or C* — CF of excitations
onto solutions; the cases considered above correspond to k& = 0,1, but
the same is true for £k > 2. Note that for the sake of simplicity we are
deliberately vague concerning initial values.

A solution can be devised by rewriting Az’ = (Az)" and then consider-
ing, instead of (1.3), the reformulation

(Az)" + Ex = q(t), (1.11)
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which comprises all C'-solutions of (1.3) but allows for the search of addi-
tional ones in the larger space

CL{(T,R™) ={x € C°(J,R™) | Ax € C*(J,R™)}.

Continuous excitations ¢(t) can now be shown to yield a solution in the
space C}, whereas C* excitations lead to solutions within

Ch (I, R™) = {z € C*(T,R™) [ Az € CFF1 (7, R™)}.

This type of reformulations will also lead to a characterization of the exci-
tations which are bijectively mapped onto C*-solutions.

The discussion above is restricted to linear time-invariant DAEs with
nilpotency index one. Using the Kronecker canonical form (see Section
2.1), these remarks can be extended to linear time-invariant problems with
higher index, under stronger smoothness requirements on ¢(t). However, in
the linear time-varying framework defined by (1.4), and also in nonlinear
contexts, this kind of results are more involved. These issues can be tackled
in time-varying and/or nonlinear settings by means of a recently proposed
formulation for the leading term of DAESs, detailed below. The reader is
referred to subsections 2.1.3.2 and 2.2.1 for additional details concerning
input-output functional descriptions.

1.4.2 Leading terms

As indicated above, rewriting the leading term of (1.3) as (Az)" yields
several advantages from the analytical point of view. The same can be
achieved by recasting the leading term as A(Pz)’, where P is a projector
along ker A, based on the identity A = AP (note that A(I — P) =0).

The key remark at this point is that these ideas can be extended to the
linear time-varying context. Indeed, several benefits will follow from the
consideration of DAEs of the form

A(t)(D(t)z)" + B(t)z = q(t), (1.12)

instead of (1.4); see the seminal work [16] and [157, 188, 189, 191, 192]
together with the references therein. The leading term of (1.12) will be
said to be properly stated when the matrix mappings A(t) and D(t) are
well-matched in a certain sense (cf. Definition 2.2 on p. 38). The above-
mentioned input-output functional descriptions are better tackled in the
framework defined by (1.12), which allows for a precise formulation of
smoothness requirements on the excitation ¢(¢) and the matrix mappings
A(t), D(t) and B(t). Additionally, the leading term of (1.12) arises in
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this form in different circuit and control applications and, in particular,
displays nice symmetry properties when considering adjoint formulations
[15, 16, 187]. Several advantages are also met from the numerical point of
view [130-132, 157, 293].

Certainly, a lot of DAE literature is directed to the form (1.4). We will
refer to these problems as standard form linear DAEs. Under mild require-
ments on the leading matrix A(t), a standard form DAE can be rewritten
in the properly stated form (1.12), and therefore the results coming from
the properly stated framework can be applied to standard form problems;
see, in this regard, Sections 2.3 and 4.3.

Properly stated formulations can be also used in nonlinear settings;
some instances can be actually found in subsection 5.3.1. This involves,
however, some additional complexities, and most readers will be unfamiliar
with this type of formulation in the nonlinear context. Due to the intrinsic
difficulties of nonlinear problems, in their analysis we will try to keep at a
minimum certain technicalities. Therefore, the attention in Chapter 3 will
be restricted to standard form DAEs, and precise smoothness requirements
will be disregarded; that is, all objects will simply be assumed to be smooth
enough, and the C* setting will be often invoked for that. In any case, we
believe that the results of Chapter 2 should be enough to give a reader a
solid understanding of the benefits of properly stated formulations, and we
refer him/her to the forthcoming title [157] for an extensive discussion of
nonlinear, properly stated DAEs.

1.4.3 Semiexplicit, semilinear and quasilinear DAFEs

Many DAEs in applications display some kind of structure. In most practi-
cal cases the equation is linear in the derivative z’; depending on the specific
form of the matrix map in front of this derivative, these quasilinear or lin-
early implicit systems have received several names in the literature. The
semilinear and quasilinear problems here presented can be thought of as
being located between linear DAEs and the “nonlinear” system (1.2). Note
that these families are not mutually exclusive; quite on the contrary, linear
DAEs are a particular case of semilinear problems (mind, in this regard,
that semiexplicit problems may well be linear), which in turn are instances
of quasilinear DAEs with a leading matrix independent of . Similarly, the
form (1.2) comprises quasilinear problems. Actually, referring to (1.2) as a
‘nonlinear DAE’ is a terminological abuse since it may stand in particular
for linear cases. System (1.2) is often called a fully implicit DAE.
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1.4.3.1 Semiexplicit and semilinear DAFEs

In an autonomous setting, semiexplicit DAEs are defined by a system of
the form

y' = h(y,2) (1.13a)
0=g(y, %), (1.13b)

where for the moment we disregard smoothness requirements on the maps
h:Wy— R" and g : Wy — RP. Here Wy is an open set in R™?. The form
depicted in (1.13) makes it possible to distinguish the r-dimensional vector
y of dynamic variables from the p-dimensional one z of algebraic ones. The
nonautonomous counterpart of (1.13) is displayed in (1.5).

It is worth remarking at this point that the term ‘differential-algebraic
equation’ is sometimes used in the literature to mean the semiexplicit equa-
tion (1.13), and even to refer to (1.13) under the assumption that the matrix
of partial derivatives g, is everywhere nonsingular. The nonsingularity of
g. will be later defined as an index one requirement.

Autonomous semilinear DAEs are problems of the form

Ax' = f(z), (1.14)

where A is an m X m real matrix and f : Wy — R™ is a sufficiently
smooth mapping, Wy being open in R™. Semilinear equations comprise in
particular the semiexplicit DAE (1.13), since the latter can be written as

(50)(2)=(3)

which is a system of the form (1.14) with z = (y, 2), f = (h, g). Conversely,
semilinear DAEs may written in semiexplicit form: denoting rk A = r, there
exist nonsingular matrices G, H such that [90]

I, 0
- (40,

Now, if we premultiply (1.14) by G and perform the coordinate change
x = Hz, the semilinear system reads

({) 8) # = Gf(H7)

which, via the splitting & = (y, z), is easily checked to be a semiexplicit
equation.
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The semiexplicit DAE (1.13) can be written in properly stated form as

/

(IO> {(Ir 0) (Z)] = (282) (1.15)

A:(‘g), D= (I, 0),

define a well-matched pair of matrices yielding a properly stated leading
term; cf. subsection 2.2.2 for additional details in this regard.

Finally, by allowing the above-introduced operators A and f depend
explicitly on the time ¢, we obtain the nonautonomous analog of (1.14),
namely,

where

At = f(x,t).

1.4.3.2 Hessenberg DAFEs

In several applications, the mappings h and g within the semiexplicit DAE
(1.5) depend only on certain variables. This is often the case in mechan-
ics or, as will be detailed in Chapter 6, in electrical circuit theory. In
this direction, we present below so-called Hessenberg DAEs directly in the
nonautonomous context.

When the constraints g do not depend on the algebraic variable z, we
are led to a Hessenberg DAFE of size two. These systems can be written as

y' = h(y, 1) (1.16a)
0=yg(y,t). (1.16Db)

For simplicity, we assume that h : R"*P*1 — R” and ¢ : R"t! — RP,
although the domains of these mapping may be assumed to be open sets
Wo C R™P+1 and W, C R"*1. Labeling (1.16) as a ‘size two’ Hessenberg
DAE without additional requirements comprises a terminological abuse,
since this term is usually reserved to systems of the form (1.16) in which
the product g, h. is nonsingular [30, 70]. Later on we will elaborate further
on the nonsingularity of g,h., which will define an index two condition for
(1.16); note that this requires, in particular, that r > p.

If, additionally, in the Hessenberg DAE (1.16) the mapping g does only
depend on ¢t and some of the dynamic variables y (to be denoted by y2 € R"2,
with ro < r), and the corresponding components of h do not depend on z,
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we are led to a Hessenberg DAE of size three, which may be written as

yll = hl(ylvaaZat) (117&)
Yy = ha(y1.y2.t) (1.17b)
0 = g(yo, t). (1.17¢)

Analogously, a Hessenberg DAE of size k has the structure

yll :hl(ylayQM"?ykflaZat) (118&)
Vi =hi(Yic1,. . yp—1,t), 2<i<k-—1 (1.18b)
0= g(yk—lat)v (118C)

where y; € R™ for i = 1,...,k — 1, 2 € RP. This DAE will be index k if
the product
8g 8hk,1 8h2 8h1

R Sl 1.19
Oyr—1 Oyp—2  Oy1 0z (1.19)

is nonsingular. This implies that r; > p for ¢ = 1,...,k — 1. The above-
mentioned terminological abuse applies also here, since the nonsingularity
of (1.19) is usually required in order to call (1.18) a ‘size k’ Hessenberg
DAE; this holds in particular for the case k = 3 displayed in (1.17).

The term Hessenberg DAFE stands for a DAE which has a Hessenberg
structure of size k for some k > 2. Sometimes the semiexplicit DAE (1.13)
itself is also considered as a Hessenberg DAE [10].

1.4.3.3  Quasilinear DAFEs
Finally, quasilinear autonomous DAEs are systems of the form
A@)e’ = f(), (1.20)

where A(z) and f(z) are sufficiently smooth mappings Wy — R™*™ and
Wo — R™, respectively; the set Wy is open in R™. The pair (4, f) is
sometimes called a generalized vector field on Wy [67, 68, 202, 203].

Most cases of interest in applications will be defined by an every-
where singular matrix mapping A(z). However, in the reduction frame-
work of Chapter 3 an important role will be played by problems of the
form (1.20) in which A(x) is singular only on a codimension-one subman-
ifold of Wy. These cases have received considerable attention in the liter-
ature [165, 166, 202, 203, 236, 240, 254, 276, 277, 309]; we will reserve
the term quasilinear ODE to refer to problems of the form (1.20) in which
A(x) is nonsingular on a dense subset of Wj.
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The nonautonomous counterpart of a quasilinear DAE is defined by the
assumption that A and/or f depend on ¢, yielding an equation of the form

Alz, )2’ = f(x,t).
These systems arise for instance when setting up electrical circuit models
using Modified Nodal Analysis (MNA); cf. Chapter 5.

1.5 Contents and structure of the book

With the background presented in previous Sections, we are now in a po-
sition to define the goals of the present book, and also to provide a more
detailed description of its contents and structure. Broadly speaking, the
main goal is to present several frameworks for the analysis of differential-
algebraic systems and, subsidiarily, of semistate circuit models. Thus, the
two parts of the book are respectively devoted to the discussion of analyti-
cal aspects of DAEs in general, and to different issues arising in the use of
DAEs in electrical circuit modeling.

In Part I, we discuss in detail several analysis methods for DAEs. The
main focus is on projector-based techniques and reduction methods. Both
approaches certainly apply to linear time-varying and nonlinear DAEs; nev-
ertheless, a detailed discussion of both frameworks in these two settings
would be excessively long. For this reason, projector methods will be dis-
cussed in the context of linear time-varying systems, whereas reduction
techniques will be addressed for nonlinear DAESs; special emphasis will be
put on quasilinear problems. However, reduction techniques for linear prob-
lems are briefly presented in Section 2.4, whereas some remarks on the use
of projector methods for the analysis of quasilinear DAEs arising in circuit
modeling can be found in Section 5.3. More details can be found in [228§]
and [157], respectively.

Therefore, Chapters 2 and 3 address linear and nonlinear DAEs via
projector-based and reduction techniques, respectively. Undoubtedly, the
reader will find a certain gap between both approaches, and also with re-
spect to the differentiation index framework (cf. Section 3.7) but, from the
author’s point of view, the different perspectives should provide a richer
knowledge of the fundamentals of DAE analysis. In spite of the salient dif-
ferences between the projector and reduction frameworks, the main ideas
somehow go in parallel. In both cases we examine in detail the assump-
tions supporting the (tractability and geometric) index notions in which the
methods are supported, arriving at two results (Theorems 2.3 and 3.2 on
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pages 51 and 107, respectively) which characterize the solutions of DAEs in
regular contexts. The failing of these assumptions will lead to the analysis
of singularities carried out in Chapter 4.

Part IT tackles different analytical issues in electrical circuit theory using
semistate (differential-algebraic) models. The use of time-domain formu-
lations make the results applicable both to linear and nonlinear problems.
Two model families are considered; those based on nodal analysis are con-
sidered in Chapter 5, whereas branch-oriented models define the scope of
Chapter 6. In both cases, the focus is placed on index analyses.

As detailed in Chapter 5, nodal models have attracted quite a lot of at-
tention in the DAE literature, specially regarding Modified Nodal Analysis
(MNA) systems, widely used in circuit simulation programs. The tractabil-
ity index and projector methods have succeeded in providing an accurate
characterization of the index of these models in passive contexts; we will
discuss these results and present as well several index characterizations for
non-passive problems by means of tree-based techniques.

The branch-oriented models in Chapter 6 have been comparatively over-
looked from the DAE point of view. We attempt to illustrate that the
differential-algebraic formalism is certainly of interest also in the analy-
sis of these circuit models. In particular, the geometric index framework
makes it possible to recast the state formulation problem and the normal
tree method as a reduction of a branch-oriented circuit model. Several ad-
vantages, regarding for instance qualitative properties of lumped circuits,
will be derived from this approach.

We aim to discuss all these results in a self-contained manner, by means
of the inclusion of background material on different topics. From a math-
ematical point of view, we compile some basic results coming from linear
algebra (involving matrix pencils, projectors or Schur complements, as well
as specific results such as the Cauchy-Binet formula), differential geome-
try and graph theory, which virtually reduce the technical prerequisites for
reading this book to basic courses on differential calculus, linear algebra
and ordinary differential equations.

Regarding circuit theory, Section 5.1 presents a detailed introduction
to the fundamentals of electrical circuit analysis. Subsection 5.1.1 may
be useful for readers interested in getting an introduction to elementary
aspects of graph theory, regardless of specific applications. The material in
Section 5.1, together with that of Sections 5.2 and 6.1, should allow readers
without a background in circuit analysis to profit from the results discussed
in Chapters 5 and 6.
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How to read this monograph

Some readers will be mainly interested on certain parts of this book. There
are several ways to go through the material here presented; some of them
are proposed below.

Readers who aim to get an introductory vision on DAEs, or maybe
trying to get a glimpse at the topic before going into details, should probably
read this Chapter and then Sections 2.1.1, 2.1.2, 3.1, 3.2 and 4.1, before
proceeding further.

Mathematically-oriented readers without a substantial background on
DAEs may find of interest, from an analytical point of view, Sections 2.2
and 2.3 for linear time-varying DAEs, Sections 3.4 and 3.5 for quasilinear
problems, and Chapter 4 for the study of singularities in both contexts.

Expert readers interested on specific approaches will find projector
methods and the tractability index in Chapter 2, focused on linear systems.
Sections 4.2 and 4.3 adapt the projector-based framework to singular lin-
ear time-varying problems, whereas some ideas concerning the tractability
index of quasilinear DAEs arising in circuit theory can be found in Section
5.3. Reduction methods and the geometric index are discussed for linear
problems in Section 2.4 and for nonlinear systems in Chapter 3; singularities
of quasilinear DAEs are then addressed in Section 4.4. The differentiation
index notion is presented in Section 3.7, after some introductory remarks
in Sections 3.1 and 3.2.

Finally, readers interested on applications of DAEs will find a thorough
discussion of differential-algebraic circuit models in Chapters 5 and 6, many
parts of which can be read independently of the rest of the book.
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Chapter 2

Linear DAEs and
projector-based methods

In this Chapter we undertake the study of linear differential-algebraic equa-
tions, in both the time-invariant and time-varying contexts. In a time-
invariant setting, linear DAEs read

Az’ + Ex = q(t), (2.1)

where A, E € R™*™ and ¢(t) € C(J,R™), J C R being an open inter-
val. Smoothness requirements on ¢ will be discussed later. The problems
of interest will be those in which A is a singular matrix, since otherwise
the system trivially amounts to an explicit linear constant-coefficient ODE;
these particular cases are accommodated in the differential-algebraic frame-
work as indez zero problems. The linear time-invariant DAE (2.1) will be
tackled in terms of the matriz pencil { A, E} [90, 91, 144, 301], as detailed
in Section 2.1. Under an assumption of regularity on the pencil, a key role
will be played by its nilpotency index.
The time-varying analog of (2.1) can be written as

A2’ (t) + E(t)z(t) = q(t), te J, (2.2)

with A(t), E(t) € C(J,R™™), ¢(t) € C(J,R™). This will be called the
standard form for a linear time-varying DAE.
We will also consider linear DAEs of the more general form

A@)(D()z(1) + B(t)x(t) = q(t), t€ T, (2.3)

where A(t) € C(J,R™*™), D(t) € C(J,R"™™), B(t) € C(J,R™*™)
and ¢(t) € C(J,R™). Under certain conditions specified later, this DAE
will be said to be properly stated. Note that, under mild assumptions, the
standard form DAE (2.2) can be rewritten in the form (2.3). Both forms
will be extensively discussed in Sections 2.2 and 2.3, where in particular we
detail smoothness requirements on A, £, D, B and gq.

25
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Different approaches have been proposed in the last decades for the anal-
ysis of linear time-varying DAEs. They can be roughly classified into four
groups which are structured around different index concepts, namely the
differentiation, tractability, geometric, and strangeness indices. A glimpse
at these notions can be found in Chapter 1 (pp. 6-8). The frameworks
based on the differentiation and the strangeness indices are addressed in
detail in [30] and [151], respectively. The reader is referred to these books
but also to [41, 42, 54] and [147, 148] for extensive discussions of these
approaches; in particular, so-called standard canonical forms can be found
in [30, 41, 42]. The differentiation index will be briefly analyzed for fully
implicit problems in Section 3.7.

In this Chapter we will focus our attention mainly on projector-based
methods developed around the tractability index and, in less detail, on
reduction methods supported upon the geometric index. Since the main
interest will be directed to projector techniques, we detail here the structure
of Sections 2.1.3, 2.2 and 2.3, in which we present this framework. In
order to provide the reader with a friendly introduction to the tractability
index approach, we discuss projector methods first in the time-invariant
context of the DAE (2.1) in subsection 2.1.3, where index one problems
are given special attention; pages 30-34 may be useful as a first reading
on projector methods. The transition to time-varying problems proceeds
via index one DAEs of the form (2.2) in 2.2.1. Properly stated linear
time-varying DAEs (2.3) with arbitrary index will be then analyzed in
subsections 2.2.2 to 2.2.5. The results presented there will be illustrated
by means of an example discussed in detail in 2.2.6. In subsection 2.2.7
we introduce a local restatement of this approach aimed at the analysis of
singular problems performed in Chapter 4. This framework is particularized
to standard form DAEs (2.2) in Section 2.3.

Finally, Section 2.4 briefly presents reduction methods for linear prob-
lems; further details can be found in [224-226, 228]. These techniques will
be extensively discussed for nonlinear DAEs in Chapter 3.

2.1 Linear time-invariant DAEs

Consider the linear time-invariant homogeneous DAE

Az’ + Ex =0, (2.4)
with A, E € R™*™ A possibly singular. As in the classical theory of
ODEs, the search for solutions of (2.4) having the form ez naturally
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leads to the generalized eigenvalue problem defined by
det(MA + E) =0,

and therefore drives the analysis of homogeneous linear time-invariant
DAEs to a matriz pencil setting.

2.1.1 Matriz pencils and the Kronecker canonical form

Given a pair of matrices A, E in R™*™ the matriz pencil { A, E} is defined
as the one-parameter family {A\A + E : A € C}. We will sometimes denote
the pencil simply by the expression AA+ E. If there exists some A € C such
that AA + E' is a nonsingular matrix, i.e. if det(AA + F) does not vanish
identically, the matrix pencil is called regular; otherwise it is said to be a
singular pencil [91].

Two matrix pencils {A, E} and {4, E} will be said to be equivalent if
there exist nonsingular matrices G, H € R™*™ such that A = GAH and
E = GEH. Note that this use of the term ‘equivalent’ stands for ‘strictly
equivalent’ in [91]. A regular pencil {4, E'} is equivalent to a pencil {fl, E}
in which A and E have the form (cf. Theorem XIL3 in [91])

. I, 0\ = (W 0
A_GAH_(O N),E_GEH_<OImS>, (2.5)

where W € R*** for some nonnegative s < m, and N € R(m—s)x(m—s)
is a nilpotent matrix with index ¥ < m — s, that is, NV = 0, N*~1 £ 0.
Without loss of generality N and W can be assumed to be in Jordan form.
Note that it may be s = 0, meaning that A=N,E=1,, and also s = m,
which yields A= I, = I,,, E=W.

This defines the Weierstrass-Kronecker canonical form of the pencil [91];
this result is due to Weierstrass [301], and was extended later by Kronecker
to singular matrix pencils [144]. In the DAE literature this normal form
is often referred to simply as the Kronecker canonical form and will be
henceforth abbreviated as ‘KCF’.

The nilpotency index v is called the Kronecker index of the matrix pen-
cil, although again the term ‘Weierstrass-Kronecker index’ would possibly
be more accurate. It is also called the nilpotency index of the pencil itself.
The matrix pencil is said to have index zero if s = m, which amounts to
require that A is a nonsingular matrix. The index one case is defined by
a null matrix N of dimension m — s > 0. In particular, if A vanishes the
DAE (2.4) amounts to Exz = 0; if E' is nonsingular, then N is a null matrix
of dimension m and the pencil has index one.
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The spectrum of a regular matrix pencil is

oc{A,E}) ={A e C: det(\MA+ E) =0}. (2.6)
Regardless of the index, a regular pencil {A, E} satisfies
c({A,E}) = o(—W), (2.7)

since

det(AA + E) = (detG detH) 'det(\GAH + GEH)

detG detH) 'det(\, + W) (2.8)

because of the fact that det(AN + I,,,—s) = 1. The identity depicted in (2.8)
implies that det(AA + E) = 0 < det(Al; + W) = 0, as stated in (2.7).

This means that the spectrum of the matrix pencil has exactly s eigen-
values (counted with multiplicity) or, equivalently, that det(AA + E) is a
polynomial in A with degree s. The value s is sometimes called the core-
rank of the pencil [30, 39], and, for the reasons stated in subsection 2.1.2,
can be also called the dynamical degree of freedom (cf. [179]) or the state
dimension of the DAE. A regular matrix pencil with index v > 1 is said
to have an infinite eigenvalue of multiplicity m — s, with m and s defined
above. The identity (2.7) will also play a role in the stability analysis of
equilibria in DAEs; cf. Section 3.5.

~ (
= (

2.1.2 Solving linear time-invariant DAFEs via the KCF

Supposed that the matrix pencil {4, F} is regular, not only the homoge-
neous DAE (2.4) but also the inhomogeneous linear problem (2.1) can be
tackled via the Weierstrass-Kronecker canonical form. The regularity of the
pencil is actually equivalent to the solvability of the linear time-invariant
DAE, in the sense specified in [30]; see also [91, 107, 151]. If the index of
the regular pencil is v, then both DAEs (2.1) and (2.4) are said to be index
v as well.

Indeed, premultiplying (2.1) by G and using the linear coordinate change
x = Hw we transform the DAE into

(on)ee ()=o) e
with ¢(t) = Gg(t). Splitting w = (u,v) with v € R®, v € R™™*®  equation
(2.9) reads

u +Wu =g (t) (2.10a)
Nv' 4+ v = go(t). (2.10b)
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Equation (2.10a) is an explicit linear constant coefficient ODE for u € R®,
not involving the v component. An initial value problem is well-defined
by any ug € R® and therefore this equation has s dynamical degrees of
freedom.

In turn, (2.10b) is decoupled from (2.10a) since it does not involve the u
component. Following [30] (see also [91]), equation (2.10b) can be rewritten
as

(ND +I)v =g(t)
with D = d/dt, and then

v—1
v=(ND+I1)"'q(t) =Y (=1)/(ND)Y (1),
j=0
since N7 = 0 for j > v. This means that v € R™~* has no degree of
freedom since it is completely determined from §»(t) via the relation

v=Got) = NG (t) + ... 4+ (=1 IN" 150D (@), (2.11)

Note that in this framework ¢(¢) (or equivalently g¢(¢)) must be in
CY~1(J,R™), and that in higher (v > 2) index DAEs solutions will de-
pend explicitly on the derivatives of the excitation g(t).

In the homogeneous case (2.4), obtained by setting ¢(t) = 0 in (2.1),
the explicit ODE (2.10a) reads

w+Wu=0,
whereas making ¢(t) = Gq(t) = 0 in (2.11) we get
v =0.
In this case, solutions are only defined on the s-dimensional linear space
defined by the algebraic restriction v = 0, that is, ws41 = ... = w,, = 0.
The variables u (i.e. wq,...,ws) can be understood to yield a parametriza-

tion of this linear subspace, the dynamical behavior on it being described
by the explicit equation v’ = —Wu.

2.1.3 A glance at projector-based techniques

The Kronecker canonical form and the decoupling (2.10a)-(2.11) based on it
provides much insight into the linear time-invariant DAEs (2.1) and (2.4).
Nevertheless it also displays some limitations, the need to compute the
canonical form being an obvious one. Additionally, the solution description
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is given in terms of the “transformed” variables w = H'z. In particular,
the smoothness of the different solution components would be stated in
terms of w, somehow obstructing a precise functional description of the
system behavior. Similarly, the smoothness demands on ¢(¢) must be stated
in terms of the transformed excitation §(t) = Gq(t); if we rewrite (2.11) as
v=G2(t) = (N@)'(t) + ...+ (=1)" (N )0 (1),

it is clear that the C”~!-smoothness demand on G(t) can be relaxed by
directing the requirements to the appropriate components of G(t).

Proper formulations and projector methods attempt to overcome these
drawbacks, allowing additionally for an extension of the results to the time-
varying context. These techniques provide an index characterization in
terms of the original problem description. They yield a precise functional
description of the solution behavior under mild smoothness requirements di-
rected to the appropriate components of g. This approach will be discussed
in detail in Section 2.2; we present below an introduction for linear time-
invariant problems. This way the reader can get a glimpse at projector-
based methods without the technicalities arising in the linear time-varying
context. Special emphasis is put on index one systems.

2.1.3.1 Index one characterization via projectors

Definition 2.1. A square matrix Q € R™*™ is called a projectorif Q% = Q.

From the relation Q% = @ it is easy to check that ker@Q Nim@Q = {0}
and therefore R™ = ker @ & im Q). Note that all vectors within im Q) are
invariant, that is, Qu = v if (and, actually, only if) v € im Q). The projector
Q@ is said to project along ker @ onto im@. If I denotes the identity in
R™*™ then P = I — @ is a projector along im @) onto ker @), and therefore
PQ = QP = 0. When the spaces ker @ and im @) are orthogonal to each
other, @ is said to be an orthogonal projector.

Assume now that A is a singular matrix, and let @ be any projector onto
ker A. Maybe the key seminal result in the tractability index framework is
the characterization of an index one pencil depicted below.

Proposition 2.1. Let A € R™*™ be a singular matriz, and Q) a projector
onto ker A. Then the matriz pencil {A, E} is reqular with Kronecker index
one if and only the matriz A1 = A+ EQ is nonsingular.

The proof of this result can be found in Theorem A.13 of [107] and, in
a more general context, in Theorem 3 of [108].
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2.1.3.2  Decoupling of linear time-invariant index one DAFEs

Besides the index characterization depicted above, the matrix A; allows for
a decoupling of the DAE (2.1), if it is index one, in terms of the projections
Pz and Qz of the semistate vector x. Recall that @ is a projector onto
ker A and P = I — Q. Indeed, premultiplying (2.1) by A7" we get
AT A + AT Ex = AT (1)
which, decomposing x = Pz 4+ Qz, yields
ATYAr + ATYEPr + AT EQx = A q(1). (2.12)

This equation can be simplified via the relations
(1) Aj'A=P;
(2) AT'EQ=Q.
The identity depicted in (1) follows from A1 P = (A+ EQ)P = AP = A,
where we have used QP = 0 and AP = A since AQ = 0. In turn, (2) is
due to A1Q = (A+ EQ)Q = EQ.
Using these relations, (2.12) reads
P2’ + AT EPz + Qx = A7 'q(t). (2.13)
Premultiplying this equation by P we get
Paz' + PAT'EPz = PAT q(t), (2.14)
which, denoting © = Pz, can be written as
u' + PAT 'Eu = PAT q(t). (2.15)

This is called an inherent ODE for the linear time-invariant index one DAE
(2.1). Tt is very important at this stage to understand the nature of this
ODE. The variable u takes values on R™ and the equation itself is defined on
the whole of R™. Now, the linear space im P is invariant for this equation;
indeed, an initial condition uy € im P verifies Qug = 0, and multiplying
(2.15) by @ we get that the projection onto im @ of the solution u(t) verifies
Qu'(t) = 0, meaning that Qu(t) = 0 (i.e. u(t) € im P) for all ¢. Solutions
of the DAE will be described (cf. (2.18) below) in terms of a solution u of
(2.15) lying on the invariant space im P.
On the other hand, premultiplying (2.13) by @ we obtain

QAT 'EPz + Qx = QAT q(t).
Denoting v = Qx, we can rewrite this as

v=—QA; ' Eu+ QA 'q(t). (2.16)
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Equations (2.15) and (2.16) yield a decoupling of the DAE (2.1) in terms
of the projections u = Pz, v = Qx. More precisely, using A = AP let us
reformulate (2.1) as

A(Pz) + Ex = q(t). (2.17)
This makes it possible to seek for solutions within the space
Ch(J,R™) ={z € C(J,R™) /| Pz € C'(J,R™)} > C'(J,R™).

Provided that ¢(t) is continuous, and replacing Pz’ by (Pz)" in (2.13) and
(2.14), the reasoning above shows that a given mapping z(t) € Ch(J,R™)
is a solution of (2.17) if and only if it can be written as

x(t) = u(t) + v(t), (2.18)

with u(t) € C'(J,R™) a solution of (2.15) in the invariant space im P and
v(t) € C(J,R™) given by (2.16).

The advantages of this approach over the KCF-based method discussed
in 2.1.2 are worth a digression. First, via the reformulation (2.17), the pro-
jector framework provides a bijective input-output functional description
of the solutions. Indeed, every continuous excitation ¢(t) together with an
initial condition x( satisfying Fxo — ¢(tp) € im A, yields a unique solution
z(t) € Ch of the DAE, and an inverse mapping is naturally defined by
z(t) — (A(Px) + Ez, x(to)); additionally, the excitations ¢(¢) which lead
to C! solutions are {q(t) € C(J,R™) / QA7 'q € C'(J,R™)}. The key
aspect here is that these ideas can be extended to the linear time-varying
setting, as indicated in subsection 2.2.1.

Additionally, within the projector approach we avoid the need to com-
pute the Kronecker canonical form; in an index one context, the KCF com-
putation is replaced by the introduction of a projector @ onto ker A and the
index is characterized by the elementary matrix operations arising in Propo-
sition 2.1 (cf. (2.21) and Theorem 2.1 below for higher index cases). Note
also that there is no change of coordinates involved in the projector-based
solution description, in contrast to the framework based on the Kronecker
canonical form. Finally, the projector approach will admit an extension to
linear time-varying DAEs with arbitrary index, as detailed in Section 2.2.

2.1.3.3 Geometrical remarks

From a geometrical point of view, the index one notion for the DAE (2.4)
can be expressed in terms of the transversality of certain characteristic
spaces of the problem, as stated below (cf. Theorem A.13 in [107]).
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Proposition 2.2. Let A € R™*™ be a singular matriz. The matriz pencil
{4, E} is regular with index one if and only if the spaces N = ker A and

S={xeR™ / ExrecimA}
verify N NS = {0} or, equivalently, R™ = N @ S.

Any solution of the homogeneous DAE (2.4) must lie on S. For regular
pencils with index one, the solutions actually fill this space, in contrast to
higher index cases for which the solution set would be a proper subspace
of S. In index one problems, the projector onto N = ker A can be chosen
canonically as the one which projects along the space .S, which by Proposi-
tion 2.2 is transversal to IV; this canonical projector Q. can be computed as
QA;'F from any projector Q onto N, cf. Lemma A.14 in [107] or Lemma
2.1 in [182].

With this choice, the decoupled system (2.15)-(2.16) for the inhomoge-
neous problem (2.1) with A; = A + EQ. amounts to

u' 4+ P.AT Eu = P.AT Yq(t) (2.19a)
v = QAT q(t), (2.19D)

the space S = im P, being now invariant for (2.19a). The fact that wu is
not present in (2.19b) makes the decoupling (2.19a)-(2.19b) a complete one
[192]; cf. Remark 2.8 on page 52.

In any case, it is worth emphasizing that this canonical choice gives a
geometrical insight into the solution behavior, but it is not necessary to
compute solutions via the decoupling (2.19). This idea can be illustrated
via the homogeneous problem (2.4), for which one has

'+ PAT'Eu=0 (2.20a)
v=—QA;'Eu (2.20b)
for an arbitrary choice of the projector @) onto N, and
u' + P.AT Eu =0
v=20
for the canonical choice Q., with A; = A + EQ. in this case. Both im P
and S are transversal spaces to N, and the reader can think of (2.20b) (or,
more precisely, of the mapping u — u — QAl_lEu) as a correction which
drives the solutions from im P onto the “true” solution space S.

For the inhomogeneous DAE (2.1), similar ideas apply when S is re-
placed pointwise by {x € R™ / Ex — ¢(t) € im A}.
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2.1.3.4 Higher index problems

Given a matrix pencil { A, E'}, if the above-constructed matrix Ay = A+EQ
is singular then the pencil may well be a regular one with higher index.
This can be assessed via the following matrix chain construction, originally
introduced in [179]. Set A9 = A, Ey = E and, for i > 0,

A1 = A+ E,Qi, Eiy = EiF;, (2.21)

where Q; is a projector onto N; = ker A;, and P; = I — Q;. For the proof
of the following result we refer the reader to Theorem 3 in [108].

Theorem 2.1. A matriz pencil {A, E} is regular with Kronecker index v
if and only if the matrices A; constructed in (2.21) are singular for i < v
and A, is nonsingular.

Note that the chain becomes stationary if a nonsingular A, is reached
since in this case Q; =0, P, = I for i > v.

If the pencil {A, E'} is regular, then as detailed in [108, 179] it is possible
to choose the projectors @Q; in a way such that

QiQ; =0if j < i. (2.22)

This choice, which will be said to define an admissible projector sequence,
makes it possible to decouple a linear time-invariant DAE with arbitrary
index, generalizing the ideas that led to (2.15)-(2.16). We omit the details
since this can be derived as a particular case of the more general framework
discussed in Sections 2.2 and 2.3 below: see specifically equations (2.153)
and (2.154) on page 80.

2.1.3.5  Some auxiliary properties of the projectors P; and Q;

We compile here some properties of the projectors P; and @; which hold
under the admissibility requirement (2.22) and will be useful later. The
reader may skip this technical subsection in a first reading. These relations
apply to time-invariant problems but will also hold (pointwise) in the time-
varying context of Section 2.2.

First, from the condition Q;Q; = 0 for ¢ > j stated in (2.22) we have

Pin:Qj, 1f2>]
since P;Q; = (I — Q;)Q; = Q;. In turn, writing P,P; = Pi(I — Q;) we get
Pin:Pi—Qj, ifi>j.
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Note also that, if j > k, Q; P, = Q;(I — Qk) = Q; if 7 > k, and then

In the decoupling of index v problems discussed in subsection 2.2.5 we will
often use these products, as well as those of the form Qy Px41 P42 - Py—1.
From the relations depicted above we can derive

Pii1Prya- P —Q; ifi <k

Piy1Pyio--- P, 1P =
e ! {P,CHPW---P,_1 ifk<i<v-—l.

Therefore, for nonnegative i,k < v — 1,

QrPry1- PPy =QpPry1-- By if i £k, (2.24)
whereas
QrPrt1 - Pyo1Pr = Qr(Pyt1 - Po1 — 1), (2.25)
and then
QrPry1- P ifi <k
QiPry1---Pyo1Po-- Py =13 Qp(Piy1---P,q1 — 1) ifi==k
Qu(Pisr- Pyt — Posr - P)  ifi >k
(2.26)

2.2 Properly stated linear time-varying DAEs

The extension of the framework discussed in subsection 2.1.3 for the linear
time-invariant DAE (2.1) to time-varying problems of the form (2.2) offered
substantial difficulties. With a big technical effort, Marz succeeded in ex-
tending the results to linear time-varying DAEs up to index three [180-182].
However, the complete characterization of solutions of linear time-varying
systems with arbitrary index remained open.

A framework accommodating the general case was devised in [16] by
driving the attention to the formulation (2.3). When the matrix maps A(¢),
D(t) in this equation are well-matched in the sense specified in Definition
2.2 (p. 38), the leading term of the DAE (2.3) is said to be properly stated.
See the above-mentioned reference [16] but also [130, 188] and specially
[189, 191, 192], where linear DAEs with arbitrary index are fully char-
acterized. Some preliminary ideas concerning this formulation had been
already examined by Mérz in the 1980s [177, 178].
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The DAE (2.2) can be rewritten in the form (2.3) if there exists a C!
projector P(t) along ker A(t) for ¢t € J; cf. Remark 2.1 below. In this case,
since A(t) = A(t)P(t), the product A(¢t)z’(t) can be written as

A@)P(t)2'(t) = A()(P()x(t) — AP (t)x(t),
and therefore (2.2) takes the form
A@)(P()x(t) + (B(t) — A P'(t)x(t) = q(t). (2.27)

Denoting D(t) = P(t), B(t) = E(t) — A(t)P'(t), equation (2.27) is seen
to be a particular instance of (2.3) satisfying the requirements stated in
Definition 2.2 below. This way the properly stated framework applies in
particular to the standard form (2.2).

Remark 2.1. The existence of a C! projector defined on an interval 7 C R
along (or onto) a given time-dependent linear subspace of R™ with constant
dimension is equivalent to the existence of a basis for this space defined by
maps from C*'(J,R™) [108]. Such a space will be called a C'-space, and
has naturally associated a (C') vector bundle structure (cf. for instance [1]).
In particular, ker A(t) and im A(t) are Cl-spaces if A(t) is in C1(J,R™*™)
and has constant rank [107]. For C*°-analogs of these claims see e.g. [228].

The present Section, and specifically subsections 2.2.2, 2.2.3 and 2.2.5,
essentially compile the analysis of linear DAEs with the properly stated
form (2.3) as developed in [189, 191]. Nevertheless, some recent contribu-
tions involving so-called II-projectors [251], discussed in 2.2.4, provide some
improvements and simplifications. The working conditions within all the
subsections mentioned above are assumed to hold on the whole interval 7;
the local results of 2.2.7, on the contrary, open the way to the analysis of
singular points carried out in Chapter 4.

2.2.1 On standard form index one problems

In order to undertake the analysis of general linear DAEs, the reader may
profit from the introductory digression on standard form index one prob-
lems here presented. It may be also useful to compare the results with those
of 2.1.3.2, focused on index one linear time-invariant DAEs. We proceed
via the reformulation (2.27) of (2.2) assuming that ker A(t) is a C'* space
on J and denoting B(t) = E(t) — A(t)P'(t), which yields

AW)(PO(t)) + B)z(t) = q(b). (2.28)
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In this time-varying setting, the (tractability) index one condition will be
stated as the nonsingularity on J of

A(t) = A(t) + B(H)Q(), (2.29)

with Q(t) = I — P(t). We remove in the sequel dependences on ¢ for the
sake of notational simplicity. The reader can check that the identities

AT'A=P (2.30a)
AT'BQ =Q (2.30b)

of page 31 still hold in the current time-varying context. Premultiplying
(2.28) by Ay, using (2.30) and decomposing x = Pz 4 Qz we transform
(2.28) into

P(Pz) + AT'BPz 4+ Qz = A7 'q. (2.31)
Now, premultiplication of (2.31) by P leads to
P(Pz) 4+ PA'BPx = PAT'q. (2.32)
Using the relation P(Px) = (Pz)’ — P'Pz, which owes to the identity
(Pz) = (PPx) = P(Pz) + P'Pz, equation (2.32) can be recast as
(Pz) + (—P'+ PA'B)Pxz = PA 4.
Writing u = Pz, we obtain the inherent, time-varying ODE
u' + (=P + PA'B)u = PA]'q, (2.33)
where it is noteworthy the additional term —P’u with respect to the corre-
sponding equation (2.15) derived in the time-invariant setting. The (time-

varying) space im P(t) can be checked to be invariant for (2.33).
In turn, premultiplying (2.31) by @ we obtain

QAl_lBPx + Qx = QAl_lq,
which gives an algebraic relation for v = Qz in terms of u = Pz, namely
v=—QA'Bu+ QA 'q. (2.34)

Except for the fact that the operators are now time-dependent, (2.34) is
formally identical to (2.16).

Akin to the time-invariant context, this shows that a given mapping
z(t) € ChH(J,R™) solves (2.28) if and only if it can be written as

x(t) = u(t) + v(t), (2.35)

where u(t) € C1(J,R™) is a solution of the inherent (2.33) lying on the
invariant space im P(t), and v(t) € C(J,R™) satisfies the relation depicted
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in (2.34). This result is a particular case, with v = 1, of Theorem 2.5
in Section 2.3; see specifically Remark 2.11 on p. 79. Note that the key
assumptions supporting this result in the time-varying setting are the index
one condition, stated as the nonsingularity of the matrix A;(t) in (2.29),
and the constant dimension and C!-structure of ker A(t); the latter is the
only smoothness requirement needed on the continuous maps A(t), E(t).
The decoupling (2.33)-(2.34) paves the way for an input-output func-
tional description of solutions entirely analogous to the one discussed in
2.1.3.2 for time-invariant problems. A continuous excitation ¢(t), together
with an initial condition x¢ verifying E(to)xo — q(to) € im A(t), leads to
a unique solution z(t) € C} of the reformulated DAE (2.28). An inverse
mapping is given by z(t) — (A(Px)'(t) + Bz(t), z(tp)). Moreover, for suf-
ficiently smooth maps A(t), E(t), the excitations ¢(t) yielding C! solutions
are {q(t) € C(J,R™) / QA7 'q € C*(J,R™)}. Similar characterizations
can be derived for higher index cases, along the lines discussed in 2.2.5.

2.2.2 Properly stated leading terms

The reformulation (2.28) of the DAE (2.2) plays a fundamental role in the
ideas sketched above for index one linear time-varying problems. In this
and the forthcoming subsections we extend this approach to DAEs with
arbitrary index, using the more general form (2.3). Standard form DAEs
(2.2) will be revisited in Section 2.3.

The matrix-valued mapping D(t) in (2.3) is intended to capture the
components of the semistate vector x which actually need to be differ-
entiated; the leading term arises in the form depicted there in differ-
ent circuit and control applications, including adjoint formulations. See
[12, 14-16, 130-132, 154, 157, 187-190, 293]. It makes it possible to con-
sider solutions within the space

CH(J,R™) ={z e C(J,R™) / Dx € C*(J,R™)}.

Note that D(¢) in (2.3), unlike P(¢) in (2.28), is not assumed to be a
projector, not even needs to be a square matrix. Nevertheless, it must be
well-matched with the matrix mapping A(¢) in the sense specified below.

Definition 2.2. The leading term of the DAE (2.3) is said to be properly
stated on the interval J C R if A(t) and D(t) satisfy

ker A(t) @ im D(t) = R" (2.36)
for all t € J, and both ker A(t) and im D(t) are C'-spaces.
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From the requirements defining a properly stated leading term it follows
that not only the matrices A(t) and D(¢) but also the product A(¢)D(t)
(to be denoted by Go(t)) have constant rank on J. They also imply that
ker A(¢t)D(t) = ker D(t).

Additionally, the transversality condition (2.36) together with the C!
assumption on ker A(t) and im D(t) supports the existence of a projector
mapping R(t) € C1(J,R"*™) onto im D(¢) and along ker A(t) for all t € J.
This is a consequence of a more general property, stating that there exists a
C! projector along X (t) and onto Y (t), both spaces having constant dimen-
sion and verifying X (¢) ® Y (¢) = R, if and only if X (¢) and Y (t) are C-
spaces (cf. Remark 2.1 above); if {e1(t),...,e-(t)} and {e;11(t),...,en(t)}
are C! basis maps spanning Y () and X (t), respectively, and we denote
by M(t) the n x n matrix with columns e;(t),...,e,(t), the projector onto
Y (t) along X (t) can be easily checked to be given by

M) <IO 8) M),

Instances of properly stated leading terms can be found in (1.15) or in the
example discussed in subsection 2.2.6: see specifically (2.124) on p. 66.

2.2.3 P-projectors: Matrir chain and the tractability index
2.2.3.1 Matriz chain

As detailed in [189], the matrix chain construction which supports the
tractability index for properly stated linear time-varying DAEs (2.3) pro-
ceeds through the introduction of a reflexive generalized inverse [24] of D(t)
on J, that is, a matrix-valued mapping D~ : J — R™*" verifying
D()D™(t)D(t) = D(t), D™ (t)D(t)D~ (t) = D™ (¢). (2.37)

A matrix-valued map D~ (t) satisfying (2.37) is called a {1,2}-inverse of
D(t) [24]. We will additionally require that

D(t)D~(t) = R(t), (2.38)
for all ¢ € J, with R(t) defined above. The matrix mapping D~ (¢) is not
uniquely defined by (2.37)-(2.38); however, if we let Py be any continuous
projector along ker Go(t) = ker A(t)D(t) = ker D(t) and require also that

D~(®)D(t) = Po(t). (2.39)
then the joint conditions (2.37), (2.38) and (2.39) uniquely determine a
mapping D~ (¢), which additionally is continuous on J (cf. [16, 188, 189]).
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Equivalently, it is possible to begin the construction with the choice of a
continuous D~ (¢) satisfying (2.37)-(2.38) and let the projector Py(t) along
ker G(t) be defined by (2.39).

With this equipment, let us now build the matrix chain which extends
(2.21) and supports the tractability index definition for (2.3). We remove
explicit dependences on ¢ for the sake of simplicity. To begin with, define

Go = AD, (2.40)

which has constant rank (denoted hereafter by r¢) on J if the leading term
is properly stated. Let Ny stand for ker Gy = ker D, assume that Py is
the continuous projector along Ny defined by (2.39), and set Qo = I — P.
Write

By =B (2.41a)
G1 = Go + BoQo. (2.41b)
The construction can be iterated for 4 > 1 if the following conditions hold:

(a) G; has constant rank (to be denoted by ;) on J;
(b) Ni = kerGi verifies (N() D...PD Ni—l) n Nl = {O} for all t € j

As detailed in Remark 2.2 below, conditions (a) and (b) make it possible
to choose a continuous projector @); onto N; = ker GG; such that

(b)) Q:Q; =0if0<j<i, forallteJ.
Set P, = I — @Q;, and assume additionally that
(c) the product DPyP; --- P,D™ is in C1(J,R" ™).
Provided that these assumptions hold, define
B; =B 1P,y —G,D (DPy---P,D")DPy---P;_4 (2.42a)
Giy1 = Gi + B, Q. (2.42b)

Remark 2.2. Writing Ny @ ... ® N;_; as a direct sum in (b) for i > 2 is
supported on the trivial intersections (No&®...®N,_1)NN; = {0} assumed
for 1 < j < 4. Additionally, the existence of a projector @; satisfying
Q:Q; =0 for j < 4, as stated in (b’), relies on the fact that condition (b)
makes it possible to choose the projector @; onto N; in a way such that

N()@...@Ni_l g kerQi. (243)

Since )5 projects onto IN; for 0 < j < 4, the identity Q;Q; = 0 follows.
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The concept of an admissible projector sequence presented below was
introduced in [191, 192]; for the notions of an algebraically nice and a nice
DAE in Definition 2.4 we refer the reader to [195]. For brevity, in Definitions
2.3 and 2.4 the conditions are implicitly assumed to hold for all t € J.

Definition 2.3. If the DAE (2.3) is properly stated, and D~ and the con-
tinuous projector Py satisfy (2.37), (2.38) and (2.39), then both P, and
Qo = I — Py are said to be admissible.

A projector sequence {Qo,...,Qr} (resp. {Po,..., Px}), with k > 1, is
said to be preadmissible up to level k if Qg is admissible, conditions (a) and
(b”) above hold for 1 <4 < k, and condition (c) is met for 1 <4 < k.

Should the smoothness condition (¢) be met also for ¢ = k, the sequence
{Qo,-..,Qr} (resp. {Py,...,Py}) is called admissible up to level k.

The verification of conditions (a) and (b) above at a given level k does
not depend on the choice of the projectors {Qo,...,Qr—1} as long as this
sequence is admissible up to level k — 1: see Theorem 2.3 in [191]. Specifi-
cally, rp, = rk Gy and dim(No @ ... ® Ng_1) N Ny are proved in Proposition
2 of [195] to be independent of the (admissible) choice of the projectors
Qo,...,Qk—1. This shows that the definition of an algebraically nice DAE
displayed below does not depend on the actual choice of the admissible se-
quence {Qo, ..., Qr_1}, hence capturing an intrinsic property of the equa-
tion.

Definition 2.4. The linear DAE (2.3) is called nice at level 0 if the leading
term is properly stated.

It is said to be algebraically nice at level k > 1 if it is nice at level
k — 1 and conditions (a) and (b) above hold for ¢ = k, for some (hence any)
admissible up to level & — 1 sequence {Qo, ..., Qr—1}

It is called nice at level k > 1 if it is algebraically nice at level k£ and
there exists an admissible choice of Q.

Here, an ‘admissible choice’ of ) means that the projector sequence
{Qo, ..., Qk—1, Qr} meets condition (b’) (that is, Ng®...® Nr_1 C ker Qy,
which is allowed by (b) as indicated in Remark 2.2) as well as the smooth-
ness requirement (c) for ¢ = k. Thereby, the DAE will be algebraically
nice (resp. nice) at level k if and only if it admits a preadmissible (resp.
admissible) sequence up to level k. The ranks r; = rkG;, for i = 0,...,k,
are said to be characteristic values of a nice at level k DAE.

For algebraically nice DAEs of the form (2.3) with sufficiently smooth
coefficients A(t), D(t) and B(t), the smoothness requirement depicted in
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(¢) can be always met. This means that, for sufficiently smooth problems,
the existence of an admissible projector sequence and the notion of a nice
DAE rely only on conditions (a) and (b), as stated below (cf. Proposition
3 in [195]).

Proposition 2.3. Assume that the coefficients A(t), D(t), B(t) in the DAE
(2.8) are in C*, k > 1. If the DAE is algebraically nice at level k, then it
is nice at level k; equivalently, the existence of a preadmissible sequence up
to level k guarantees that there exists an admissible sequence up to level k.

Proof. The result follows from the fact that Qo can be taken from C*,
so that D~ and G1 = Gy + ByQo are also in C¥: the latter implies that
Q1 can be chosen from C* in an admissible manner. With this choice, B;
and hence Gy are in CF~1 (see (2.42)) and, subsequently, for 2 < i < k
the projector Q; can be taken from C*~**! to yield an admissible sequence

{Qo, ..., Qr}. O

2.2.3.2  The tractability index of reqular linear DAFEs

If there exists a minimum nonnegative ¢ for which the matrix G; (con-
structed according to (2.40), (2.41) and (2.42)) is nonsingular on the whole
working interval, the linear DAE (2.3) is said to be regular; in this case,
this integer is called the tractability index of the DAE. These notions are
stated precisely below.

Definition 2.5. Let the leading term of (2.3) be properly stated on J.
The DAE (2.3) is said to be regular with tractability index zero on J if
both A and D (or, equivalently, Go in (2.40)) are invertible on J.

It is said to be regular with tractability index v > 1 on J if there exists
an admissible projector sequence {Qo, ..., Q,—1} for which the G;-matrices
in (2.40), (2.41Db), (2.42b) are singular for 0 < ¢ < v and G, is nonsingular,
forallt e J.

Finally, it is called regular on J if it is regular with any nonnegative
tractability index.

Equivalently, the tractability index is v if the DAE is nice up to level
v — 1, the matrix mappings G; are singular for i < v, and G, is nonsingular
on J. Due to the increasing dimension of the direct sum No & ... P N;_1
arising from condition (b) on page 40, it is easy to check that the index
cannot exceed m.
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Remark 2.3. As shown in Proposition 2.10 of [189], the tractability index
notion of Definition 2.5 does not depend on the actual choice of the admissi-
ble projector sequence Qy, - .., Q,—1. The same is true for the characteristic
values g, T1,...,7, defined by the ranks of the GG; matrices.

Remark 2.4. Along the lines of Proposition 2.3, the requirement that
A(t), D(t) and B(t) are in C™~! is enough to satisfy all the smoothness
conditions in the chain construction. For index v problems it suffices to
assume that the operators are in C*~1.

The matrix chain constructed via (2.40), (2.41) and (2.42), together
with the tractability index notion of Definition 2.5 supported on it, extends
to linear time-varying properly stated DAEs the chain (2.21) characteriz-
ing the Kronecker index of linear time-invariant systems. Its importance
relies on the fact that it allows for a complete description of the system
solutions via the decoupling discussed in subsection 2.2.5 (see specifically
Theorem 2.3 on page 51), which generalizes the solution decomposition de-
picted in (2.35) for index one DAEs. The reader may jump at this point to
2.2.5. However, the results in subsection 2.2.4 will simplify somewhat the
projector framework and clarify the decoupling presented in 2.2.5.

2.2.4 The II-framework

The reader may have noticed the presence of certain projector products of
the form Py --- P; in the matrix chain constructed according to (2.42); see
specifically the expression defining B; in (2.42a). Also, products of the form
Py--- P,_1Q; arise when computing B;@; in (2.42b). An important role is
played as well by these products in the coefficients of the DAE decoupling
as developed in [189, 191]. The product Py --- P; displays additionally the
important feature stated below (cf. Theorem 2.3 in [191] and Proposition
1 in [195)).

Proposition 2.4. Let the DAE (2.3) be nice at level i > 0. Then

Moreover, the space No @ ... @D N; is independent of the choice of the ad-
missible projectors {Py, ..., P;}.

By contrast, the individual spaces N; = ker GG; will certainly depend on the
choice of the projectors P; for j < i. These remarks suggest that there
might be a way to perform the chain construction just in terms of the
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products Py --- P; and the spaces Ny @ ... ® IN;, somehow disregarding the
individual projectors P; and spaces N;. More precisely, it seems feasible
that certain projectors axiomatically defined might capture the properties
of these products in a way which could simplify the analysis. This is indeed
the case, as shown in [251] and detailed in this subsection.

Briefly, the products Py --- P; and Py --- P;_1Q; will be replaced by cer-
tain projectors II; and M; based upon the spaces Nyg & ... ® N;, leading
to an equivalent chain construction which does not involve the individual
projectors P;. The projectors P; within the framework of subsection 2.2.3
provide a particular way to compute II; and M;, and in this setting II; and
M; can be understood as abbreviations for Py--- P; and Py--- P;_1Q;, re-
spectively. However, other options will arise; notably, the construction can
be naturally performed by choosing II; as the orthogonal projector along
the characteristic space Ng @ ...® N;. This simple choice is not possible in
the P-framework of 2.2.3 since e.g. the orthogonal projector P; along Np
need not satisfy, with Q1 = I — P, the requirement Ny C ker Q1 support-
ing the relation Q1Qo = 0. The construction based on II-projectors will
allow for a nice characterization of the index of standard form DAEs (cf.
Theorem 2.4, p. 77) and will also display several benefits in the analysis of
singularities performed in Chapter 4; see specifically Remark 4.1 on p. 148.

2.2.4.1 Alternative chain construction

Let the leading term of the DAE (2.3) be properly stated on J (cf. Defi-
nition 2.2 on p. 38). Assuming, without explicit references to ¢, that the
forthcoming conditions hold for all ¢ € J define, as in (2.40),

Go = AD. (2.45)
It follows from the proper statement of the DAE that G has constant rank
ro on J, and therefore we can choose a continuous projector Il along the

space Ny = ker G. This projector stands for Py within the P-framework of
2.2.3. Assume that D~ (¢) is now given by (2.37) and (2.38) together with

D™ (t)D(t) = p(t). (2.46)
Set My = I — Iy, and define

By=B (2.47a)

G, = Gog + ByMjy. (2.47b)

Note that My amounts to the previously introduced Q)¢ projector, and so
far (2.47b) just involves a notational change with respect to (2.41b).
For ¢ > 1, the construction can be iterated provided that
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(a) G; has constant rank (denoted by r;), and that
(b) Ni = kerGi verifies (NO D...P Ni—l) n Nl = {O}

If both conditions hold, proceed by choosing a continuous projector
Hi along N() D...D Ni, with 1mH1 g imHi_l, (248)

where the direct sum is iteratively supported on condition (b). Note addi-
tionally that the requirement imII; C imIl;_; can be met because of the
relation Nog @ ... @ N;—1 @& imIl;_; = R™, which guarantees the existence
of a space transversal to No @ ... ® N;_1 & N; within imII;_;.

Let us then complete the construction with

M; =11;,_1 — 11, (2.49)
and assuming that
(c) DI, D~ is in CY(J,R™*"),
define
B; = (B;_1 — G; D~ (DII;D~)' D)II;_4 (2.50a)
Giy1 =G+ B;M;. (2.50Db)
Remark 2.5. The requirement imIT; C imII;,_; in (2.48) is satisfied auto-
matically if II; is chosen as the orthogonal projector along No & ... P N;,
since in this case
imIl; = (No®...®&N)C (No®...®N;_1)t =imIl;_;.
If the smoothness requirement (c) is satisfied for these orthogonal projec-

tors, this provides a simple criterion for the choice of projectors in the
tractability index construction.

The identities imII; C imII;_; and kerIl,_; C kerIl; following from
(2.48) imply (cf. Proposition 2.5 below) that IT; {11, = II,, IL,II;_; = II;;
it is easy to check that these properties make M, in (2.49) a projector.

2.2.4.2  Equivalence of the P- and II-chains

The matrix chain construction supported on the II-projectors is equivalent
to the P-based one of subsection 2.2.3 in the sense specified in Theorem
2.2 below (cf. also Corollary 2.1 on page 48). See [251]. These results
will proceed via the following admissibility notion for a II-sequence, which
naturally parallelizes Definition 2.3.
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Definition 2.6. If the DAE (2.3) is properly stated and (2.37), (2.38),
(2.46) hold, then the continuous projector Il is said to be admissible.
A projector sequence {Ily, ..., II;}, k > 1, is said to be preadmissible up
to level k if Ty is admissible, conditions (a), (b) above hold for 1 <14 < k,
II; satisfies (2.48) for 1 <i < k, and condition (c) is met for 1 < i < k.
The sequence {Ilo,...,II;} is called admissible up to level k if, addi-
tionally, the smoothness condition (¢) is met for ¢ = k.

For the sake of notational brevity, the word admissible below stands for
admissible up to level k for some k > 0, i ranging from 0 to k. Note that
the result holds trivially for k = 0.

Theorem 2.2. An admissible P-projector sequence defines an admissible
II-sequence leading to the same matriz chain by setting Il; = Py--- P;.

Conversely, an admissible I1-sequence defines an admissible P-sequence
when the projector P; is defined via

This yields the same matriz chain, and the following relations hold:

I1; ZP()---Pi, M; :PQ"‘Pilei. (2.52)

Proof. For a given admissible P-sequence we obtain an admissible II-
sequence via II; = Py---P; due to Proposition 2.4 and the identity
imPy---P,_1P; CimPy--- P;_1, which imply (2.48).

1V[OI'€OV€I‘7 Ml = PO"'Pi—l — P()Pi = P()-'-Pi_l(j — P1) =
Py---P;_1Q;. We then need to check that, in the light of the identities
II; = Py--- P, and M; = Py -+ P,_1Q;, the matrix chain defined by (2.50)
coincides with the one constructed by means of (2.42). In this regard, note
that B; from (2.42a) can be written as

Bi = Bi 1Pi 1 — GiD™(DPy--- P,D")'DPy--- P,
= (Bi—oP;—o — G;_1D™ (DPy---P,_1D7)'DPy -+ Pi_5)P;_4
—G;D~(DPy---P,D")DPy---P,_1

and eventually as

B; = (B() _GlDi(DPQ_PlDi)/D —... _GiDi(DPQ‘ . -PZ‘Di)/D)P()- <P .
Using this expression it is not difficult to check that the identity
Bi=(Bi.1—G;D (DPy---P,D"YD)Py---P;_4 (2.53)

holds, meaning that the expression for B; given in (2.50a) equals the one
in (242&) if Hi = P() s Pl
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Additionally, from (2.53) it follows that B; Py - - - P,—1Q; = B;Q;. There-
fore, the identity M; = Py --- P;_1Q; implies that B;M; = B;Q; and thus
the computation of G; via (2.50b) coincides with the one based on (2.42b).

Now, assume that an admissible II-sequence is given and let Py = Iy,
Qo =1—Py = My. Fori > 1 we construct P; as indicated in (2.51), allowed
by the decomposition No @ ... ® N;—1 & N; @ imIl; = R™ which follows
from the definition of II;. Let us then set Q; = I — P;, and note that the
admissibility condition Ny & ... & N;_1 C ker Q; follows immediately from
(2.51) and ker Q; = im P;.

With this definition of P;, the identity

I, P =1I; (2.54)

holds. In order to prove this statement we show below that II;_{P; is a
projector along Ny @ ... @ N; onto imIl;, thereby equaling IT;.

Indeed, II;_1 P; is a projector: since II;_; projects along No®...HN;_1,
I—TI;_; projects onto No@...®N;_1 C im P,. Therefore P;(I—-1II;_1) = I—
IT;_; (cf. item (i) of Proposition 2.5 on page 49) or, equivalently, P,II;_1 =
P, +1I,_1 — I. Hence

I PIL P =11, (P + 11,y — I)P;
=1L P+ 1L, P — 1L, P, =11, 1 P;.

We now show that the identity kerIl;_1 P; = No&®...® N; holds. First,
let v € kerIl;_1 P; and decompose v = P;v + Q;v. Since II;_1 P;v = 0, we
have Pjv € kerll;_y = Ny ® ... ® N,;,_1 and this together with Qv € N;
shows that

kerIl, 1P, CNo®...@N,_1®N; =NoDd...HdN;.

On the other hand, if v € Nog@® ... ® N;,_1 C im P;, we have P,v = v and
therefore II;,_1Pjv = II,_qv = 0 since v € No @ ... H N;_1 = kerll;,_;.
Additionally N; = ker P; C kerIT;_; P; and, altogether,

NO@EBNizNOEB@Nl_l@ngkerlL_lPl

We still need to check that II;_1 P; projects onto imII;. Because of the
relation kerIl,_1 P, = No @ ... ® N; = kerlIl; we know that rkIl;,_{ P, =
rkII; and thereby it suffices to check that imIl; C imIl;_1P;. Let w €
imII;. Since imII; C imIl;_; and also imII; C im P;, we can easily see
that II; 1 Pw = II;,_qw = w, so that w € imIl;_1P;. This means that
imII;_1 P, = imII;, and therefore completes the proof of (2.54).
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From (2.54) we get II; = Py --- P; and this implies in turn that M; =
Py P 1Qisince M; =11;_1—1l; = Fy--- P,_1—Fy--- P =Fy--- P_1Qs.

The 1dent1ty depicted in (254) then ylelds Blﬂl = BlHl_lPl = Bipl
since B;II;_1 = B; because of (2.50a). This implies that the construction
of the B; matrices via (2.42a) amounts to the one defined by (2.50a). Ad-
ditionally, G; + B;Q; = G; + B;II;_1Q; = G; + B;M; and therefore the
expression for G; in (2.42b) equals the definition given in (2.50b). O

Corollary 2.1. Let the leading term of the linear DAE (2.3) be properly
stated on J. Then (2.8) is regular with tractability index v > 1 on J if
and only if there exists an admissible sequence {1y, ..., 11,1} for which
the G;-matrices in (2.45), (2.47b), (2.50b) are singular for 0 <i < v and
G, is nonsingular, for allt € J.

Along the same lines, the DAE (2.3) will be algebraically nice or nice at
level k (cf. Definition 2.4) on J if and only if there exists a preadmissible or
an admissible up to level k II-sequence on J. Additionally, from Remark
2.3 and Theorem 2.2 it follows that the computation of the tractability
index is independent of the actual choice of admissible II-projectors.

Remark 2.6. If the DAE (2.3) is regular with index v, the Q; and P
projectors can be explicitly computed from an admissible II-sequence via
Qo = My, Py =1l and, for 1 <i < v,

Qi=G,'B;M;, P,=1-Q;. (2.55)

Indeed, from (2.50b) we can write

v—1

G, =G; + ZBkMk

k=i
Multiplying this relation by Q;, we derive (2.55) from the resulting identity
G, Q; = B; M;; the latter follows from G;Q; = 0 and the relations M Q; =0
if k> i, M;Q; = M;, which in turn are due to (2.52) and the admissibility
condition QxQ; = 0 for k > i.

Remark 2.7. As shown in [251], the B; matrices can be replaced by the
somehow simpler ones H;, defined as

Hy=B (2.56)
Hl' = Hi—l - GlDi(DﬂlDi)/D, for 4 Z 1. (257)
Using

instead of (2.50b), the reader can check that the relation B; = H;II;_;
holds and that the G;-chains coincide in both constructions.
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2.2.4.3 Some properties of the projectors 11; and M;

The following result will be helpful in order to characterize several prop-
erties of the projectors II; and M;. We will make systematic use of these
properties within the decoupling discussed in subsection 2.2.5 below.

Proposition 2.5. Let T, S € R™*™ be projectors.

a) IfimS CimT, then

(1) TS =S;
(i) ST is a projector onto im S along kerT @ (ker S NimT).

b) If ker S C kerT, then
(iii) TS =T
(iv) ST is a projector onto im S N (ker S ®imT) along kerT.

Proof. For item (i), note that for any v € R™ it is Sv € imS C im 7T and
therefore T'Sv = Swv.

Regarding the statement in (ii), ST is a projector since, by item (i),
TS = S and thereby STST = SST = ST.

In order to show that im ST = im S we just need to check the inclusion
imS C imST. Assume that v € im S, i.e. v = Sv. Since imS C imT we
have v = T'v and therefore v = Sv = ST, that is, v € im ST.

Now let us prove that ker ST = kerT @ (ker S Nim7T). On the one
hand, kerT @ (ker S NimT) C ker ST: indeed, kerT C ker ST, and if
v € ker S Nim 7T then Tv = v and 0 = Sv = ST, i.e. v € ker ST, meaning
that ker SNim T C ker ST. Hence ker T'® (ker SNim7T') C ker ST In turn,
the inclusion ker ST C ker T’ @ (ker S Nim7T) can be proved as follows. Let
v € ker ST, i.e. STv = 0; writing v = (I — T)v+ T, it is very easy to check
that (I —T)v € kerT and Tv € ker SNimT.

For item (iii), recast the condition ker S C ker T as im (/ — S) C im (I —
T) and use (i) to write (I-T)(I—S) =I—-S5, thatis, I -S—-T+TS=1-5
and then T =T'S.

Item (iv) is largely analogous to (ii). Indeed, ST is a projector because
STST = STT = ST. Additionally, the identity ker ST = kerT holds since
STv = 0 means Tv € kerS C kerT and then Tv = 0. The inclusion
imST C im S N (ker S @ imT') follows easily from the decomposition of a
given vector v € im ST as (I — T)v + Twv. Finally, in order to show that
imSnN(ker S@®imT) C im ST we write v € im S as v1 + vy with v; € ker S,
vy € imT, and use the identities v = Sv = Svy = STws to check that
v € im ST. |
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Many properties of the projectors II; and M; can be derived from Propo-
sition 2.5. Due to Theorem 2.2, these properties will hold for the products
Py---P,and Py--- P;_1Q; in the P-framework of subsection 2.2.3. In par-
ticular, using the identity M; = II;_1@Q; we can characterize the image and
the kernel of the projector M; as follows; since

kerll,_1 = Ng®...® N;_1 Cim P; = ker Q;,
cf. (2.51), in the light of item (iv) above we get
imM;, =imI,_1N(No®...DN;), (2.59a)
ker M; = ker@Q; = No®...® N;_1 ®imll;. (2.59b)

From these relations and the fact that imII;_; C imlIl; if j > ¢, it is easy
to prove that
0 ifi£j
M;M; = 7 (2.60)
M, ifi=j.
Using items (i) and (iii) from Proposition 2.5 together with (2.48), (2.51)
and (2.59), the reader can also check that the following identities hold.

m it
LI, = (2.61)
I, ifi<j
0 e
I, M; = nr=d (2.62)
M; ifi<j
M i
ML = =g (2.63)
0 ifi<j.

Some other properties such as
Min =0 fori> 7, MzQz = M,; (264)

already used in 2.2.4.2, can also be seen as a consequence of (2.59); note
that

im@; =N;, kerQ; =No&...8N;_1 ®imll;, (2.65)

in the light of (2.51) and Q; = I — P;. We will also make future use of the
relation

QiM; = Q; (2.66)

which follows as well from ker @; = ker M; and item (iii) above.
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2.2.5 Decoupling

The matrix chain defining the tractability index, in either one of the equiva-
lent forms discussed in subsections 2.2.3 and 2.2.4, is aimed at the forthcom-
ing characterization of the solutions of regular linear DAEs with arbitrary
index. Such a characterization is given in Theorem 2.3 below for DAEs
with properly stated leading term (2.3), and in Theorem 2.5 within Section
2.3 for the standard form DAE (2.2).

A preliminary digression is however necessary in order to understand the
meaning of the symbols arising in Theorem 2.3, specially for readers who
might have skipped subsection 2.2.4 in a first approach. The matrix chain
can be certainly constructed via P; and Q); projectors, as detailed in sub-
section 2.2.3, and in this case the symbols II; and M; (fori =0, ..., v—1)
below should be understood as abbreviations for the products Py - - - P; and
Py--- P;_1Q);, respectively. Nevertheless, the reader should be aware of the
properties derived in 2.2.4.3 for these products, which will be systematically
used below.

Conversely, when the matrix chain is supported on the (equivalent)
framework of subsection 2.2.4, based on II; and M; projectors, the indi-
vidual projectors P; and @Q; are well-defined by Theorem 2.2 and can be
computed via the relations depicted in (2.55). In this setting, the reader
may profit from the chance to choose the II; projectors naturally as the
orthogonal ones along Ny @ ... ® N;, as stated in Remark 2.5; in this case,
later appearances of the space imII; can be understood as (No®...® N;)*,
which by Proposition 2.4 (p. 43) is a characteristic space of the DAE, not
depending on any choice of projectors.

Within the following statement, it is worth emphasizing that a straight-
forward simplification follows in cases in which Ng®...® N,_1 = R™, with
G, nonsingular. In this situation it is II,_; = 0. The decoupling does not
involve an inherent ODE since there is no dynamic degree of freedom, and
the solution decomposition (2.67) amounts to x = v,_1 + ... + vp.

Theorem 2.3. Assume that the DAFE (2.3) is reqular with tractability index
v oon J, and that q(t) meets the smoothness requirements stated in Remark
2.9 below. Then,

z(t) € CH(J,R™) = {z € C(J,R™) /| Dx € CH(J,R™)},
solves (2.3) if and only if it can be written as

r=D u+uv,_1+...+ v+ v, (2.67)
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where u € CY(J,R™) is a solution of the inherent ODE
u' — (DIl,_yD™)'u+ DI, G, 'BD"u = DI, G, 'q (2.68)

lying on the invariant space im DII,,_1 D~ = im DII,,_,, whereas
v—1 v—1
v = =KD u+ Z Nkj (va)/ + Z Mkjvj + Lirq (2.69)
Jj=k+1 J=k+2
fork=v—1, ..., 0, with vy € CH(J,R™) for k >0 and vo € C(J,R™).

The coefficients of (2.69) read
K = MyPysr - Py_1G B + My(Posr -+ Py — I)D~(DIL,_1D~)'D

Nij = MpPryr---Pj_1Q;D~

j—1
M = My, ( > Preyre-Pia(Qi— Pz‘)) D™ (DM;D™)'D

=kt 1
Ly = MpPyi1- PGl

where the products Py - - - P, amount to the identity I wheneverl < k+1.

The particularization of (2.68) and (2.69) to index one, two and three
problems, as well as the corresponding expressions for the coefficients of
(2.69), can be found in (2.128)-(2.129), (2.132)-(2.134), and (2.137)-(2.139),
respectively. It is also worth emphasizing that the terms Ny; (Dv;) +My;v;
in (2.69) can be joined together into a single one of the form Ny;(Dv;)’, as
detailed in Remark 2.10 (p. 64).

The importance of this result relies on the fact that solutions of (2.3) are
characterized in terms of the original z-variables via the projections 11,z
(or, more precisely, v = DII,_;z) and vy = Mgz, k =v —1, ..., 0. This
is performed by means of the inherent ODE (2.68); note that this equation
(and hence u) lies on R™, although the contribution of w is “driven back”
to R™ via the D~ coefficient in (2.67). The explicit algebraic relations de-
picted in (2.69) yield the vy components, which are successively computed,
for k=v—1,...,0, from u, ¢ and (when k < v — 2) the v; components
with j > k. In higher (v > 2) index cases, the variables v involve, for
0 < k < v — 2, certain derivatives of the excitation ¢(t) via the terms
Nij(Dvj)'. Mind also that the terms My;v; are only present in problems
with index v > 3.

Remark 2.8. There exist special admissible projectors yielding a fine de-
coupling in which the coefficients ICy,...,/,_1 above vanish. If Ky also
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vanishes then the decoupling is said to be a complete one; note that in this
case the u variable is not at all involved in (2.69). For projectors yielding
a complete decoupling, then II,_; = Py - - - P,_; becomes uniquely defined.
See [192] for details in this regard.

Remark 2.9. The existence of a fine decoupling allows for the precise
statement of smoothness requirements on ¢q. The continuous excitations
q(t) leading to a solvable (in C},) index v DAE are defined, provided that
the coefficients Nkj, My; and Ly come from a fine decoupling, by the
conditions [191]

s,_1=DL, 1q€ CY(J,R"), ifv>2,
Spy—2 = DNI/—QI/—lsi/—l + DEU—Qq € Cl(jaRn)v if v Z 37

and
v—1 v—1
sk = 3 DNgsi+ > DMyD s+ DLyg € C'(J,R")
j=k+1 j=k+2

fork=v-3,...,1,ifv > 4.

Theorem 2.3 was proved, with slight differences, by Roswitha Marz in a
remarkable tour de force [189, 191]. It involves many technicalities which
can be understood as the price for its broad generality. In the remainder of
this subsection, we detail a proof of this theorem which is essentially based
on the one in [191] (see specifically Section 3 and Appendix B there). The
use of II; and M; projectors somehow clarifies the proof and allows for some
simplification; compare e.g. the expressions for K and specially for My;
above with the ones given in [191]. See also Remark 2.10 on page 64.

Outline of the proof of Theorem 2.3. The proof of Theorem 2.3 will
be detailed after Lemmas 2.1 and 2.2. A brief outline may however be of
help at this point. The semistate vector x will be decomposed as

c=1,_1z+M,_1x+...+ Mz + Myz. (2.70)

This is allowed by the relations My = -1y and M; = II;_; —1II; (cf. (2.49)),
which yield Mo + ...+ M,y =1 —1I,_1. It is worth emphasizing that,
due to (2.59a), all the components v, = Mjx will lie on the characteristic
space Ng @ ... ® N,_;. In the P-framework, (2.70) corresponds to the
decomposition

=Py - P,_1z+ PP, 2Qu 12+ ...+ PQiz + Qox.
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The decoupling of the DAE can be roughly summarized as follows.
Rescaling the DAE by G, ! will lead to equation (2.84); the projection
of (2.84) onto im DII,_; will then yield the inherent ODE (2.68). Addi-
tionally, premultiplication of (2.84) by Vi, = QxPx+1 - - - P,—1 would project
the equation onto the Ny spaces (cf. Lemma 2.2); in order to obtain the
decoupling in terms of vy, = Mz, as depicted in (2.69), we would further
premultiply by IIx_;. Certainly, this amounts to premultiplying (2.84) di-
rectly by Uy =1V = Py Py—1QkPiy1 - - - P,—1 and we will proceed
this way in the proof.

Lemma 2.1 below shows that the premultiplication of the DAE (as will
be reformulated in (2.83) below) by G, ! drives certain key components of
the equation to the space Ny & ... P N, _1; note that @); projects onto NV;
for 0 < ¢ < v — 1. This result extends to DAEs with arbitrary index the
properties stated in (2.30) for index one problems.

Lemma 2.1. Let the DAE (2.3) be reqular with tractability index v on J.
Then

G l'Go=T-Q,1-Qy2—...—Qo (2.71)
and, for0 < j<v-—1,
J
G,'BM; =Q;+ > (I—Qu1—...—Qi)D™(DILD™)DM;. (2.72)
i=1

Proof. Since G, =G,_1+ B,_1M,_1,kerM, 1 =kerQ,_ 1 =imP,_,
(see (2.59b) and (2.65)), and P,_; projects along ker G,, we have

GuPl/—l = Gl/—lpl/—l = Gl/—l-

Similarly, G,_1P,—2 = G,_2P,_5 = G,_o. Iteratively, this leads to the
relation G, P,_1 - -- Py = g, that is,

G 'Go=P,_1---P,. (2.73)
On the other hand, from (2.23) one gets
Pl/—l"'P():Pu—l_QV—Q_---_QO- (274)

Equations (2.73) and (2.74) yield (2.71).
In order to prove the relation displayed in (2.72), write B;M; =
BM; —Y)_, G;D~(DI;D~)'DM;. Letting G; = G, P,_1 -+ P; as above,
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premultiplying by G, ! and using the relation G, ' B;M; = Q; depicted in
(2.55), we get

J
G,'BM; =Q;+> P,1---P,D™(DIL;D™) DM;. (2.75)
i=1

Proceeding as before with the products P,_; - - - P; we finally obtain (2.72).
Note that, in particular, G, BMy = G,,' BQo = Q. O

Lemma 2.2. The products

Vi = QrPrt1--Po1 (2.76)
Up = MpPry1---Poo1=Fy - Poo1QrbPrg1--- P (2.77)

are projectors, for which

imVy = Nj (2.78a)
ker Vi = No®...® N1 ® N1 ... O N,_1 ®imIl,_; (2.78b)
and
imU; = imIG_, N (No @ ... ® Ny) (2.79a)
kerUpy =No @ ... & N1 @ N1 @ ... ® Ny @imIl, 1. (2.79b)
Additionally,
UpP, = MyPypy1 - Pyi P = MyPoy1 - Pyy ifi#k  (2.80)
UpPp = MyPyy1--- Py 1Py = My(Pry1--- Py — 1), (2.81)
and
MyPyyq--- P,y ifi <k
Uplly = My Pry1--- Pyoally = ¢ My (Pygy - Pyq — 1) ifi=k
My(Piy1--- Py — Prya--- P)  ifi >k
(2.82)

Proof. The statements in (2.78a), (2.78b) for Vi = QxPy+1--- P,—1 fol-
low from item (ii) in Proposition 2.5. Consider first the product Qg Py+1.
Due to (2.51) we have imQ = N Cim Py = No® ... & N @ im I,
and therefore QrPr+1 is a projector onto im@Qy = Ny along the space
ker Py11 @ (ker Qr Nim Pyyq), ie.

Nip1 @ ([No@ ... D N1 @ImI | N [No @ ... B N1 & Nj @ imIg44]).



56 Linear DAEs and projector-based methods

Using the properties
[N()EB...EBNk_l EBimHk] NN,=10
No®...® N1 @imllgyg CNog@® ... D N1 B imIly,
the expression depicted above for ker Py11 @ (ker Qr Nim Py4+1) amounts to
No®...® N1 ® Nigy1 @imIlgg.

Inductively, assuming that Qg Px+1 -+ P; is a projector onto Ny along
No® ... Ng—1 ® Ngw1 @ ... 05 N; @imll; for a given ¢ with k+1 <17 <
v — 2, the product QrPg+1 - Pit1 = (QrPx+1 -+ P;)Pi11 can be checked,
proceeding as above, to be a projector onto Nj along

No®...® Nj_1 ® Nis1...0 Nisy @imIT, .
The case i = v — 2 yields (2.78a) and (2.78b).

The claims for Uk = MkPk—i-l s Pz/—l = P() s Pk_lePk+1 c 'Pz/—l
follow in a simpler way from the identity Uy = II;y_1 V together with item
(iv) in Proposition 2.5. Indeed, kerIly_; = No @ ... ® Np_1 C kerV}, =
=No®...BNp—1 B Ng1 ® ... H N,_1 ®imll,_4, according to (2.78b).
Therefore, Uy, = II;_1V} is a projector along ker Vi, (the expression depicted
in (2.78b) thus proving (2.79b)) onto imIT;_1 N (ker Ix_; ®im V}), that is,

imIl,_ 1 N(No®...® Ni_1 ® Ng),
as claimed in (2.79a).

Finally, (2.80), (2.81) and (2.82) are obtained from the multiplication
of (2.24), (2.25) and (2.26), respectively, by IIj_1 = Py - - Py_1. O

Proof of Theorem 2.3. Assume first that a given map = € C}, solves
(2.3), and write
=D DI, 1z + M, 12+ ...+ Mz + Myx,

where we have used D~ DII,_; = PyIl,_; = II,,_1, based on the relations
imIl,_; CimIlp = im Py and item (ii) of Proposition 2.5. We show below
that w = DII,_12 and vy, = Mgz (for k =v —1,...,0) satisfy the relations
(2.68) and (2.69), respectively. For the sake of clarity we proceed via several
steps which are labeled with uppercase Roman numerals.

I. Reformulation. Since R = DD~ is a projector along ker A, the leading
matrix A in (2.3) can be written as AR = ADD~ = GoD~. This makes it
possible to recast the DAE as

GoD™ (Dz) + Bz = q(t). (2.83)
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Premultiplying (2.83) by G ! we get
G, 'GyD™(Dx) + G, *Bx = G, 'q(t), (2.84)
which reads, according to (2.71) in Lemma 2.1,

(I - Qllfl - QV72 T e T QO)Di(Dx)I + G;le = GZIQ(t) (285)

II. The inherent ODE (2.68). Since II,,_; projects along Nog @ ...® N,_1
and N; = im @Q;, premultiplying (2.85) by DII,_; we obtain
DIl, D~ (Dz)' + DI, _1G, ' Bx = DI, _,G, *q(t). (2.86)
On the other hand, using item (iii) of Proposition 2.5 one can check that
II,_1+D~D =11,_1FPy = II,,_1. From this relation we can write DII, _1z

as DII,_1D~ Dz, where the factors DII,_; D~ and Dz are in C', and
differentiating this product we are allowed to write

DI, D~ (Dz)' = (DI, _yz)’ — (DI,_1D~) Dz
to convert (2.86) into
(D1, _y2)' — (DW,_yD~) Dz + DI, _1G, ' Bx = DII,_,G, *q(t). (2.87)

In order to simplify the term DII,_; G, !Bz, since II,_; projects along
No®...® N,_1 we get from (2.72)

J
DI, 1G;'BM; = DIl,_,D~ > (DIL; D)’ DM,;. (2.88)
i=1
Additionally IT,_4IT; = TI,,_1 (cf. (2.61)) yields
DI, D~ (DI;D~) = (DIl,_yD~) — (DU,_1D~)'DII; D~

and because of the relations II;M; = M; if ¢ < j and IL;M; =0if i = j
stated in (2.62), equation (2.88) amounts to
J J

> (P, 1D”)'DM;=>» (DI, 1D~ ) DI;D~DM; = (DI, D~)' DM,
=1 1=1
that is,

DI, 1G,;'BM; = (DI,_1D~)' DM,;. (2.89)
Since /"9 M; = I —1I,_y, from (2.89) we get

DI, G,'B(I —1,_,) = (DI,_1D~)'D(I — 1, _4). (2.90)
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Decomposing « = I,_1z + (I — II,_1)z, the relation depicted in (2.90)
allows us to rewrite (2.87) in the form

(DI, _1x) — (DI,_1 D) DI, 12+

+DIl, 1G,;*BD~ DI, 2 = DII,_,G,; "q(t).

With v = DII,_x, equation (2.91) yields the inherent ODE (2.68).

The space im DII,,_1 D~ = im DII,_; is invariant for this ODE since
y = (I — DII,_1 D~ )u can be checked to satisfy the homogeneous equation
y + (DII,_1D~)'y = 0 on J; the initial condition yo = 0 for y, which
captures the relation ug = DII,_1D~u(0) € im DII,_1 D~ on an initial
condition for wu, yields as unique solution the trivial one y = 0 on J, and
then u(t) € im DII,_1 D~ for allt € J.

(2.91)

III. The algebraic components vy, in (2.69). The relations depicted in (2.69)
for vy = Myx, k = v —1,...,0, are obtained after multiplying (2.84) by
Up = MgPit1 -+ P,—1 (cf. Lemma 2.2). This yields

UG, 'GoD™ (Dz)' 4+ UpG, ' Bx = Uy G, 1q(t). (2.92)
The case £k = v — 1 is somehow simpler than the remaining ones and is
discussed in IITa. For the cases k = v — 2,...,0 addressed in IIIb-I11d
below, the different terms arising in the computations will be arranged
according to the following scheme:

UpGy'GoD™(Dx)  +  UxG,'Bx = UG, lq(t). (2.93)
—ZNkj(va)’+’€kD’u—Z Myjv; vk+l€kD*u—Z Myjv; Lrq(t)

IITa. The v,_1 component. The case kK = v — 1 proceeds by premulti-
plying (2.84) by U,_1 = M,_;. From (2.71) we have M, _1G,'Gy = 0,
since M,_1Q,—1 = M,—1 and M,_1Q; = 0if j < v — 1 (see (2.64)).
Similarly, from (2.72) it follows that M, G, 'BM, 1z = M, _ix and
M, 1G,;'BMjz =0for 0 <j<v-—2.

Thereby, premultiplying equation (2.84) by M,_1 we get, using = =
Mox+ ...+ M, 1xz+1I, 1z and II,_1x = D~ DI, _qx,

M, x4+ M, _1G,;'BD" DI, _1z = M,_1G, *q(t),

that is,

Vo1 + K1 D u= L,_1¢(1), (2.94)
with v,_1 = M,_1x2 and v = DII,_1x. Note that in this case the terms
with coefficients Ny; and My, are not present in (2.69), and the coefficient
K,—1 amounts to M,,_1G, ' B.
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IIIb. Terms coming from UpG,'GoD~(Dz) in (2.93). Fork=v-2,...,0
we make use of the fact that Uy = My Pyy1 --- P,—1 projects along

No®D...O N1 O N1 @ ... & Ny @imll, 4,

as stated in (2.79b). This means that UpQ; = 0 if k£ # i. Using (2.71) we
then get

UG, GoD™(Dz) = MyPyyy - P, 1(I — Qi)D™(Dx)’
= My(Pyy1--- P,y —I)D™(Dz)’, (2.95)

where we have made use of (2.81).

Now, write
Pep1--- Py — 1= —=Qpy1 — Pey1Qiq2 — .. — Pry1 - Py2Qu—1. (2.96)
Since Q;M; = @Q;, as displayed in (2.66), (2.96) can be restated as
—Qrt1Mp41 — Poy1QrroMpyo — ... — Peg1 - Po2Qu_1 My,

which makes it possible to recast (2.95) in the form

_Mk[Qk+1Mk+1 4+ .o+ Py - 'Py_QQu_lMl,_l]D_(Dx)l. (297)
For j > 0, differentiating the product DM;x = DM;D~ Dx we have

DM;D~ (Dz)" = (DM;z)" — (DM;D~)' Dz

and, since M; = PoM; = D~ DM; for j > 0, the expression depicted in
(2.97) reads
— Mk[Qk_HD_(DMk_Hx)I + ...+ Piy1 - PV_QQU_lD_(DMV_lx)/]
+ M, [Qk+1D7 (DM;Q+1D7)/ 4.4+ Pryq - P, 2Q, 1D™ (DMl,,lDi)I]DLC.

(2.98)
The first line of (2.98) yields the terms
v—1
~Nirs1(Dveg1) = .. = Neyo1(Dvy1) = = > Nii(Dvy),  (2.99)
Jj=k+1

with
Nkk—i—l = MpQri1D™, Nkj = MpPgi1-- -Pj_leD_ for j > k+ 2. (2100)

For the terms coming from the second line of (2.98), we decompose
Dx = DII,_ 1z + DZJ':ll Mjz. Note that DMyz = 0 since My = Qo
projects onto Ny = ker D.
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The term in DII, _z reads
My[Qri1 D™ (DM 1 D7) + Poy1QpioD (DMy oD ) 4 ...
+ Piy1---P,2Qy 1 D™ (DM, 1 D™)'|DII, .
The relation M;D~DII,_; = M;TI,_; = 0 (cf. (2.63)) yields
(DM;D~)'DIl,_1D~ = —DM;D~(DIl,_1D~)',
which makes it possible to rewrite (2.101), using (2.96), as
My(Pys1-+ Pyy — I)D~(DIL,_1 D~ Y DI, 12 = KD~ u (2.102)

(2.101)

with
K = My(Pyy1--- P,y — I)D~(DII,_1D~)'D. (2.103)
The remaining terms from the second line of (2.98) are

My [Qk41D™ (DMyy1 D7) + Piy1Qiy2 D™ (DM y2D™)
v—1

+..i4 Pey1-- Po2Qu 1D (DM, 1D7) DY Mjax
j=1

v—1
= —ZMijjx, (2104)

j=1
where, for later convenience, /\;lkj will be written as
Myj = —M[Qr41 D™ (DMy41D7) + Pyi1Qpi2D ™ (DMyy2D ™)
4.4 Py PyyQy_ 1D (DM,_1D")|DM;D"D.
Using
(DM,;D~) DM;D~ = (DM;D~) — DM;D~(DM;D~)'
(DM;D™)DM;D~ = —DM;D~(DM;D™)" ifi#j
from (2.60), and proceeding as above, the coefficient /\;lkj amounts to
Myj = Mp(I = Puyr+-Pyot — Piy1-+- Pj21Q;)D™ (DM;D™)'D (2.105)
if j > k, and to
My = My(I = Pyy1--- P,_1)D™(DM;D™)'D (2.106)
if j <k.
Altogether, via (2.98) and subsequently (2.99), (2.102) and (2.104), we
have restated UyG, 'GoD~(Dz)" in (2.93) as
v—1 ~ v—1 _
= > Nii(Dy) + KeD7u =Y Myjv; (2.107)

j=k+1 j=1
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with u = DII,_q1z, v; = Mjz, and coefficients Nj;, Ki and Mk-j given by
(2.100), (2.103) and (2.105)-(2.106), respectively.

Illc. Terms coming from UG, ' Bz in (2.93). Via the decomposition

v—1
z=1I,_12+ Z M;x,
j=0
write UyG, Bz = MyPyi1--- P,_1G, Bz in (2.93) as
v—1
MkPk+1"‘Pufla;lB(Huflx‘f'Zij)' (2.108)
j=0
Using 11,y = D~ DII, _1, the first term gives
MyPyy1---P,_1G;'BD™ DI, 1z = KD u, (2.109)
where
Kr = MyPyy1---P,_1G;'B. (2.110)
The additional terms coming from (2.108) are
v—1
> MyPiyr - P,1G, ' BMjx
j=0
which, using (2.72), (2.79b) and (2.81), can be written as
v—1
ka—ZMijjx (2.111)
j=1
with
k
Myj = — My, {Z(Pk+l P,y =)D~ (DILD™)
i=1
J
+ Ejﬂ%y~FLJDUHLDY}LMQDD ifj >k (2.112)
i=k+1
and

J
My = _MkZ(PkH‘ ~-P,_1—I)D™(DIL,D™)DM;D~Difj < k. (2.113)
i=1
To simplify the expressions depicted in (2.112)-(2.113) for My; we will
make use of the identities
D~ (DI DY DM;D~
D~ (DIL;D~)'DM;D~

(I- Hi)D_(DMjD_)/, 1< ]
—HjDi(DMjDi)/,
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which follow from IT;M; = M, if ¢ < j and II; M, = 0, as depicted in (2.62).
For the case j > k in (2.112), the reader can check from (2.82) that

My (Pgyr--- Py = I)(I = 11;) =0
if 1 <14 <k, whereas
~MyPyiy- Pooa(I = 11;) = =My Py - P
for the cases in which £+ 1 <1 < j, and
MyPyyy-- Pyally = My(Pry1 - Py — Pigr - Py)
since j > k. These expressions yield
M = My, (— Ej: Piyr-+- P+ Peya - --PV1> D~ (DM;D~)'D (2.114)
i=k+1
if j > k.
Similarly, for the case j < k in (2.113) we use the properties
—My(Peyr - Py — (I —T1;) = 0
for i < 7 <k, and
My (Pyyr--- Py — DIl = My(Pryr -+~ Py — 1)
for i = j < k. These relations follow also from (2.82) and yield
My = My(Pyyr--- P,y — D~ (DM;D™)'D if j < k. (2.115)

This way, splitting (2.108) via (2.109) and (2.111), we have rewritten
the term UpG, ' Bz in (2.93) as
v—1
KeD7u+vp — Y Myjv; (2.116)
j=1
with v = DI, 1z, vi = My, v; = Mjz, and coefficients K and Mkj
given by (2.110) and (2.114)-(2.115), respectively.

IIld. The vy, components, k = v — 2, ..., 0. According to IIIb and IIlc,
the expressions depicted in (2.107) and (2.116) transform (2.93) into the
equivalent form

v—1 v—1
v = —(Ke +Ki)D7u+ > Nij(Dvy) + Y (Myj + Mij)v; + Lig.
j=k+1 =1

Setting Ky, = Ky + K, from (2.103) and (2.110) we get
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K = MyPis1 -+ Py1G; B + My(Peyr -+ Py_1 — I)D™(DIL,_,D~)'D.

In turn, if j > k then My; = .A;l]gj + Mkj reads, from (2.105) and
(2.114),

J
My = My(I = Pyyr-+-Pj1Q; = > Piyr---P)D™ (DM;D™)'D (2.117)

i=k+1
WhiCh7 using Pk+1 s Pj_le + Pk+1 s Pj = Pk+1 s Pj—l together with
j—1
I—Peyr--Pioa= ), Pipr--- Pi1Qy, yields
i=k+1

j—1
My = M, ( Z Prog1---Pio1(Qi — Pi)) D= (DM;D™)'D if j >k +2
i=k+1
and My; =0if j =k + 1.
On the other hand, (2.106) and (2.115) lead to My; = 0if j < k.
These expressions make it possible then to write the algebraic compo-
nent vg, for k=v—2,...,0 as

v—1 v—1
v = KD u+ Z ./\fkj(va)/ + Z Mijvj + Lirg,
j=k+1 j=k+2

as stated in (2.69). Note that this expression also accommodates the case
k = v — 1 addressed in IIIa since the Nj;(Dv,)" and My;v, terms are not
present in this situation, consistently with (2.94).

Remark finally that Dvy, = DMz is in C! for k > 1 due to the rela-
tion DMyx = DM D~ Dx and the fact that both DM, D~ (which equals
DIl},_1D~ — DII;;D~) and Dz are in C*.

The proof of the converse assertion, stating that u, vy from (2.68)-
(2.69) yield a solution of (2.3) via the decomposition x = D™ u + v,—1 +
...+ v1 + v stated in (2.67), is simpler; we just need to show that the
above process is reversible. Note first that the identity Dvg = DMyvg = 0
implies that Dx = DD~ u+ Dv,_1+...+ Dvi =u+Dv,_1+...+ Duvy is
in C1(J,R™"*"); we have made use of the identity u = DD~ u which owes
tow € im DII, _1D™.

Additionally, due to the expressions displayed for the coefficients Ky,
Nkj, My and Ly on p. 52, we have v, = My, and this means that the
relations DII, 1z = u, Mpx = v hold since II,, 1My = 0, MiIl,_1 =0
and MM; = 0if k # j (cf. (2.62), (2.63) and (2.60), respectively).
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With these relations in mind, it only remains to note that the inherent
ODE (2.68) is a restatement of (2.84) premultiplied by DII,_1, i.e.
DI, G, ' A(Dx) + DI, G, 'Bx = DII,_1G, *q(t), (2.118)
which premultiplied in turn by D~ yields, using D~ DII,_; =11, _1,
I, G, 'A(Dx) +10,_1G, ' Bx =1I,_1G; q(t), (2.119)
whereas the algebraic relations (2.69) stand for
UpG, ' A(Dx) + UG, !Bz = UG Yq(t), k=v—1,...,0  (2.120)
(cf. (2.92)). Now, the expressions for Vi, Uy depicted in (2.76), (2.77)
together with the identity Qi My = Qk from (2.66), imply that QU = V.
Hence, premultiplying (2.120) by Qx we obtain
ViG, ' A(Dx) 4+ Vi G, ' Bx = Vi G, Yq(t), k=v —1,...,0.  (2.121)
The identities 11,1 = Py---P,_1 and V; = QrPi+1- - P,—1 mean that
I, 1+ ZZ;(I) Vi = I. Therefore, adding (2.119) and (2.121) for the values
k=v—1,...,0, and multiplying by G,,, we finally obtain that
A(Dzx)" + Bz = q(t)

holds, as we aimed to show. O

Remark 2.10. As detailed below, the terms Np;(Dv;)" + My;v; in (2.69)
can be joined in a single one of the form N, ,jj(va)’ . This makes it possible
to write (2.69) in the somewhat simpler form
v—1
ve = —KeDu+ > N3 (Dv;) + Lig. (2.122)
Jj=k+1

The chance to do this stems from the factor D~ (DM;D~)'D at the end of
My for j > k 4+ 2. Indeed, using v; = Mjv;, in the My v; term within
(2.69) we may write (DM;D~)'Dvj = (Dv;)’ — DM;D~(Dv;)" and then

D~ (DM;D~YDv; = D~ (Dv;) — M;D~(Dv;)'. (2.123)
Now, rewrite the term in front of D~ (DM;D~)'D in the expression de-
picted for My, in (2.117) as

My(I = Poyr — Pog1Pryo — ... — Pryr -+ Pj_g — 2Pq1 -+ - Pj_q).

Use, for ¢ < j—1, the identities im M; C im1I,;_; C imIl; C im P; following
from (2.48), (2.51) and (2.59a), together with item (i) of Proposition 2.5,
to show that P;M; = M, for i < j and then

My(I = Pry1 — Pey1 Proy2 — ... — Pry1- - Pj2 — 2Py - Py )M; =0
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in the light of (2.60).

This means that in My v; there is actually no contribution coming
from the term —M;D~ (Dv;)’ in (2.123), so that My;v; can be rewritten
as My (Dv;)’, with

J
M = My (I—Pk+1---Pj_1Qj - Pk+1---ﬂ> D~
i=k+1

j—1
= M, ( > Py Pia(@Qi _Pi)> D~

i=k+1

the coefficient N}; = Ny; + Mj; in (2.122) thus having the expression

J
Niij = My (I— > Pkﬂ---Pi) D~

i=k+1

for j > k+1.

2.2.6 A tutorial example

The linear, time-varying analog of Chua’s circuit [69] with current-
controlled resistors depicted in Figure 2.1 was proposed in [195] to illustrate
the computation of the tractability index. Some singularities of this system
have been analyzed in [196]. We summarize below the index analysis of
[195] and then use the DAE modeling this circuit to illustrate the decou-
pling presented in Theorem 2.3. The interest of this problem relies on the
fact that, being simple enough as to keep computations at a minimum, dis-
plays however a rich variety of indices depending on device characteristics
and has therefore a value for illustrative purposes.

o RO .

—_—
e

| | i
L ;:Cz(t) TCl(t) R0

Ref

Fig. 2.1 Linear time-varying Chua’s circuit with current-controlled resistors.
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The reader is here referred to Chapter 5 for details concerning the form of
the following model for the dynamics of this circuit:

(Ci(t)er)" —ip, +ip, =0 (2.124a)
(Ca(t)e2)" +ir+ip, =0 (2.124b)
(L(t)i) —e2 =0 (2.124c¢)

s — ey — Ry(t)ip, =0 (2.124d)
e1 — Ra(t)i, = 0. (2.124e)

Here, e; and ey represent node potentials (cf. Figure 2.1), whereas i, i,
and i,, stand for the currents through the inductor and the resistors, respec-
tively. These variables define the semistate vector x = (e1, €2, i1, iy, iry)-

All devices are linear and time-dependent, and their characteristics are
assumed to be defined on some working interval J C R. Both resistors
are supposed to be current-controlled via the relations v,, = Ry (t)i,, and
Uy = Ra(t)ir,. If both Ry(t) and Ra(t) do not vanish on 7, then 4,, and i,.,
can be written in terms of e; and ey using (2.124d) and (2.124e). Inserting
these relations into (2.124a) and (2.124b) one gets the linear time-varying
analog of Chua’s equation [69]. If, additionally, the reactances are in C*!
and do not vanish, then the system can be rewritten as an explicit state
equation on e, eo, i;; this case is framed below as an index one problem.
By contrast, if we assume that the resistances Rj(t) or Ry(t) may vanish
then the attention must be driven to DAE models such as (2.124).

We remove hereafter explicit dependences on t. The differential-
algebraic model (2.124) can be written in the form A(Dz)" + Bx = 0 with

100 0 00 -1 1
010 C; 0000 0o 01 1 0
A=1001]|,D=10C2000], B= 0-1 0 0 O
000 0 0LOO -1 1 0 -R; O
000 1 00 0 —Rs

In the sequel we analyze the index of this DAE under different assumptions
on the device characteristics, also showing how the decoupling of Theorem
2.3 unravels the circuit dynamics. Contrary to [195], we work with the
II-framework of subsection 2.2.4. The reader should have in mind that the
goal is not just to provide the system solutions, but to illustrate how the
projector framework drives the analysis of the DAE to an explicit ODE on
the variable u, with explicit algebraic expressions for the vy components
of the solution (cf. (2.67)); the key aspect here is that exactly the same
arrangements can be used in the analysis of high-scale problems.
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2.2.6.1 Index one

Assume that the resistances Ri(t), Ra(t), the capacitances Cy(t), Ca(t),
and the inductance L(t) do not meet any zero on J. These conditions will
define an index one configuration which, as indicated above, amounts to
the standard state space setting for Chua’s circuit.

Indeed, from the non-vanishing of Cy, Cy and L it follows that the
leading term is properly stated and we may take

1/Cy 0 0
0 1/Cy 0
D™ = 0 0 1/L
0 0 O
0 0 O
Note that R = DD~ = I. The matrix Gg = AD reads
Ci 0000
0 Cy000
Go=| 0 0LOO]|,
0 0000
0 0000
and
0 0
0 0
No(t) = kerGo(t) =kerD(t) =span || 0 |, ] O (2.125)
1 0
0 1
Take
10000 00000
01000 00000
My=]1]00100]|, Mo=I-Tpb=]00000], (2.126)
00000 00010
00000 00001
which, together with By = B, yield
cCi1 00 -1 1
0C,0 1 0
G1 =Gy + BoMy = 0O 0L O 0 (2.127)
0 00—-R O
0 00 0 —Rq
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The working assumptions Ry # 0 # Ra, C1 # 0 # C3, L # 0 make G,
nonsingular and the problem index one.
The decoupling (2.68)-(2.69) reads, in an index one context,

u' + (—R' + DGy'BD ™ )u = DG g, (2.1284a)
vg = —KoD u+ Log, (2128b)

having used the identities DIloD~ = DD~ = R and DIly = D. The
coefficients in (2.128b) read

Ko = MyG{'B, Lo = MyG;". (2.129)

Since the circuit has no excitation we have ¢ = 0, and then the terms
DGy 'q and Loq vanish. Additionally, R = I makes R’ = 0, so that the
only non-trivial term in (2.128a) comes from the product DG;*BD~. A
straightforward computation yields for the inherent ODE (2.128a) the ex-
pression

Ri+Ry _—1
RiR2C1 RiCa

/ —1 1
u + RiC: RiCs

—1
0 &

u=0, (2.130)

(=l =)

whereas the product —KoD~ = — MGy BD~ in (2.128b) reads

0 0
0 0
0 0

1

-1
R:1C1 R,1C:2

1
R2Cy 0

o O O O O

Solutions of the problem are then given by x = D™ + vy, where the vector
u = (u1,uz,us) solves (2.130) in the invariant space im DIIoD~ = R3. This
yields the solutions of the DAE (2.124) in the form

€1 Z'_ll 0

€9 5—22 0
z=|u |=|F |+ 0

iy 0 mer TG

Try 0 Ral
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2.2.6.2 Index two

Let us now assume that R;(t) = 0 on the working interval J, and that the
remaining device parameters do not vanish on J, namely, that Ra(t) # 0,
Cy(t) # 0 # Ca(t), and L(t) # 0 for all ¢t € J. Suppose additionally that
Cy(t)+Ca(t) # 0 on J. As detailed below, these conditions make the DAE
(2.124) index two.

In this situation, the matrix G; depicted in (2.127) has constant rank
r1 = 4. The kernel N; is defined by

1/Cq

—1/Cs
Ni(t) = ker G1(t) = span 0
1
0

and satisfies the condition Ny N N7 = {0}, with Ny given in (2.125). Addi-
tionally,

0\ /0 1/¢,

ol (o] [-1/C
No(t) ® N1(t) =span | [ O |, | O |, 0

1 0 0

0 1 0

We may then take the projector II; along Ny & V7 as

0 0000
C1/Cy 100 0
m=| o o100/,
0 0000
0 0000

which satisfies the admissibility condition imII; C imIly, with IIy defined
in (2.126). Some simple computations yield

0 0000 o 00 -1 1
0 0100 0 C, 0 1 0
Bi=| 0-1000], Gy= Ci/C, 0 L 0 0 | (2131)
-1 1000 —1-C1/C, 0 0 0 0
1 0000 1 00 0 —Ry

Since Co, L, and Ry do not vanish, we conclude that the matrix Gs is
nonsingular if and only if 1 + C1/Cy # 0, condition which holds indeed
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because of the assumption C; + Cy # 0. The DAE (2.124) is therefore
regular with index two under these assumptions on the devices.
For index two DAEs, the decoupling (2.68)-(2.69) is defined by

u' + (—=(DI;D™) + DI, G, ' BD ™ )u = DI, G5 'q, (2.132)
together with

v1 = —K1D u+ L4q, (2.133a)
vg = —KoD ™ u + N()l(Dvl)/ + Logq. (2133b)

The matrix mappings in (2.133) have the expressions

Ki=MG;'B, £ =MG;", (2.134a)
Ko = My(PiG;'B — QD (DI, D~)' D), (2.134b)
No1 = MyQ1D™, Ly= Mopngl. (2.134C)

The inherent ODE (2.132) reads, for this configuration,

0 0 0
1 1 1
u'+ | morey) moiren) T | u=0, (2.135)
—1 —1
C14+C> C14+C> 0

with invariant space

000 0 0
imDILLD” =im |1 1 0| =span 11,10
001 0 1
Within this space, the inherent ODE (2.135) can be described in terms of

the components us, uz of u as

1 1
bt —uz =0 2.136
U + Ra(Ch +02)u2+ 7us ( a)
1
Uy — ————1uy = 0. 2.136b
O+ G (2:1360)
The coefficient —K; D~ = —M,G5 ' BD~ in (2.133a) is given by
702 1
C1(C1+C2) C1+C2
1 —C1 O
C1+C> C2(C1+C2)
—KiD™ = 0 0 01>
0 0 0
0

0 0



2.2. Properly stated linear time-varying DAFEs 71

whereas —Co D~ and Ny; in (2.133b) read

0 0 0 000

0 0 0 00 0

—KoD™ = ? (1) Of Ayu=1]000
R (Ci¥C3) Facircy) 100

0 000

1 1
R2(C1+C2) R2(C1+C2)
Solutions x = D~ u + v1 4+ vg are then defined by

U2

€1

0 C1+C>
e U —Ciug
2 C2 C2(C1+C32) 0
e=|u =% |+ 0 + e
; Uz Cirug
bry 0 0 R2(C1+C2) + (C1+02)
) 0 0 _ua
2 R2(C1+C2)

/
where ug and ug are given by (2.136). Mind the term (C?f&) coming
from N1 (Dv1)’ in vy.

2.2.6.3 Index three

Finally, consider the setting of 2.2.6.2 with C4(t) + C2(t) = 0, i.e., assume
that R1(t) =0, Ra(t) #0, L(t) #0 and Ci(t) = —Ca(t) # 0 for all t € J.
The computations of 2.2.6.2 are still valid, but in this situation

ci 0 0 -1 1

0-C; 0 1 0
Go=|-1 0 L 0 0 ;

0 0 0 0 O

1 0 0 0 —R

is a singular matrix with tkGy = ro = 4. Now

1
1 + RoCH
Ny(t) = ker Go(t) = span 1
Ci+ 3

Ro
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which satisfies (Ng @ N1) N Na = {0}. Additionally,

0 0 1 0
L
0 0 1 RO
NO(t)@Nl(t)@NQ(t):bpa’n 0 ) 0 ) 0 ) 1
1 0 0 0
0 1 0 0

An admissible choice for the projector Ils along Ny & N1 & Ns is

00 0 00
—L
11 5 00
Iy = 00 0 00>
00 0 00
00 0 00
which yields, after some computations,
0 0 0 00 cp 0 0 -1 1
! /
00 1—L(RL2) 00 0 —Cy 1—L(Ri2) 1 0
By = 1 -1 0 00 . Gs=[_1 o0 L—% 0 0
-1 1 0 00 0 0 Joren 0 0
0 0 0 00 1 0 0 0 —Ro

The matrix G3 is nonsingular and then (2.124) is index three in this setting.
In an index three context, the decoupling (2.68)-(2.69) is given by

u' + (—(DOyD ™) + DyG5 ' BD™ )u = DILG5 'q (2.137)
and

vg = —KoD ™ u + Lag, (2.138a)
v = —K1D u+ NlQ(DUQ)/ + L1q (2138b)
vg = —KoD u+ NOl(D'Ul)/ + N02 (DUQ)/ + Moavg + ,Coq, (2138C)

with coefficients

Ko = MyG3'B, Lo= MG3', (2.139a)
K1 = Mi(P,G3'B — QoD (DII,D™)' D), (2.139Db)
Niz = MiQ2D~, L1 = M;P,G3* (2.139c¢)
Ko = Mo(P PG5 B+ (PP, — I)D™ (DII,D™) D), (2.139d)
Noi = Mo@Q1 D™, Noz = MoP1Q2D™, (2.139%)
Moz = Mo(Q1 — P1)D~(DMyD™)'D, Lo = MyP, PGy (2.139f)
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The inherent ODE (2.137) reads for this index three configuration

0 0 0
u | B 2 B2ai =, (2.140)
0 0 0
with invariant space
000 0
imDII1 D™ =im 113% =span || 1]/,
000

where (2.140) can be described in terms of the component uy as

Ry R
ufh + (f + R—z) uz = 0. (2.141)
The coefficients in (2.138) read
0 00 5—11 00
11
oo Y 200
—KoDm = Z2 B o KD =] (00l
0 00 000
0 00 000
001 000 000
001 000 000
Nia=1000]|, Ng=]000|, Noo=]000 |,
1
000 100 00 ?
000 000 00 %
whereas —KogD™ = Mgy = 0.
Solutions x = D~ u + v2 + v1 + vy are finally defined by
el 0 0 (Rouz)’ 0
€2 —Cu12 5—21 (RQUQ)/ 0
z=| 4 |=] 0 |+ % + 0 + 0
iy 0 0 0 (C1(Raug)") + (R%SZ)
i (Rouz)’
Ly 0 0 0 e

with ug given by (2.141).
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2.2.7 Regular points

The tractability index framework as discussed so far is directed to the
linear time-varying DAE (2.3) “globally” on the working interval J. We
reformulate here this approach in a local manner, introducing the notion of
a reqular point. This will be done in a way such that if all points are regular
in a given interval, then the DAE itself is regular on the whole interval,
that is, in a somehow uniform manner. The ultimate aim is to provide the
background for the analysis of singularities carried out in Chapter 4.

Definition 2.7. A point t* € J is said to be algebraically nice at level
k > 1, nice at level k > 0, or regular for (2.3) if the DAE itself is so,
according to Definitions 2.4 and 2.5, on some open interval Z C J with
t* € Z. The set of regular points within J will be denoted by Jieg.

If a point t* is regular, we call Z a reqularity interval for t*. The
tractability index of a regular point t* can be defined as the tractability
index of the DAE in Z; the same happens with the characteristic values de-
fined by the ranks r;. Trivially, if the DAE (2.3) is regular with tractability
index v on J, then all points in this interval are regular, that is, Jreg = J .
The same assertion holds for algebraically nice or nice at level k points.
Furthermore, all points inherit the index v and the characteristic values
70y...,Ty (resp. ro,...,r) of the DAE on J.

The converse is also true, as stated below and proved in [195] (see Propo-
sitions 5 and 6 there). For simplicity we restrict the statement to regular
points, although the obvious analogs for algebraically nice and nice points
hold as well. Note that this result guarantees in particular that the choice
of the regularity interval results in no ambiguity concerning the index and
the characteristic values of a given regular point.

Proposition 2.6. Let t1, to € J be two different regular points of DAE
(2.3) with regularity intervals Iy, I, indices v1, va, and characteristic
values 11,0, <.y T10y GNA T20, .., T2,.,, respectively. If Ty NIy # 0, then

(i) the indices and the characteristic values coincide, namely v1 = vy and

ri,="ro; fori=0,...,11, and
(ii) the DAE is regular on I; UZy with the same index and characteristic
values.

Moreover, if all points of an open interval T C J are regular, then they
have uniform index and characteristic values v,rg,...,r,, and the DAE is
regqular on I with this index and these characteristic values.
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The set Jieg is open in J, and may hence be described as the union
of a (possibly infinite) number of disjoint open subintervals. Following
Proposition 2.10 of [189] (see Remark 2.3 on p. 43 above) this is independent
of the actual choice of admissible projectors. Additionally, Proposition 2.6
shows that the DAE has a uniform structure in each of these subintervals.
Points in J — Jieg are called singular and will be analyzed in Section 4.2.

2.3 Standard form linear DAEs

Projector-based methods were originally directed to the standard form DAE
(2.2) [107, 108, 125, 179-182, 185]. We can now profit from the frame-
work developed for the properly stated form (2.3), compiled in Section
2.2, to improve on the analysis of standard form problems presented in
[182]. Indeed, the tractability index of (2.2) has a nice characterization
(Theorem 2.4) in which all the requirements, including smoothness ones,
can be directed to the matrices G; and the projector-independent spaces
No @ ...® N;. Moreover, problems with arbitrary index can be fully char-
acterized by means of the decoupling presented in Theorem 2.5, which is a
restatement of the one discussed in Theorem 2.3 for properly stated DAEs.

2.3.1 The tractability index of standard form DAEs

Let us then drive our attention back to the standard form linear DAE (2.2).
The results of Section 2.2 apply to these problems, provided that ker A(¢)
is a Cl-space (cf. Remark 2.1 on p. 36), via the reformulation

AW (PH)z(t)) + B)x(t) = q(t), te J, (2.142)

with B(t) = E(t) — A(t)P'(t). Here P(t) is a C! projector along ker A(t).
Note that, according to Definition 2.2, the proper statement of (2.142)
follows from the C! nature of the projector P(t).

Definition 2.8. The standard form linear DAE (2.2) is regular with
tractability index v on J if ker A(t) is a Cl-space on J and the prop-
erly stated reformulation (2.142) is regular with tractability index v on 7,
for some (hence any) C! projector P(t) along ker A(t).

In order to apply the framework of Section 2.2 we set D(t) = P(t), so
that R(t) = P(t). We also assume that D~ (t) = P(t) (cf. Remark 2.6 in
[189]); this will lead to the identities Il = P and Py = P used below.
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Other choices of D~ (or, respectively, of Iy and FPy) are however possible;
we might e.g. construct the chain in the II-framework beginning with the
orthogonal choice of Ily, without requiring P to be orthogonal. Neverthe-
less, the identities IIp = P and Py = P will provide several simplifications
in the matrix chain construction and also in the decoupling of the DAE.

Proposition 2.7. The index notion of Definition 2.8 for a standard form
linear DAE (2.2) is independent of the choice of the C projector P(t).

Proof. This is a consequence of Theorem 4.6 in [189]. Assume that
(2.142) is regular with index v on J and let P be another C! projector
along ker A(t), yielding the reformulation

A)(P)x(t) + Bt)x(t) = q(t)
with B(t) = E(t) — A(t)P'(t).

Since ker P = ker P, item (iii) in Proposition 2.5 implies that PP = P
and PP = P. Theorem 4.6 in [189] then applies by setting H = H~ = P
within equations (4.17) and (4.18) there. Specifically, the requirements
stated in equations (4.19) and (4.20) of [189] are met because of the relations
PPPP = PP = P and

A= AP, P=PP, E— AP' = E — AP' + AP'P,
respectively. In the last identity we have used P’ = (PP) = P'P 4+ PP,
which yields AP’ = AP'P + AP’ since AP = A. O

The matrix chain construction based on the II-framework of subsection
2.2.4 will be defined, for the reformulation (2.142) of the standard form
DAE (2.2), by IIy = P and

Go=A, B=B=FE—- AP/, (2.143)
together with
G1 = Go + By My, (2.144)
where My = I — IIy. Additionally
B; = (Bi_1 — GiIIpIT)IT; 4 (2.145a)
Giy1 =G + B;M;, (2.145Db)

for i > 1. Here, II; is a C' projector along the space Ny ®...® N; verifying
imHi Q imHifl, and Ml = Hi,1 — Hl

Note that in (2.145a) we have used the identities D = D~ = I, as
well as the properties (IIoII;I1y)" = II} and IIoII;_ = II;,_; following from
(2.61).
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In terms of the P-projectors of subsection 2.2.3, the matrix chain is
equivalently defined by (2.143), jointly with

G1 = Go + BoQo, (2.146)

where () is defined from Py = P as Qo = I — Py, and
B; = Bi 1P, —GiPy(Py--P) Py--- P;_q, (2.147a)
Git1 =G + B;Q; (2.147Db)

for ¢ > 1. As usual, P; is a projector along N; = kerG;, and Q; =1 — P;.
The properties in the P-framework making it possible to write B; in the
form depicted in (2.147a) can be simply derived from the ones within the
[T-framework via the identity II; = Py - - - P;.

In Theorem 2.4 below we state the conditions which support these con-
structions and thereby characterize the tractability index of the standard
form DAE (2.2). Such conditions are of course a particularization of those
arising in subsections 2.2.3 and 2.2.4, although the smoothness requirement
(¢) admits a nice geometrical restatement in this context.

Theorem 2.4. The standard form linear DAE (2.2) is reqular with
tractability index zero on J if and only if A(t) is nonsingular on J.

Provided that ker A(t) is a C1-space on J, the DAE (2.2) is reqular with
tractability index v > 1 on J if and only if, for 1 <i<wv -1

(a) G; has constant rank r; < m on J,
(b) N; =kerG; verifies (Ng @ ...® N;—1) N N; = {0} for allt € J,
(c) the space No @ ...® N; admits a C'-basis on J,

and additionally G, is nonsingular on J.

Here the chain construction can be (equivalently) assumed to be based
either on the II- or the P-frameworks. In the II-based construction, one can
choose I1; as the orthogonal projector along Ng®...®& N, fori =0,...,v—1;
the C'-smoothness of this orthogonal projector is equivalent to that of the
space Ng @ ... @ N; itself. In terms of P-projectors, we need to require
explicitly for QQ; = I—P; the admissibility condition No®...®&N;_1 C ker Q;
and the C'-smoothness condition on the resulting product Py - -- P;. Note
however that the II;-projector captures these properties in a natural way.

We emphasize that conditions (a) and (b) above, as well as the spaces
No @ ... ® N, (and thereby condition (c)) are independent of the actual
choice of admissible projectors, according to Theorem 2.3 in [191]; see also
Proposition 2 in [195]. It follows that the tractability index of (2.2) is
independent of the choice of admissible projectors.
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2.3.2 Decoupling

The decoupling discussed in Theorem 2.3 applies to index v standard form
DAEs (2.2) via the reformulation (2.142), with some simplifications which
are commented on below. We assume that ¢(¢) meets the smoothness re-
quirements emanating from Remark 2.9 (cf. page 53).

Theorem 2.5. Assume that the standard form linear DAE (2.2) is regular
with tractability index v on J. Then,

z(t) € Op(J,R™) = {x € C(J,R™) | Px € C*(J,R™)},

solves the reformulation (2.142) if and only if it can be written as

r=u+v,_1+...+v1 + g, (2.148)
where u € C1(J,R™) is a solution of the inherent ODE

o —T0,_ju+1l, G, 'Bu =11, ,G,'q (2.149)

lying on the invariant space im1Il,_1, whereas

v—1 v—1
v = —IKpu + Z Nkjv; + Z Mijv; + Liq (2.150)

J=k+1 j=k+2

fork=v—1, ..., 0, with vy € CY(J,R™) for k >0 and vy € C(J,R™).

The coefficients of (2.150) read
Kr = MyPyi1- Py 1G, B+ My(Piyy -+ Py — DIT,

Nij = MyPry1--- Pi1Q;

7j—1

Myj = My ( > Py Pia(Qi— Pi)) Il M;
i=k+1

Ly = MyPyi1-- P, G,

where the products Py - - - P, amount to the identity I wheneverl < k+1.

Theorem 2.5 is just a restatement of Theorem 2.3. Note that we have
used D = D~ = Ily and IIGIL;Ily = IIpll; = II;. The product D~ wu has
been written as w since solutions of the inherent ODE contribute to the
DAE solutions only when lying on the space im DII,_1 D~ =imlI,_1, and
then we can use D~1I,_; = II,_;. Similarly, v; = M;v; holds because of
(2.150) and the leading factor M}, in all the coefficients Ky, Lk, Ni; and
My since DM = IIgM; = M; by (2.62) (note that j > 1 always) we have
Dv; = v;. This explains in particular the C' condition on vy for k > 0.
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The only additional aspects which need to be clarified are the following.
Regarding the D~ factor within the Ky, coefficient in Theorem 2.3, we have
used D~ = Ily and Mk(Pk+1 P, = I)HO = Mk(Pk+1 P, = I),
which owes to (2.82). The D term at the end of K and Mj; within the
general statement in Theorem 2.3 can be now removed since D = Iy will
multiply D™ u = II,_yu and v; = Mjv;, respectively; use then the identities
IpIl, 1 = I, and IlgM; = M;. Finally, the D~ factor at the end of
N in Theorem 2.3 is not present here because Q;IIy = Q; if j > 0, which
in turn is due to the relation kerIlp = Ny C ker Q; (cf. (2.65)).

Remark 2.11. The reader can easily check that the decoupling defined
by (2.33) and (2.34) for standard form DAEs with index one discussed in
subsection 2.2.1 is a particular instance of (2.149) and (2.150) above. Note
that in an index one problem we have Ky = MnglB and Ly = MOGfl,
and that IIy, My, G1 in the current setting stand for P, @), A; in 2.2.1.

It is worth indicating that if a solution of (2.142) given by Theorem
2.5 belongs to C1(J,R™), then it can be easily checked to solve the origi-
nal standard form equation (2.2). Note finally that the ideas discussed in
Remark 2.10 (p. 64) and in subsection 2.2.7 apply, with straightforward
modifications, in the standard form setting of (2.2).

2.3.3 Time-invariant problems revisited

The results above apply in particular to the linear time-invariant DAE (2.1)
considered in Section 2.1, provided that the pencil {A, E} is regular. In-
deed, in this situation all projectors can be chosen to be constant, so that all
time derivatives of projector products vanish. This idea was already present
in the original chain construction (see [179] and [108]). The construction
of the matrix chain for (2.1) via (2.143), (2.146) and (2.147) yields

Go=A, B=F (2.151)
and
Giy1 = Gi + BiQy, Biy1 = BiF;, (2.152)
where Q; is a constant projector onto N; = ker G;, and P; = I — ;. This
construction is identical to the one displayed in (2.21). Using Theorem 2.1,
this means that in constant coefficient cases the tractability index notion
depicted in Definition 2.8 amounts to the Kronecker index of the pencil.

The II-framework provides the following simple characterization of a
regular pencil and its Kronecker index [251].
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Proposition 2.8. Consider the matriz pencil {A, E} with A, E € R™*™,
Write Go = A and, fori >0,

Giy1 = A+ ET;,

where T; is the orthogonal projector onto Ng + ...+ N;, with N; = ker G;.
Then the matriz pencil {A, E} is reqular with Kronecker indezx v if and only
if G; is singular for i < v and G, is nonsingular.

Proof. Use the chain construction based on (2.56), (2.57) and (2.58)
with the orthogonal choice of II;. Since the derivatives (DII;D~)" in (2.57)
vanish, we have H; = Hy = E for all 4 > 0 and then

Giy1 =G +EM; =G, + E(Il;_1 —1I;,) = Gi—1 + E(Il;_5 — 1I;_)
B,y —TL) = Giy + E(Ty—s —TI,) = ... = A+ E(I —TL,).

The result then follows from the equivalence of this construction with the
one based on (2.152) (cf. Theorem 2.2), together with Theorem 2.1. O

Note that there is no need here to assume that Ng + ... + N; can be
written as a direct sum. This is due to the fact that any non-trivial inter-
section (Ng + ...+ N;—1) N N; can be shown to yield a singular matrix Gy,
for any k; in this situation the pencil is necessarily a singular one [189].

The decoupling presented in Theorem 2.5 applies, with straightforward
simplifications, in the constant coefficient setting. If the pencil {A, E} is
regular, z € CH(J,R™) solves (2.1) if and only if it can be written as

rT=u-+vV,-1+...+v1 + g,
where u € C1(J,R™) is a solution of the inherent ODE

o +10, .G Eu =11, G, 'q (2.153)
lying on the invariant space imII, _1, and the components vy verify
v—1
vk = —Kpu+ Y Nigvj + Lrg (2.154)
J=k+1
fork=v—1, ..., 0, with v, € CY(J,R™) for k > 0 and vy € C(J,R™).

The coefficients of (2.154) read, in this constant coefficient context,
K = Mk;Pk;Jrl ce- PV,1G;1E
Nij = My Py Pi1Q;

Ly = Mk;Pk;Jrl ce- Pl,,lG;l.
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Mind the fact that, within these coefficients, all factors involving time
derivatives vanish in the time-invariant setting; this is in particular the
case for My;.

Remark 2.12. The reader can particularize (2.153) and (2.154) to derive
(2.15) and (2.16), respectively, in the index one setting considered in 2.1.3.2.
/

; are not present.

Note that in index one problems the terms Nj;v

2.4 Other approaches for linear DAEs: Reduction techniques

The reader is referred to [30, 42, 54] and [147, 148, 151], respectively,
for comprehensive discussions of the differentiation and strangeness index
frameworks for the analysis of linear time-varying DAEs. The differenti-
ation index and derivative arrays will be briefly examined, in a nonlinear
context, in Section 3.7. We sketch below the reduction framework of Rabier
and Rheinboldt for linear DAEs in the standard form (2.2), as presented in
[225, 228]; these techniques will be discussed in great detail for nonlinear
systems in Chapter 3. Reduction methods accommodating discontinuous
inputs and inconsistent initial conditions in linear problems are tackled
within a distributional framework in [226, 228]. Some interrelations of re-
duction techniques and projector-based methods are addressed in [250].

The reduction of (2.2) is supported on the assumption that { A(t), E(t)}
is a regular pair on the interval 7, in the sense that, for some fixed r < m
and all ¢ in J, the conditions

rtk A(t) =r (2.155a)
tk (A(t) E(t)) =m (2.155D)

hold; here (A E) stands for the m x 2m matrix map constructed by joining
the columns of A and E. Tt is also assumed that both A(t) and E(t) belong
to CH(J,R™x™).

If r < m, from the above-mentioned requirements it follows that both
im A(t) and S(t) = {x € R™ : E(t)x € im A(t)} are C''-spaces (cf. Remark
2.1 on page 36). This is due to the existence of a C!, maximal rank map-
ping H(t) : J — R™=7X™ guch that v € im A(t) < H(t)v = 0. The
product H(t)E(t) has constant rank m — r due to (2.155b) and the iden-
tity H(t)A(t) = 0. Hence, the set S(t) may be described as the Cl-space
ker H (t)E(t), which is r-dimensional for every fixed t.

The Cl-structure of im A(t) and S(t) makes it possible to choose matrix-
valued maps C(t) € CY(J,R™*"), D(t) € CY(J,R"™™™) such that, for
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every t € J, C(t) and the restriction of D(¢) to im A(¢) yield isomorphisms
R"™ — S(t) and im A(t) — R", respectively. The pair

Ay = DAC, E, = D(EC + AC"), (2.156)
is then called a reduction of {A, E'}.

The regular pair {A, E'} is said to have (geometric) index one if A;(t)
is nonsingular for all ¢ € J. This index one notion is proved in [228] inde-
pendent of the choice of C', D, and equivalent to the tractability index one
notion provided that the C! smoothness condition required by the reduction
framework is met. See [225] for a discussion in the analytic setting.

The analysis of (2.2) in this index one context requires also the in-
troduction of a “reduced” excitation ¢ = D(q¢ — Eug — Auy), where
Euy — ¢ € im A. This requirement can be met since it holds in particu-
lar for ug = ET(AAT + EET)"1q. Classical solutions of a DAE (2.2) with
an index one, C* pair {A(t), E(t)} and a C! excitation ¢(t) can be then
recovered from those of the reduced ODE

A1 + Er(t)€ = qi (1), (2.157)
through the relation z = C¢& + uyg.

In cases in which the matrix mapping A; is singular, under additional
regularity and smoothness assumptions the same procedure can be applied
to {A1, F1}. If the procedure can be continued indefinitely, it will eventually
become stationary, and the number of reduction steps defines the (so-called
geometric) index: cf. [225, 228]. In these higher index cases the reduced
ODE is formulated in terms of the pair {A,(t), B, (t)} which results from
the iteration of the reduction procedure outlined above.

When compared with projector methods and the tractability index
framework, the reduction approach presents some limitations which con-
cern the need to parametrize the set S(t), and also the smoothness require-
ments on A(t), E(t) and ¢(t); for instance, the explicit appearance of the
derivative u, in the expression for ¢; depicted above might lead to the erro-
neous interpretation that solutions of index one problems actually depend
on the first derivative of the excitation, against common understanding in
the context of the perturbation index [121, 122]; compare also with the
solution characterization (2.33)-(2.34) provided by projector methods, not
involving any derivative of ¢(¢). On the other hand, this approach provides
a rather direct method for the analysis of DAE, suitable for extension to
higher index cases without additional complexity. Reduction techniques
define also a nice framework for the analysis of nonlinear DAEs, as detailed
in the next Chapter.



Chapter 3

Nonlinear DAEs and
reduction methods

The present Chapter addresses nonlinear differential-algebraic equations,
with special emphasis on quasilinear problems. Our attention will be mainly
centered on reduction methods which, roughly speaking, unveil the behav-
ior of a given nonlinear DAE in terms of an explicit ODE defined on a
lower dimensional manifold. This approach is particularly well-suited for
the analysis of dynamical aspects in nonlinear semistate systems; model
reduction aspects and state formulations may also be advantageously tack-
led within this framework. The focus on reduction methods will provide
the reader with a perspective and a set of tools different, and somehow
complementary, to the projector-based ones presented in Chapter 2, and
also to those supported on the differentiation index and derivative arrays,
widely discussed in the DAE literature: see [30, 45, 46, 94] and references
therein.

A key reference within the reduction framework is the paper [238] by
W. C. Rheinboldt. The geometric spirit of this approach is also present
in [239], as well as in the research of S. Reich on this topic [229-231] and
in the joint work of P. Rabier and Rheinboldt [220, 221, 228]. See also
[106, 284, 285]. The geometric motivation is also strong in other related
references [17, 73, 101, 102, 170, 171, 205, 208, 261-263], whose origins
can be traced back to the work of Dirac on generalized Hamiltonian dy-
namics [79-81]. An excellent compilation of the framework of Rabier and
Rheinboldt can be found in Chapter 4 of [228], where the focus on quasilin-
ear DAEs provides a significant simplification of the fully nonlinear setting
of [221].

The reduction approach will be motivated via some structured problems
(semiexplicit index one and Hessenberg DAEs) in Sections 3.1 and 3.2.
They are intended to provide a friendly introduction to these methods for

83
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readers without a background on this topic. The somewhat simple structure
of these systems allows also for a discussion of some relations and differences
with the framework based on the differentiation index.

From the relatively simple form of semiexplicit and Hessenberg systems
and the easy derivation of a reduced ODE for regular instances of them,
the reader should not conclude that state reductions are straightforward.
Reduction methods become highly non-trivial when applied to the analysis
of general quasilinear DAEs and specially in the presence of singularities
(cf. Chapter 4). Section 3.3 compiles some elementary prerequisites from
differential geometry aimed at the study of quasilinear problems.

The reduction of quasilinear DAEs of the form (1.20), discussed in Sec-
tion 3.4, is the main topic of this Chapter. Our point of view will be a local
one. The global framework of Rabier and Rheinboldt, summarized follow-
ing [228] in 3.4.1, requires of course global conditions which often fail to
hold in practical cases. Their approach will be rephrased in a local manner
by means of the geometric index notion for a regular point, around which
solutions of the DAE can be locally characterized. This will yield an exact
description of the so-called reqular manifold where the reduction is actually
feasible. This is detailed in subsections 3.4.2-3.4.4.

The local setting allows naturally for descriptions of the (local) dynamics
via explicit ODEs defined on open subsets of R", in terms of a subset of
the original problem variables. This will be important in circuit modeling,
where state models for higher index configurations can be formulated in
terms of variables linked with reactive elements, with a well-defined and
clear physical meaning. As a byproduct, this makes the reduction approach
easier for readers not so familiar with differential geometry.

Different properties concerning local equivalence of quasilinear DAEs
will be considered in 3.4.5. The local equivalence relation introduced there
will turn out to be intimately linked with the reduction procedure, and
naturally yields the invariance of notions such as the index as well as their
independence of the choice of reduction operators. This discussion includes
as well certain results of independent interest, in particular the one stating
that any two reductions of locally equivalent DAEs are themselves locally
equivalent, which leads to the conclusion that any two state space local
descriptions of a DAE around a regular point are locally conjugate.

Several examples illustrating the reduction procedure for quasilinear
DAEs are presented in 3.4.6. Section 3.4 ends with a discussion of nonau-
tonomous quasilinear problems in 3.4.7. Additional results concerning
projector-based methods for quasilinear DAEs arising in electrical circuit
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theory can be found in Chapter 5.

The suitability of reduction methods for the study of local dynamic as-
pects of DAEs will be illustrated in Section 3.5 by the analysis of qualitative
properties of equilibria in quasilinear DAEs. Section 3.6 briefly examines
geometric reduction methods for fully nonlinear DAEs; the reasons for this
shorter treatment are their rare appearance in practical applications and
the fact that fully nonlinear problems can be naturally rewritten in quasi-
linear form by taking the time derivative of the semistate vector as an ad-
ditional variable, which renders the system semiexplicit (cf. (1.7)). Finally,
the differentiation index and derivative arrays are discussed in Section 3.7.

Due to the intrinsic complexity of nonlinear problems, we will try to
keep the terms of the discussion as simple as possible in order to improve
readability. In this direction, we restrict the attention to standard form
DAEs, instead of using proper formulations [157, 190, 193, 293] which may
be less familiar for many readers. Also for the sake of simplicity, from
Section 3.3 on all operators will be assumed to be in C'*°, although this
requirement can be easily relaxed along the lines indicated in Sections 3.1
and 3.2. Technically, we avoid stating local results in terms of germs (see
e.g. [7, 99, 100]), which would yield much more synthetic statements but at
the same time would significantly obscure the discussion for many readers.

3.1 Semiexplicit index one DAESs

Consider the autonomous semiexplicit DAE

y' = h(y, 2) (3.1a)
0 =gy, z), (3.1b)

and assume that h € CF(Wp,R") and g € C*(Wy,RP) for some k > 1, the
set Wy being open in R™+7.

Let (y*,z*) € Wy satisfy g(y*,2*) = 0. If the derivative g,(y*,z*)
defines an invertible matrix, then g, is nonsingular on some open neighbor-
hood U of (y*,2*) and the DAE (3.1) is said to have differentiation index
one on U. We will often say the index to be one around the point (y*, z*),
without explicit mention of U. This notion (cf. [30, 45, 46] and Section 3.7
below) is supported on the fact that one differentiation in (3.1b) suffices to
obtain, locally around (y*, 2*), an explicit underlying ODE

y = h(y,z) (3.2a)
2= =gy, 2)9y(y, 2)h(y, 2), (3.2b)
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for which g(y, z) = 0 is an invariant comprising the solutions of the original
DAE.

The right-hand side of (3.2) defines, at least locally around (y*,z2*), a
C*=1 vector field v = (v, v9) given by

<U1(yaz)> _ ( h(yaz) ) (3 3)
v2(y, 2) —92 ' (4 2)9y (Y, 2)h(y, 2) )~ '
Actually v(y, z) is well-defined on the set of points (y,z) € Wy where
9:(y, z) is nonsingular. The invariance of the set g = 0 for the underlying
equation (3.2) relies on the fact that the derivative of g along any integral
curve of the vector field (3.3) reads g,v1 + g.v2 = gyh + g.(—g; *g,h) = 0.
Note also that the vector field v(y, z) is in C* if the smoothness require-
ments h € C*(Wy,R"), g € C*+1(Wy, RP) hold for the mappings in (3.1).

Reduction methods will unveil the behavior of (3.1) in a different man-
ner. The nonsingularity of g,(y*, z*) implies that the set

Wi ={(y,2) € Wy / g(y,2) = 0} C W, (3.4)

which accommodates the solutions of the DAE, has an r-dimensional man-
ifold structure locally around (y*,z*) (cf. Section 3.3). Moreover, if the
nonsingularity condition on g.(y, z) holds at every (y,z) € Wi, then the
whole set W, will be an r-dimensional C*-manifold. Under this global as-
sumption, system (3.1) will be said to be a regular DAFE with geometric
index one; throughout this Chapter we will often omit the label ‘geometric’
to refer to the index. In this index one setting, a C*-vector field is globally
defined on the manifold Wy, and its integral curves give the solutions of
the DAE. This vector field can be shown to be the restriction of (3.3) to
the tangent bundle (see again Section 3.3) TWj. The set W7 may in this
situation be called the solution manifold of the semiexplicit DAE (3.1).
From a local point of view, this behavior can be described without
resorting to these geometric concepts. Provided that g(y*,z*) = 0, the
hypothesis that g.(y*,z*) is nonsingular makes it possible to apply the
implicit function theorem to describe the set g(y, z) = 0 locally as z = ¥ (y)
with ¢ € C*(Q1,RP), Q; being an open neighborhood of y* in R™. In terms
of the y-variables the local behavior can be described via the reduced ODE

Y = h(y,¥(y)), (3.5)

defined on Q; C R". Now, h(y,%(y)) can be seen as a C*-vector field locally
defined on an open subset of R”, and (3.5) can be understood as a local
state space description of the problem. Solutions of the DAE (3.1) near
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(y*, 2*) are defined from those of the explicit ODE (3.5) by using addition-
ally z = v (y). The vanishing of g(y*, 2*) together with the nonsingularity
of g, (y*, z*) will define (y*, 2*) as a reqular point with geometric index one
or simply as an index one point.

The connection between the approaches sketched in the last two para-
graphs comes from looking at the mapping y — (y,v¥(y)) as a local
parametrization (cf. Section 3.3) of the manifold W;. The right-hand side
of the state space description (3.5) can be understood as a local coordi-
nate representation of the above-defined vector field on Wj. It is important
to emphasize that other parametrizations of W7 would lead to different
state space descriptions of the DAE. Nevertheless, all state representations
will be equivalent in a sense made precise in subsection 3.4.5 (see specif-
ically Theorem 3.4 there). In this case, the y-variables are privileged by
the semiexplicit form of the system, which makes it possible to distinguish
these “dynamic” variables from the “algebraic” ones, namely, z. But a fea-
ture that will be shared with general quasilinear DAEs with a well-defined
geometric index is that a local state space representation in terms of some
of the original problem variables will always be available, actually coming
out in a natural way from the reduction procedure.

At this point it is worth clarifying the distinction between two concepts
which, though elementary, are sometimes confused in the literature. We
mean the notion of an underlying ODE such as (3.2), defined on the whole
semistate space Wy (which is open in R™*?) and for which the r-dimensional
manifold W7 is an invariant, and that of a reduced ODE, which is defined
only on the lower-dimensional manifold W; and, in local coordinates, yields
an equation such as (3.5) on some ©; C R". The same distinction can be
made in terms of vector fields or flows, and also holds in higher index and
unstructured problems.

Note finally that initial value problems for (3.1) are only well-posed for
initial conditions lying on Wj. Specially within the numerical literature,
points on the solution manifold W7 are called consistent initial conditions
for an index one DAE. Characterizing the solution manifold or, in these
terms, the set of consistent initial conditions for higher index DAEs is a
more involved problem, as discussed below.
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3.2 Hessenberg systems

The ideas presented above need to be refined in order to apply to higher
index equations. Consider the autonomous Hessenberg DAE of size two

y' = h(y,z) (3.6a)
0=g(y), (3.6b)

where h € Ck(Wy, R"), g € C’““(Wg, RP), k > 1 and r > p. Here Wy and
Wy are open subsets of R”™? and R", respectively, and Wy is assumed to
include the y-projection of Wj.

Taking the time derivative of g along trajectories of (3.6) we can check
that solutions of the DAE (3.6) must satisfy the hidden constraint

0 = gy(y)h(y, 2). (3.7)

Assume that a given (y*,z*) satisfies g(y*) = 0, gy(y*)h(y*,2*) = 0. If
the product gy,h. is invertible at (y*, 2*), then it is so on a neighborhood
U of this point and (3.6) is said to have differentiation index two on U or,
simply, around (y*, z*). Indeed, differentiating (3.7) we get

y' = h(y,2) (3.8a)
2 = —(gyh=)" (Y, 2)(gyh)y (y, 2)h(y, 2), (3.8b)

which is an underlying ODE for (3.6). Analogously to the index one case,
the right-hand side of (3.8) is a vector field defined on points of Wy with
a nonsingular gyh., and the equations g(y) = 0, g¢y(y)h(y,z) = 0 can be
checked to define an invariant set comprising the DAE solutions.

From the point of view of reduction methods, the nonsingularity require-
ment on g,h. implies in particular that g, has maximal rank p. Globally,
if rk g, (y) = p whenever g(y) = 0, then the set

Wi ={(y,z) e Wy / g(y) =0} (3.9)

naturally admits an r-dimensional C**!-manifold structure. Furthermore,
if we define

We ={(y,2) € Wo / g(y) =0, g,(y)h(y,z) =0} C W (3.10)

then the assumption rk g, (y)h.(y, z) = p for all (y, z) € Wa makes this set
an (r — p)-dimensional C*¥-manifold. This will be due (see Section 3.3) to
the maximal rank condition

Gy 0 ) _
rk =2 3.11
<(9yh)y gyh- P ( )
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which follows from rk g, (y)h-(y, 2) = p. Note in particular that the identity
rk g, (y)h-(y, z) = p comprises the “intermediate” requirement rk g, (y) = p.

The global assumption rk g, (y)h.(y, z) = p for all (y, z) € W yields a
well-defined vector field and a flow on Ws. This manifold is filled by the
solutions of (3.6), which are integral curves of this vector field, and therefore
W will be termed the solution manifold of the problem. The DAE (3.6)
will be said to be a regular DAE with geometric index two. Points in Wy
are sometimes called consistent initial values for index two DAEs.

Locally, from the condition rk g, (y*) = p it follows that y can be split
into r — p variables u (which for simplicity can be assumed w.l.0.g. to be
Y1, ---, Yr—p), and p variables w (corresponding to yy—p+1, ..., yr) in a
way such that rk g, (y*) = p. Hence, by the implicit function theorem, g = 0
amounts to w = 1(u) for some locally defined C*+!-map 1. Additionally,
using the condition rk g, (y*)h.(y*, 2*) = p and the splitting y = (u, w), we
can describe locally the set g,h = 0 by a C*-relation of the form z = n(u, w).
On the intersection with g = 0 we get z = n(u, ¥(u)).

Using these coordinates and splitting h = (h1, h2), where hy (resp. hz)
denotes the first r — p (resp. last p) components of h, we get from (3.6a)
the reduced explicit ODE

u' = ha((u, ¢ (u), n(u, P(u))). (3.12)

In cases in which the u-variables qualifying for the description w = ¥ (u)
via the implicit function theorem are not the first » — p ones of y, we simply
have to partition h taking the indices which define h; and hs from the
corresponding splitting of y into v and w.

The state equation (3.12), together with w = ¢ (u) (or, equivalently,
y = (u,¥(u))) and z = n(u,(u)), yields a complete description of the
local solution behavior. Here u lies on an open set o C R"7P. The three
conditions g(y*) = 0, ¢,(y*)h(y*, 2*) = 0 and rkg,(y*)h.(y*, z*) = p will
define (y*, z*) as a regular point with geometric index two or an index two
point for the Hessenberg DAE (3.6).

In terms of the above-defined manifolds W; and W5, the relation
w = 1P(u) leads to a local parametrization (u,z) — ((u,¥(u)),z) of Wy,
with (u,z) € Q1 C R” for some open set Q7. In turn, z = n(u,w) defines,
via (u,w) — ((u,w),n(u,w)), a parametrization of the “hidden” manifold
gyh = 0. Finally, the mapping z = n(u, ¥ (u)) yields the local parametriza-
tion u — ((u, v (u)), n(u, P (u))) of the solution manifold Ws.

These ideas also apply, mutatis mutandis, to the Hessenberg DAE of
arbitrarily large size (1.18), under the assumption that the product in (1.19)
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is nonsingular. For instance, solutions of an autonomous Hessenberg DAE
of size three

yll - hl(ylvaaZ)
Yy = ha(y1,y2)
0=g(y2)

lie on the manifold W3 defined by the identities g = 0, gy,ho = 0 and
Gysh2y, 1 + (gysh2)y, ha = 0, provided that the product gy,ha,, b1, is non-
singular.

The notions here presented can be extended in a non-trivial way to gen-
eral quasilinear DAEs, as detailed in Section 3.4, using some elementary
concepts from differential geometry which are previously compiled in Sec-
tion 3.3. Hessenberg DAEs will be revisited in 3.4.6 in order to illustrate the
discussion performed in subsections 3.4.2 - 3.4.5. Nonautonomous analogs
of the problems above will be considered in 3.4.7.

3.3 Some notions from differential geometry

The reader is referred to [1, 27, 31] for extensive introductions to differ-
ential geometry and, in particular, for a more detailed discussion of the
notions compiled here for later use. Henceforth we will restrict the atten-
tion to smooth (this term being used to mean C*° in the remainder of the
Chapter) problems, although virtually all results can be restated in a C*
context with finite k.

We will assume throughout that R™ is furnished with the usual topology,
and restrict the attention to subsets of R™ equipped with the relative topol-
ogy. In this context, an r-dimensional local parametrization of a nonempty
set W C R™ is a pair (2,¢), with Q and ¢(2) nonempty and open in
R"™ and W, respectively, such that the C*°-mapping ¢ : @ — R™ verifies
rk¢'(€) = r for all £ € Q and yields a homeomorphism Q — ¢(Q) C W.
With terminological abuse, sometimes we will use ‘parametrization’ to mean
the mapping ¢, regardless of the domain 2. Hereafter we will refer to the
inverse mapping ¢! : p(2) — Q C R" as a local coordinate system or a
chart, which is of course defined only on the image of .

Now, a nonempty set W C R™ is said to be a smooth manifold if
for every nonisolated point x € W there exists a local parametrization
(Q, ) with © € ¢(Q); if this parametrization is r-dimensional, r is termed
the local dimension of W at z. As it is done e.g. in [1, 6], we do not
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require the domains of all parametrizations of W to be open subsets of
the same space R"; should all parametrizations be r-dimensional for some
constant r, the manifold is said to be r-dimensional. We also assume that
any set composed of isolated points is a O-dimensional manifold, and allow
isolated points to be 0-dimensional components of any manifold; actually,
accommodating these 0-dimensional components will be only necessary for
the sake of completeness in 3.4.4, and throughout the present Section we
exclude isolated points without explicit mention in situations in which they
become meaningless. Note that R™ itself, as well as any open subset of R™,
can be seen as an m-dimensional smooth manifold by using the identity as
a parametrization. Hence, a smooth manifold in R™ may have different
components whose dimensions range from 0 to m.

Roughly speaking, a submanifold of a given smooth manifold W C R™
is a subset of W which has the relative topology and is itself a manifold.
Formally, given a manifold W, a nonempty subset S C W is said to be
a smooth submanifold of W either if S is open in W (being then an open
submanifold of W), or if for every x € S there exists a local parametrization
(1 X Qa, ) of W in which ©; and Q9 are open neighborhoods of the origin
in R4 and R, respectively, z = (0,0), and SNp(Q1 x Q) = (21 x {0})
(see e.g. [59]). The corresponding chart ¢~! yields a preferred coordinate
system for W relative to S [27]. In particular, if W is r-dimensional and
there exists a constant d > 1 such that d; = r — d and ds = d for all local
parametrizations of S of the form above, S is said to be a codimension-d
submanifold of W; S is then (r—d)-dimensional. Note that an r-dimensional
manifold W C R™ is a submanifold of R™ with codimension m — 7.

A mapping f : W — W is said to be smooth if for every z € W there
exist local parametrizations (,¢) and (Q, @) of W and W, with = € p(Q)
and f(¢(Q)) € @(Q) (thus in particular f(z) € $()) such that g1 o fop
belongs to C*(Q,Q). Since Q and Q are open sets within certain spaces
R" and R?, this relies on standard concepts of real differential calculus. It
is easy to check that this notion does not depend on the specific choice
of the parametrizations. A smooth bijection f of W onto W is called a
diffeomorphism if the inverse f~1: W — W is also smooth.

Letting W C R™ be a smooth manifold, the set of tangent vectors at
x € W of all smooth curves on W that pass through z is called the tangent
space to W at x and will be denoted by T, W. Mind that we are restricting
the attention to submanifolds of R™; in abstract settings, this space can
be defined as the quotient set under an equivalence relation given by the
tangency of smooth curves leaving z, cf. [1]. The tangent space can be
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shown to be a vector subspace of R™, its dimension given by the local
dimension of W at z. If ¢ is a local parametrization of W with z = ¢(¢),
then im¢’(£) defines the tangent space to W at z. The disjoint union
UweW T,W is called the tangent bundle of W; it can be given a manifold
structure, which is 2r-dimensional if W is r-dimensional. In particular,
the tangent space to R™ (or to an open set  C R™) at any point can
be canonically identified with R™ itself, and we may therefore write the
corresponding tangent bundles as R™ x R™ and €2 x R™, respectively.

A smooth mapping f : W — W induces at every z € W a linear
map df, : T,W — Tf(m)I;V called the differential. It can be defined as the
mapping which carries a vector v tangent at ¢ = 0 to a smooth curve ¢(t) on
W leaving z (i.e. a smooth curve such that ¢(t) € W for all ¢, with ¢(0) = z,
¢'(0) = v), to the vector (f o ¢)’(0), which is tangent to the curve f(é(t))
at t = 0; see e.g. [1, 6]. This notion does not depend on the particular
choice of the smooth curve ¢. The rank of a smooth mapping f : W — W
at x € W is then defined as the rank of the differential df,., that is, as the
dimension of the image space df;(T,W). It can be proved to be given by
the rank of the Jacobian matrix in any coordinate representation; with the
parametrizations used in the above definition of a smooth mapping, the
rank of f at x = ©(£) equals the rank of (3~ o f o )’(£).

A smooth map f : W — W is said to be an immersion at & € W
if the rank of f at x equals the local dimension of W at z; it is called
an immersion if it is an immersion at every x € W. An immersion f :
W — W that is a homeomorphism of W onto f(W) is called an embedding
of W in W. In particular, a local parametrization p:Q — Wis an
embedding of Q in W. Locally, if f: W — W is an immersion at z, then
there exists a neighborhood U of x such that f|y is an embedding of U
in W and a diffeomorphism of U onto f(U) (see Theorem 3.5.7 in [1] and
Theorem II1.4.12 in [27]). These notions will be the key to guaranteeing
that the reduction procedure discussed below preserves all the local dynamic
information of a given quasilinear DAE.

In Sections 3.1 and 3.2 we assumed at several points that the derivative
of the map ¢ defining explicit constraints (cf. (3.1) and (3.6)) has maximal
rank. A smooth mapping g : W — W is called a submersion at & € W if
the rank of g at = equals the local dimension of W at g(z), and it is called
a submersion if it is a submersion at every x € W. As it happens in the
DAEs (3.1) and (3.6), smooth manifolds will often be implicitly described in
terms of submersions. Actually this idea provides an alternative manifold
definition (cf. Definition 9.2 in [59]). The key remark in this regard is that
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a local r-dimensional parametrization of W C R™ exists around x € W if
and only if there is an open set U C R™ containing x and a submersion
g € C®(U,R™ ") such that WNU = {z € U / g(x) = 0}. This type
of local description will also be used in the general quasilinear setting of
Section 3.4, in particular with g(z) = H(x)f(x) in (3.23); see also Lemma
3.1. In this setting, the tangent space to W at x is defined by ker ¢’(z).

The submersion condition on g at a given z* verifying g(x*) = 0 yields,
via the implicit function theorem, a variable splitting * = (u,w) which
makes it possible to describe locally the set ¢ = 0 as w = ¥(u) for some
locally defined smooth map 1, thereby yielding a local parametrization of
the form u — (u, 1 (u)) of g = 0 around x*; here the choice of the variables
w is of course defined by a nonsingular derivative g, (z*). In particular,
the nonsingularity of g.(y*,2*) in the index one setting of Section 3.1 led
to the local description z = 9 (y) of the set W; in (3.4).

Immersions and submersions are particular instances of a subimmersion,
which in this finite-dimensional setting can be defined as a smooth map of
locally constant rank, cf. Definition 3.5.15 and Proposition 3.5.16(ii) in [1].
The subimmersion theorem, which can be understood as a geometric analog
of the rank theorem 78], states that if W and W are smooth manifolds with
dimensions 7 and s, and a given smooth mapping ¢ : W — W has constant
rank d on W, then for every y in g(W) the set g~!(y) is a submanifold of
W with dimension r — d (see e.g. Th. II1.5.8 in [27]). The result also holds
if g has constant rank on an open neighborhood of ¢g=*(y) (cf. Th. 3.5.17
in [1]). If g is a submersion (i.e. if d = s) then g~!(y) has dimension r — s;
in this maximal rank case, it is enough to require that the rank of g equals
s on the set g71(y), as stated for instance in Corollary II1.5.9 of [27]. We
already used this idea in the above-mentioned local implicit description of
a manifold as g=1(0), g : U — R™~" being a submersion defined on the m-
dimensional manifold U C R™. This result supports the manifold structure
of Wi in (3.4) under the assumption of nonsingularity on g., as well as that
of W3 in (3.10) under the maximal rank requirement (3.11).

3.4 Quasilinear DAEs: The geometric index

As already indicated in subsection 1.4.3, the semiexplicit problems (3.1)
and (3.6) considered in Sections 3.1 and 3.2 can be rewritten in the form

(50 ()-C)
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Writing (y, 2) = « and (h, g) = f, these equations can be seen as particular
instances of the autonomous quasilinear DAE

A(x)x’ = f(z), (3.13)

with A € C®°(Wy,R™*™), f € C(Wy,R™), Wy open in R™. The results
in this Section also hold if the smoothness requirement is reduced to C"
and, eventually, to C* if the index does not exceed v. The pair (A(z), f(z))
is sometimes called a generalized vector field [67, 68, 202, 203], and the
quasilinear DAE (3.13) will be often referred to simply as (A, f). We detail
in this Section a reduction procedure for general problems of the form
(3.13) which extends the ideas introduced in Sections 3.1 and 3.2. The
nonautonomous counterpart of (3.13) (namely, the DAE (3.70) on page
123) will be considered in subsection 3.4.7.

3.4.1 The framework of Rabier and Rheinboldt

Geometric methods for the reduction of nonlinear DAEs have been de-
veloped in the last two decades mainly by Rheinboldt [238, 239], Reich
[229, 230], and Rabier and Rheinboldt [220, 221, 228], among other au-
thors. We summarize in this subsection the global reduction method of
Rabier and Rheinboldt for quasilinear problems of the form (3.13), follow-
ing Chapter 4 of [228].

The attention will be focused on DAEs defined on an open submanifold
Wy of R™, although the results also hold if the problem domain is a lower-
dimensional submanifold of R™ as it is assumed in [228]. Note that any C!
solution to (3.13) must obviously lie on the set (cf. in particular (3.4) and
(3.9) above)

Wi ={xeWy/ f(z) €imA(x)}, (3.14)
which by certain global conditions will be guaranteed to be an r-dimensional
submanifold of Wj.

With this aim, define the map F : TWy ~ Wy x R™ — R™ as
F(xz,p) = A(z)p — f(), (3.15)
and let
Mo =F~(0) = {(z,p) € TWy / A(z)p — f(z) = 0}. (3.16)

Denoting by 7 : R™ x R™ — R™ the projection onto the first factor we have
Wy = n(Mp). Now, if a given mapping x(t) solves (3.13), then it follows
immediately from (3.16) that the pair (x(t), 2’ (¢)) must belong to M.
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The reduction method as discussed by Rabier and Rheinboldt then proceeds
through the following two assumptions.

(G1) A(x) has constant rank r; < m for all z € W;.
(G2) F(z,p) is a submersion on its zero set M.

As explained in Section 3.3, the submersion hypothesis G2 requires the
derivative F’ to have maximal rank m at every point of My. Assumption
22.1 in [228] is a slightly more general condition which, nevertheless, is
acknowledged by the authors to be checked in practice via the above-stated
submersion assumption.

Under these working conditions, the mapping |z, : Mo — Wi is proved
to have constant rank r; and also to be an open map, that is, to carry My
and open subsets of My to open subsets of W7. Via the subimmersion the-
orem, it follows that W7 = 7(Mp) is a smooth ri-dimensional submanifold
of Wpy; find details in Theorems 21.1 and 22.3 of [228].

A key remark at this stage is the following. Provided that x(t) is a
solution to (3.13), thereby lying entirely on Wi, the pair (z(t),2’(¢)) must
belong to the tangent bundle TW;. This means that /() must be tangent
not only to Wy but also to Wi itself. Hence, the pair (z(t),2’(t)) needs to
be in the intersection M; = TW; N My and, in particular, z(¢) must lie on
Wy = w(My). Letting Fy = F|pw,, we can describe M7 = TW7 N M, as
F1(0), whereas the set W5 reads

WQ = {x S W1 / f(x) S 1HlA(£C)|TTW1} (317)

Again, (3.17) can be checked to amount to (3.10) for the Hessenberg prob-
lem (3.6) considered in Section 3.2. If the analogs of assumptions G1 and
G2 hold when applied to Fy and A(x)|r,w,, W2 will be an ro-dimensional
manifold with ro = rkA(z)|r,w,, and the same reasoning can be performed
one step further.

This way, if the the above-mentioned working assumptions hold at every
step, the procedure yields two sequences of smooth manifolds which will
eventually stabilize, namely, My D My D ... D M, = M, 41 and

W()DWlD...D...DWVQWV+1:WV+2. (318)
The dimensions of the manifolds in (3.18) are given by the rank sequence
TO>T1>Te > .. >y =Tyl = Tyg2,

where ro stands for m. Under these conditions the pair (Wy, M) is said
to be completely reducible; Rabier and Rheinboldt then call the smallest
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integer v such that either M, = () or M, # 0 and r, = r,41 the geometric
indez of the quasilinear DAE (3.13).

The procedure involves v + 1 steps, although in the (v 4 1)—th one only
the constant rank condition r,41 = rk A(x)|p,w, = r, for € W, 41 needs
to be checked, as shown in Theorem 26.4 of [228]. In index v problems with
M, # 0, the manifold W, 1 turns out to be open in W,,. Always under the
above-stated working assumptions, this manifold comprises all the smooth
solutions of the DAE, which can be described in terms of a vector field
uniquely defined on W, 1. Details can be found in Theorems 23.2 and 24.1
of [228].

Via local parametrizations, solutions of index v DAESs can also be locally
described in terms of reduced equations. As detailed in Sects. 26 and 27 of
[228], if U is an open set such that W, N U admits a local parametrization
x = @(u) with domain Q@ C R™, and U is small enough as to guarantee
the existence of P € R™*™ yielding an isomorphism from im A(x)|r,w,_,
onto R™ for all z in W, N U, then x(¢) is proved to be a solution of (3.13)
lying on U if and only if z(t) € W,41 C W, for all t and u(t) = ¢~ (z(t))
is a solution of the reduced equation

A, (w)u' = f,(u) (3.19)
on ) C R™ with
Ay (u) = PA(p(u)¢ (u), fo(u)=Pf(p(u)). (3.20)

The leading matrix A, in (3.19) can be proved to be nonsingular along
solutions of the DAE, and actually on ¢~ '(W,,; N U). This makes it
possible to describe locally the solutions of the DAE via the state space
representation

u' = A (u) fu (u), (3.21)

on o 1 (W,41 NU) C Q. Equation (3.21) is a generalization of the local
state space descriptions (3.5) and (3.12).

Why a local approach?

The above-summarized framework provides a nice approach for the analysis
of quasilinear DAEs when the global assumptions G1 and G2 on page 95
hold at every reduction step. But its obvious limitation is the exclusion of
DAEs for which these assumptions are not met. Consider for example a
situation in which the constant rank assumption in G1 does not hold (not
even locally) around a given «* € W; (cf. for instance (4.35) or (4.63) on
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pages 167 and 186, respectively). In this case W7 may not admit locally a
manifold structure, and thereby T,«W; need not be well-defined. In turn
this rules out the definition of M7, W5, and so on.

This is actually a non-trivial, two-fold problem. First, restating the
working conditions and the construction in a local manner will make it
possible, by means of the concept of a regular point, to characterize the
so-called regular set where a complete reduction is actually feasible, possi-
bly with different dimensions and indices in different components. In the
terms detailed in subsections 3.4.2 - 3.4.4, and disregarding for the moment
minor differences, behind the approach of Rabier and Rheinboldt is the re-
quirement that all points on W; are O-regular (see Definition 3.2 below). In
the forthcoming framework, even if W; does not have a manifold structure,
the regular part W;°® will be indeed a smooth manifold (cf. Proposition
3.2, p. 109). The same will happen in later steps, thus allowing to rename
the above-mentioned regular set the reqular manifold of the DAE, which is
well-defined for any quasilinear problem. The concepts of a locally reqular
DAE and its solution manifold follow naturally, as detailed in subsection
3.4.4.

The second aspect of this problem concerns the points where the (so
far vague) regularity notion fails; these singular problems will be tackled
in Chapter 4. In the above-sketched situation in which the constant rank
assumption fails locally around a given z* € Wy, this point would be called
an inner singularity; see the example (4.63) discussed in 4.4.6.3. These
singular points cannot be accommodated in the framework of Rabier and
Rheinboldt; the singular phenomena discussed in [228] (see specifically p.
353) amount to what may be called “last-step singularities”, which do not
affect the validity of the reduction procedure. In terms of the reduced
equation (3.19), A, (u) will not be invertible on Q — =1 (W, 1 NU) and
therefore (3.19) will be in general a quasilinear ODE with singularities, but
the reduction procedure was assumed to be feasible up to step v. A more
general setting will be discussed in Chapter 4.

3.4.2 Index zero and index one points

The present subsection, together with 3.4.3, introduces a local reduction
procedure that overcomes the limitations discussed at the end of 3.4.1.
Readers without a previous background on this topic might profit from
taking a look at the examples in subsection 3.4.6 before or in parallel to
reading this construction.
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3.4.2.1 Index zero points

Definition 3.1. A point z* € Wy is called regular with geometric index
zero for the DAE (3.13) if A(z*) € R™*™ is a nonsingular matrix.
The set of regular points with index zero will be denoted by Windo,

We use hereafter the expression ‘index zero point’ (and later on ‘index v
point’) for regular points with index zero (resp. with index v). Note that we
are often omitting the label ‘geometric’ for the index within this Chapter.

The set W0 if nonempty, is immediately seen by the condition
det A(z) # 0 to be an open submanifold of Wy. The behavior on this
submanifold trivially amounts to that of the explicit ODE

o =AY (x)f(x), x € WO,

3.4.2.2 Index one points

As already remarked in 3.4.1, an obvious necessary condition for a C*!
solution of (3.13) to pass through a given point is that it belongs to the
set Wi = {z € Wy / f(z) € imA(z)} defined in (3.14). This set plays a
key role in the analysis of points which are not index zero, as detailed in
the sequel. Specifically, the below-defined subset W;°® C W; of so-called
O-regular points captures the algebraic requirements which yield a smooth
manifold structure, supporting not only the local reduction of Theorem 3.1
but also the notion of an index one point (see Definition 3.3 on p. 102) and
the analysis of higher index problems undertaken in 3.4.3. Recall that the
map F: Wy x R™ — R™ was defined in (3.15) as F(z,p) = A(x)p — f(z).

Definition 3.2. A point z* € W) is said to be 0-regular for the DAE (3.13)
if #* € W; and the following two conditions hold:

(R1) A(z) has constant rank r1 < m on some neighborhood of z*.
(R2) F is a submersion at (z*, p*), for some p* satisfying A(z*)p* = f(z*).

The set of 0-regular points will be denoted by W;.

By construction W;°® is open in W; and therefore the sets W[ and
W1 coincide locally around any O-regular point. More precisely, for all
x* € W[ there exist a neighborhood U of z* such that W{**NU = Wy NU.
Henceforth we will abbreviate this kind of relation as

W& = W, (3.22)

Further relations between Wy, W40 1} and W;*® can be found in 3.4.4.
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The constant rank condition in R1 above is a local version of G1 on page
95, with the slightly stronger requirement that the rank is constant within a
whole neighborhood (say Up) of 2* in Wp. Note that a local rank deficiency
in A along W7 seems to be unlikely to occur except in incidental examples.
If this locally constant rank ry verifies 7y < m, then there will exist another
open neighborhood Uo € UyNU of z* and a smooth matrix-valued map
He COO(U'O,R(’"’”)X’") such that

ker H(z) = im A(z) Yz € Uy,

see e.g. Proposition 3.4.18(ii) in [1] or Lemma 22.1 in [228]. Note that
ker H(z) = im A(x) yields of course H(z)A(z) = 0 but also the maximal
rank condition rk H(z) = m —r1 on Uy. Now v € im A(z) & H(x)v = 0 for
x € Uy, allowing for the following local implicit description of W & = 1¥/;:

WieNUy =W, NUy = {z €U/ H(z)f(x) = 0}. (3.23)

The submersion condition R2 requires rk F'(x*,p*) = m. This is a
key hypothesis because it characterizes the situations in which the product
H(x)f(x) is a submersion, as shown in Lemma 3.1 below; in this setting
the implicit description (3.23) will lead to a local parametrization of the
set W8 2 W, guaranteeing a local smooth structure on it and thereby
paving the way for the local reduction discussed in Theorem 3.1. Lemma
3.1 also shows that, under assumption R1, the submersion condition in R2
does not depend on the specific choice of p* such that A(z*)p* = f(z*);
this means that R2 is an exact local version of G2 on page 95.

Lemma 3.1. Let x* € Wy. Assume that A(z) has constant rank 1, with
0 < r1 < m, on some open neighborhood Uy of z*, and let the matriz-valued

map H € C®(Up, RU=0X™) yerify ker H(x) = im A(z) Yo € Uy C Up.

Then the following two statements are equivalent:

(i) H(z)f(x) is a submersion at x*;

(ii) F(z,p) is a submersion at (z*,p*) for some (hence any) p* satisfying
Ayt = Fla).

Proof. We will denote (H f)'(z*)- = (H'(z*)-) f(z*) + H(z*) f'(«*)- and,

with notational abuse, the Jacobian matrix F'(z*, p*) will be written as

((A'(@"))p" = f'(=") - A(x7)),

in order to denote F'(z*,p*)(v1,v2) = (A'(z*)v1)p* — f'(z*)v1 + A(z*)vs.
Assume that (i) holds, that is, tk (H f)'(z*) = m — r1, and suppose

that for some p* satisfying A(z*)p* = f(z*) the submersion condition on
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F(x*,p*) fails, i.e., that rk F'(z*,p*) < m. This would mean that there
exists a non-vanishing v € R™ ~ R™>! such that v F’(z*,p*) = 0, namely
oA (@) )p" = f(z")] =0 (3.24a)
vTA(z*) = 0. (3.24b)
From the latter and the definition of H, v' can be written as w' H(z*) for
some non-vanishing w € R™~". Equation (3.24a) then reads
w' H (2*)[(A'(z*))p* — f'(a*)] = 0. (3.25)
Due to the relation H(z*)A'(z*)- = —(H'(z*)-)A(z*) following from
H(z)A(z) = 0, (3.25) reads w'[—(H'(z*)-)A(z")p* — H(a")f'(z*)] = 0;
in turn, this can be written as —w'[(H'(z*)) f(z*) + H(z*)f'(x*)-] = 0,
against the maximal rank condition on (H f)'(z*). This shows that, if (i)
is met, then (ii) holds for any p* as long as it satisfies A(z*)p* = f(z*).
Let now the statement (ii) hold for some p* satisfying A(z*)p* = f(z*).
The product H(xz*)F’(z*,p*) must then have maximal rank, that is,
tk ( H(z*)((A'(z*))p* — f'(z*):) 0)=m—rq, and then
rk (—(H' (%) )A(2z")p" — H(a") f' ("))
=tk (=(H'(z"))f(z") = H(z")f'(27):) = m — 1,
so that rk (H f)'(z*) = m — r1, which is the submersion condition in (i).
Note finally that, as shown above, when (i) holds, (ii) holds for any p*

verifying A(z*)p* = f(«*). This proves that the submersion condition on
F at (z*,p*) does not depend on the specific choice of p*. O

Theorem 3.1. Let x* € Wy be a 0-regular point for (3.13), and denote by
r1 the locally constant rank of A(x) around x*. If r1 > 0, then there exists
an open neighborhood Uy C Wy C R™ of x* such that

(i) Wi*®NUy = W1NUy admits a smooth 71 -dimensional parametrization
x = p1(&) with surjective p1 : Q1 — W{® N Uy;

(i) there exists a C°° matriz-valued mapping Py : Uy — R™*™ werifying
that Py (x) |imA(w) is an isomorphism im A(x) — R"™ for all x € Uy.

For any such 1, P1, x(t) is a solution of (8.13) within Uy if and only if
z(t) € W8 Z W,y for all t and £(t) = o7 (2(t)) is a solution of
Ai1(€)E = f1(€), £€ U CR™ (3.26)
with
A1(&) = Pa(e1(€)Alp1 ()1 (€) (3:27a)
f1(€) = Pr(e1(€) f(e1(£))- (3.27b)
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Proof. Choose Uy small enough as to guarantee the coincidence on it
of Wi and Wi®® pointed out in (3.22), as well as the existence of the
parametrization 1 in (i) which follows from the local conditions supporting
the notion of a O-regular point together with Lemma 3.1, and the existence
of P;(x) in (ii) which is due to the vector bundle structure locally associated
with im A(z) (cf. Proposition 3.4.18(ii) in [1] and Lemma 22.1 in [228]).

Now, assume that z(t) solves (3.13) with z(t) € Up for all ¢. Since
2’ (t) solves pointwise the linear system A(z(t))p = f(z(t)), it must be
x(t) € Wy = W8 for all t. Therefore &(t) = ¢ *(x(t)) is well-defined.
Writing z(t) = p1(£(t)), /() = ¢1(£(¢))E (t), and premultiplying (3.13) by
Pi(1(&(t))) we get that (3.26) holds.

Conversely, the assumption that £(¢) solves (3.26) reads, in the light of
(3.27),

Pr(p1(€(0))) A1 (§(0)))1 ()€ (1) = Prea(§(1)))f (e1(8(1))).  (3.28)

Note that ¢1(£(t)) = z(t) € W1 and then f(p1(£(¢))) € im A(p1(€(1))).
Since P; yields an isomorphism when restricted to im A, (3.28) leads to

A1 (€)1 (€)E' (1) = fer(€(1))),
showing that z(f) = ¢1(£(t)) solves (3.13); obviously z(t) € Up since o1
maps onto Wy N Uy. a

Theorem 3.1 holds trivially if 71 = m, that is, in an index zero setting,
although in this case the result is only needed for later conmsistency; in
this situation, (3.27) actually yields a form of local equivalence which will
examined in detail in subsection 3.4.5.

Equation (3.26), as well as the pair (A1, f1), will be called a one-step
local reduction or, sometimes, simply a local reduction of (3.13), whereas
(P1, 1) will be termed a reduction pair. Allowing the mapping P; to be
non-constant (in contrast to [228]) may simplify the reduced equations; see
for instance example (4.61) on p. 185. Additional remarks on the reduction
operator P; can be found in 3.4.5.3 below.

Just for the sake of completeness, if * is 0-regular with r; = 0 we may
think of a local reduction simply as the algebraic problem f(p1(£)) = 0
defined from a trivial map ¢ : {{*} — {2*} (cf. Remark 3.3).

Remark 3.1. According to Lemma 3.1, the “reduced” variables ¢ in item
(i) of Theorem 3.1 can be taken as a subset of the original variables x, by a
straightforward application of the implicit function theorem to H (z) f(x) =
0. This particular choice is not necessary for the validity of the reduction,
but will be important from the modeling point of view e.g. in Chapter 6.
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Definition 3.3. A point =* € Wy is called regular with geometric index
one for (3.13)

(a) either if it is O-regular with m > r; > 0 and A;(£*) is nonsingular for
some (hence any) reduction pair (Py, ¢1) satisfying z* = ¢ (£*);
(b) or if it is O-regular with r; = 0.

The set of index one points will be denoted by Wird!,

The independence of the specific choice of the reduction pair will be
proved in broader generality in Theorem 3.3 (cf. subsection 3.4.5, p. 112).

In the index one setting described by item (a) of Definition 3.3, the
reduction (3.26) can be rewritten as a explicit ODE on some neighborhood
of £*, possibly smaller than ;. This will be stated in more generality in
Theorem 3.2.

Remark 3.2. If z* is O-regular with m > r; > 0, the index one condition
may be equivalently formulated as the requirement that &* = ¢~ !(z*) is
an index zero point for the local reduction (3.26).

Remark 3.3. The cases accommodated in item (b), in which the rank r; of
A(x) verifies 71 = 0 locally around z*, correspond to DAEs in which A(x)
vanishes on some neighborhood of x*. The problem then amounts locally
to the algebraic one f(z) = 0. The 0-regularity requirement yields in this
situation the conditions f(z*) = 0, rk f'(2*) = m; these index one points
are therefore isolated, and can be understood as equilibrium solutions of the
DAE. Most problems of interest correspond of course to cases with r; > 0.

The index one condition may be checked without actually computing a
parametrization of W7, as detailed below.

Proposition 3.1. A point z* € W is reqular with index one for (3.13) if
A(x) has constant rank r1 around x*, 0 < r1 < m, and the matriz

Pl(w*)A(w*))
3.29
i 7ins (3:29)
is nonsingular, with Py and H given by Theorem 3.1 and Lemma 3.1, re-
spectively.

Proof. Note first that z* is O-regular because of Lemma 3.1 and the
maximal rank condition on (H f)’(«*) which follows from the nonsingularity
of (3.29). The latter is equivalent to ker Py (z*)A(z*)Nker (H f)'(z*) = {0}.
In addition, ker (H f) (z*) = Ty W8 because W[°® = W, is locally defined
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by the condition H(x)f(x) = 0, as depicted in (3.23). We may hence
restate the nonsingularity of (3.29) as ker Py (z*)A(z*) N T« W;*® = {0}.
This implies that

rk Py (%) A(2")| 7, . wres =71,

The result then follows from the fact that this maximal rank condi-
tion is equivalent to the nonsingularity of the r; x r matrix A;(*) =
Pi(01(€%)A(p1(£%))p}(€%) since, for any local parametrization ¢;(€) of
Wi = W, with 2 = @1 (€%), it is im @} (%) = Ty- WS, 0

3.4.3 Higher index points
3.4.3.1 Index two points

The expert reader may directly jump to 3.4.3.2, which comprises as a par-
ticular case the index two setting here considered. The present discussion
is intended to glance at the recursion process which supports the geomet-
ric index concept. Being deliberately vague, our aim is to introduce an
index two notion in a way such that the point z* is index two for (3.13) if
¢ = o7 H(x*) is index one for the one-step reduction (3.26).

In order to make this idea precise, let x* € W be a 0-regular point with
m > r; > 0, assume for the moment A;(£*) in (3.26) to be singular, and
define

Vo ={€€ i / fi(€) € mAI(E)} S TR (3.30)

This set can be seen as a local coordinate description of the below-defined
set Wy. Let us elaborate. In the setting of Rabier and Rheinboldt discussed
in subsection 3.4.1, the manifold structure on Wj given by assumptions G1
and G2 made the tangent space T,W; (and thereby W in (3.17)) well-
defined. Instead, we now make use of the manifold structure on the set of
O-regular points which follows from item (i) of Theorem 3.1 (see Proposition
3.2 in subsection 3.4.4 for a more detailed discussion) to define

W = {o € Wi / f(x) € im A(w)|g,wees} W C Wi, (3.31)

where it is worth emphasizing the identity T, W;°® = T,W; following at
O-regular points from (3.22). The precise relation between V, and Ws is

W2 NUo = ¢1(V2), (3.32)

where Uy is defined in Theorem 3.1. Indeed, since ¢y is a local parametriza-
tion of the set ereg = W1 and P; is an isomorphism when restricted to
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im A, the condition f1(£) € im A;(§) is easily proved to be equivalent to
f(x) € im A(2)|g, wres for z = ¢1(€), and (3.32) follows.

The set V5 and the reduced equation (3.26) make it possible to extend
the above-introduced notions in a straightforward manner, via the replace-
ment of Wy and Wy in 3.4.2.2 by €y and V&, respectively. Indeed, if £* is a
O-regular point for (3.26), then z* = ¢1(£*) will be called a I-regular point
of the original DAE (3.13); denote by W,°® the set of 1-regular points. This
requirement expresses not only that £* € V4 (and then z* € W), but also
that the analogs of the regularity conditions R1 and R2 in Definition 3.2
hold in the second reduction step, namely:

(R1’) A1(¢) has constant rank ro < r; around £*; and
(R2) Fi(&,p) = A1(&)p — f1(€) is a submersion at (£*,p*) for some p*
satisfying 41 (£*)p* — f1(§*) = 0.

Note that, if ro = r1, A1(£*) would be nonsingular; the point z* would be
index one and the discussion makes sense but becomes largely unnecessary.
In any case, if 79 > 0 there will exist an open neighborhood U; C € of &*
accommodating both an rs-dimensional local parametrization pg : Qy —
Vo MUy of Vo and a matrix-valued map Py € C*°(Uy, R™*™) which makes
Py(¢) ‘imAl(f) an isomorphism im A;(¢) — R™ for all £ € U;. The reader
can also check that ¢; o 2 defines a local parametrization of W;eg B Wo
near z*.
This way we arrive at a reduction of (3.26) defined by

A ()7 = fa(), 7 € Q2 CR™, (3.33)
where v stands for the variables within s, so that £ = ¢2(y), and

Az(7y) = Pa(w2(7))A1(w2(7))pa(7) (3.34a)
f2(7) = Pa(p2(7)) f1(p2(7)). (3.34b)

Equation (3.33) can be seen as a two-step local reduction of (3.13). Now,
setting v* = (1 0 p2) "1 (z*), 2* is said to be regular with geometric index
two if m > 11 > ro > 0 and As(v*) is nonsingular, or else if m > ry > rq =
0. Note that this is equivalent to requiring that £* = gpl_l(x*) be index one
for the first reduction A;(§)§’ = f1(§) derived in (3.26), provided that z*
is O-regular with m > ry > 0. If 2* is not index two (neither one nor zero),
then the procedure is suitable for assessment one step further. The general
case is described below.
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3.4.3.2 Index v points

The idea above can be generalized as follows in order to yield a recursive
definition of a k-regular point and thereby support a general index notion.
To begin with, assume that we are given the set W,.°%, open in W, for
some k > 1: see specifically (3.14) and Definition 3.2 for £k = 1. Let
(P1,01),-..,(Px, k) be a sequence of reduction pairs in which, for ¢ > 3,
; and P; extend in the natural way the cases i = 1, 2 detailed in Theorem
3.1 and p. 104, respectively. Points in W,® are (k — 1)-regular and, via the
sequence above, admit a local reduction of the form

Ap(Q)C = fr(Q), €€ Qe CR™, (3.35)

cf. (3.26) and (3.33) for k = 1 and k = 2. Here we are implicitly assuming
that the locally constant rank ri of Ag_1 (or that of A if k = 1) is not null;
item (b) in Definition 3.4 below accommodates the case 1, = 0. Define

Wig1 ={z e W,*8 / f(z) € imA(x)|TmW;eg} CW, ™ C W, (3.36)
or, in local coordinates,
Virr ={C € Qi / fi(C) € im A(()} € Qi CR™, (3.37)

which yields a local description of Wy11 as ¢1 0+ 0 @r(Vig1).
From the notion of a 0-regular point introduced in Definition 3.2, we
may then define recursively a k-regular point as follows.

Definition 3.4. A point z* € W) is said to be k-regular, k > 1, for the
DAE (3.13)

a) either if it is (k — 1)-regular with r;, > 0 and (* = (@1 0---0 )~ (x*)
is O-regular for the k-th reduction (3.35);
b) or if it is (k — 1)-regular with r; = 0.

The set of k-regular points will be denoted by W, .

If ri, > 0, the O-regularity of ¢* implies that (* € Vi11 by (3.37) and then
x* € W41, and also that the analogs of R1” and R2’ stated for £ = 1 on
page 104 hold; in particular, A(¢) will have constant rank ryy; around
¢*, with 7, > rp+1 > 0. It is worth mentioning at this point that the rank
Ti41 of Ag(C) can be checked by construction to equal that of A(z)|r, e,
with = @1 0--- 0 r((). Under the condition ry = 0 stated in (b) we set
rk+1 = 0 and understand that the corresponding isolated points of W,
automatically belong to Wiy (cf. Remark 3.3).
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Locally around a k-regular point for which ri41 > 0, a reduction pair
(Pg+1, @i+1) is well-defined and yields a reduction

Apr1(mn’ = frr1(m), 1€ Quyr CR™H (3.38)

with
Ar1(n) = Pryr (0r41 (1) A (0r41 (1) hq1 (m) (3.39a)
Fe1(n) = Py (r+1(m) fr(@r+1(n))- (3.39b)

The above concept of a k-regular point together with this construction
supports the following definition.

Definition 3.5. A point x* € Wy is called regular with geometric index v,
v > 1, for (3.13)

(a) either if it is (v — 1)-regular with m >y > r9 > ... > r, > 0, and the
matrix A, (u*) is nonsingular, for some (hence any) reduction sequence
(P, ¢1)s .-, (Py, ) satisfying x* = @1 0+ 0 ¢, (u*);

(b) orif it is (v — 1)-regular with m >r; > ... >r, =0.

The set of index v points will be denoted by Wind¥,

A point will be said to be regular if it is regular with any index > 0;
recall Definition 3.1 on page 98 for the index zero case. It is clear from
the decreasing rank sequences in this Definition that, in an m-dimensional
problem, the index cannot exceed m.

Theorem 3.3 and Proposition 3.4 will show that the above-introduced
concepts are consistently defined; namely, they do not depend on the choice
of the reduction operators and are invariant with respect to the local equiv-
alence relation introduced in Definition 3.6.

Remark 3.4. Equivalently, stemming from the index one notion in Defini-
tion 3.3, * can be recursively defined as index v > 2 if it is O-regular with
m >r; >0, and £ = @7 (z*) is index v — 1 for the one-step reduction
A1 (€)' = f1(€) depicted in (3.26).

Actually, according to Definition 3.5, =* is index v > 2 for the original
DAE (3.13) if and only if for some (hence any) k verifying 1 <k <v —1
the point * is (k — 1)-regular with r, > 0 and (* = (1 0---0 @)~ (z*) is
index v — k for the k-th reduction Ax(¢)¢" = fr(¢) in (3.35). This reflects
the fact that the DAE reduction conveys an index reduction process.

As a cautionary remark, note that we use the symbols v and r; for
the geometric index and the ranks of the matrices A; for the quasilinear
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DAE (3.13), as we did in the linear time-varying context of Chapter 2
for the tractability index and the ranks of the G; matrices, respectively.
Mind the fact that both constructions are directed to different types of
DAEs and therefore these magnitudes cannot be compared in the current
setting; the general characterization of their relation, for instance when
applying reduction methods to linear DAEs or projector-based methods to
quasilinear problems, is an open problem. With this prevention, we may
call the ranks r; of the matrices A; the (geometric) characteristic values of
a regular point of the quasilinear DAE (3.13).

It is also worth emphasizing that Remark 3.3 (p. 102) holds, with the
obvious modifications, under item (b) of Definition 3.5, which yields iso-
lated index v points; this will be for instance the case of the origin for the
DAE (3.66) considered in 3.4.6.3, which is an index three isolated point.
Excluding these situations, the recursive definition of Remark 3.4 can be
easily modified to stem from the index zero notion in Definition 3.1; cf. in
this direction Remark 3.2.

Solutions of the original DAE (3.13) near a given (v — 1)-regular point
with 7, > 0 are mapped bijectively into those of the local reduction
A, (u)u’ = f,(u), as stated in Theorem 3.2 below. In particular, under
an index v assumption an explicit ODE reduction is possible and thereby
local unique solvability properties follow from the corresponding theory for
explicit ODEs (see e.g. [3, 110, 123, 127]).

In the statement of the following result, U denotes a neighborhood of
a* for which the identity W€ NU = @1 0---0¢,(,) holds; if v = 1 we
may take U = Uy, the latter given by Theorem 3.1.

Theorem 3.2. Assume that v* € Wy is a (v — 1)-regular point for (3.13)
with r, >0, v > 1, and let

Ay (' = f,(u), ueQ, CR™ (3.40)

be a v-th step reduction of (3.13), given by a sequence of reduction pairs
(P1,01),...,(P,,,), on a neighborhood €, of u* = (g1 0---0¢,) (z*).
Then x(t) is a solution of (3.13) within U if and only if x(t) € W = W,
for all t and u(t) = (p10---0p,) " (x(t)) solves (3.40).

Moreover, if x* is index v, then the matrix A,(u) is nonsingular on
some neighborhood of u* within Q,, and on this neighborhood the reduction
(3.40) can be rewritten in the explicit form

u' = A (u) fo(u). (3.41)
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The proof of Theorem 3.2 can be derived in a straightforward manner from
the repeated application of Theorem 3.1 and is therefore omitted. For the
local coincidence of W} and W, the reader is referred to subsection 3.4.4.

Equation (3.41) is a local state space description of the DAE behavior
which generalizes the ones given for semiexplicit index one DAEs and Hes-
senberg index two problems in (3.5) and (3.12), respectively. Of course,
different reduction pairs will yield different state space descriptions, al-
though all of them will be equivalent in the sense specified in Theorem 3.4
(p. 116). As we did in Remark 3.1 we also emphasize that, as a byprod-
uct of the reduction procedure, u in the state space equation (3.41) can be
taken as a subset of the original problem variables.

Finally, according to the recursive definition of Ay and fi (see (3.39)),
A, (u) is easily shown to read

P, (pu(u))---Pi(p10---0p,(u)A(pro---op,(u))(p10---0p,) (u)

and, similarly,

fo(u) = P(pu(u))--- Pr(pro---opu(u)) f(pr o0 (u),

where it is worth clarifying the meaning of the involved operators; the
composition

p=p10--0p, (3.42)

is actually a local parametrization of W& 2 W, mapping €, C R™ onto
wiee NU =W, NU, whereas the product

P,((pro--0p, 1) " (@)Pr1((pro--0py2) " (x))- - Pi(x)

can be checked to yield an isomorphism from im A(z)|r, e onto R"™.
This makes it clear that the reduction procedure naturally provides a step-
by-step construction of the operators depicted in (3.20). Note that here the
matrix-valued maps Py are allowed to be non-constant.

3.4.4 Manifold sequences and locally regular DAEs

The sets of k-regular points and index v points define smooth manifolds

which are interrelated in the way stated below. For notational consistency,
write Ag = A, W, = W.
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Proposition 3.2. The sets Wy, W;°® and W% introduced in (5.14),
(3.36) and Definitions 3.1 - 3.5 verify the following.

(i) If nonempty, the set W,.°® is, for k > 1, a smooth submanifold of Wj.
(ii) The set W,.°® is open in Wi, C W,.°%, for any k > 1.
(iil) If nonempty, W4 is an open submanifold of W, for 0 <k <m.

The manifold W40 js m-dimensional. For k > 1, the local dimensions of
W8 (and thereby of W for 1 < k < m) are given by the locally constant
values i of the rank of A(x)|r,wres or, equivalently, of the matriz Ay,
coming, if k > 1, from any reduction sequence (Py,¢1), ..., (Pr—1,Pk-1)-

Proof. For item (i), it is enough to observe that ¢q o - - o py yields a
local parametrization of W, ® with a domain Q) which is open in R"*; this
means that W,;°® (and eventually W4k according to (iii)) has a smooth
manifold structure with local dimensions given by the ranks 7.

In turn, (ii) is an easy consequence of Definitions 3.2 and 3.4, whereas
(iil) follows also in a simple manner from Definitions 3.1, 3.3 and 3.5. O

In light of this result the manifold sequence (3.18) can be replaced by
Wo D Wi D W, D ... D W, (3.43)
The manifolds in this sequence are well-defined for any quasilinear DAE.
Note that W, is actually defined for any k € N; nevertheless, since the
DAE (3.13) is defined on an open submanifold of R™, one can check that
W% = W for any k > m. Recall that in an m-dimensional problem the
index cannot exceed m.

Near an index v point z*, the nonsingularity of A, (u*) (with the nota-
tion of Theorem 3.2) implies that W2 = W, = W, . This means that,

1%
locally around an index v point, the above sequence stabilizes as follows:

Wo D Wi 5 ... D Wres = W = windv, (3.44)

the local dimensions being given by the corresponding rank sequence
To>TL>Te > . > T, =Ty, (3.45)
with 79 = m, r1 =tk A(z) and 7, = tk Ag_1((p10- - 0pr—1)"(z)) if k > 2.
For later purposes it will useful to include the sets Wj within the se-
quence (3.43). This yields

WoDWi DWW DWo D W, D ... D W, D W)ee, (3.46)
which locally stabilizes, around index v points, in the form

Wo D Wi DW %D ... OW, = Wi =W, =W =Wy (347)

v
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3.4.4.1 Regular manifold, solution manifold, and locally reqular DAFEs

The notion of a regular point following Definition 3.5 supports defining as
the regular manifold of (3.13) the set

Wwres — WindO U Windl U...uU Windm’ (348)
which, by the local stabilization property depicted in (3.47), verifies
WreE = () W8 = Wyee. (3.49)
k>1

The information about the index is however hidden in (3.49) and therefore
we prefer describing W™ in the form (3.48). A vector field and a flow are
defined by the DAE on the regular manifold, which is well-defined for any
quasilinear problem (although it might be empty, as it happens e.g. for the
DAE 0 = 1). We avoid using the term ‘solution manifold’ in this general
context since certain singular points may accommodate smooth solutions,
as discussed in Chapter 4.

Additionally, the DAE (3.13) will be said to be locally regular if, for
k=1, ..., m,

(a) Wi = W, % and
(b) Wy is closed in Wy_1.

Under item (a), and in particular for locally regular DAEs, we may
properly refer to (3.48) as the solution manifold. It may be composed of
several components with different dimensions and indices. A locally regular
DAE for which all regular points have the same index, that is, for which
Wree = Windv  will be said to be locally reqular with geometric index v.
Note that even in this context the solution manifold might have different
local dimensions, since the rank sequence (3.45) need not be the same at
different points. We reserve the term reqular DAE with geometric index v
for locally regular problems displaying the same rank sequence (3.45) (and
hence having the same index v) at all regular points. The term index v DAE
will also be used for the latter, e.g. for semiexplicit index one equations.

The meaning of items (a) and (b) will become clearer in Chapter 4,
where they will be shown to rule out inner and boundary singularities,
respectively. For the moment, let us mention that they imply in particular
that the regular manifold W' is closed in Wy, and that the requirement
depicted in (b) prevents for instance the DAE

xx' =1, x € Wy =R,
from being labeled as regular, since W7 = R — {0} is not closed in Wy = R.
Note that (a) holds since Wy = W{*® =R — {0} = W), = W,°® for k > 2.
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3.4.4.2 Manifold sequences within different reduction approaches

Disregarding technical differences, which concern e.g. the nature of constant
rank conditions or the Py operators allowed in the reduction, the DAEs
accommodated in the framework or Rabier and Rheinboldt (cf. subsection
3.4.1) are those for which

Wo D Wi = ereg O...OW, = W;eg D) Wu+1 = W;j_gl = Wy+2. (350)
This sequence displays two major differences with (3.46) and (3.47). The
first one stems from the global nature of assumptions G1 and G2 (p. 95) in
the framework of Rabier and Rheinboldt, which somehow force all points
to stabilize at the same reduction step, in contrast to the local approach
supporting (3.47). The second difference relies on the identities Wj, = W;®
for k = 1,...,v in (3.50), which express the requirement that, for any k,
all points in W, must be (k — 1)-regular. This excludes from the approach
of [228] singular points affecting the validity of the reduction procedure,
which by contrast can be tackled within the framework here introduced;
find details in Chapter 4 (Section 4.4).

Note that the reduction method of Rabier and Rheinboldt do include
some singularities, namely, impasse points arising in the last reduction step
(cf. again Chapter 4): mind the relation W' O W, in (3.50). In this
regard it is worth clarifying that, in the working setting of Rabier and
Rheinboldt, the geometric index notion introduced in Definition 3.5 above
would label as regular points with index v only those belonging to W, 41,
which is open in W, and therefore locally coincident with it. The index
concept as defined by Rabier and Rheinboldt applies to the whole of W,
and therefore includes last-step impasse points, but rules out the existence
of other singularities, which in practice may well arise in the last step. Our
point of view links the index with the existence of local explicit descriptions
such as (3.41) and with the solvability results supported on them.

Other approaches, in particular the one proposed by Reich [229], assume
that the index conditions hold globally and exclude singularities at all; in
the present terms, this working setting would be characterized by a manifold
sequence of the form

WoD Wy =W D> ...0W, =W =W,;. (3.51)

3.4.5 Local equivalence

Within the reduction procedure described in subsections 3.4.2-3.4.3, we
used at several points the reduction pairs (P, k) in order to introduce
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different notions, notably that of the index in Definition 3.5. We prove
here that the index concept, as well as other related ones such as that of
a k-regular point in Definition 3.4, are actually independent of the specific
choice of reduction operators, thereby supporting the “hence any” assertion
in Definitions 3.3 and 3.5.

To achieve this goal, we make use of the local equivalence relation for
quasilinear DAEs depicted below [67, 229, 247]. This equivalence notion
arises in a natural way from the relation between two one-step local reduc-
tions of a given DAE; see specifically the second statement in Proposition
3.3. This connection between the equivalence notion and reduction opera-
tors will be further explored at the end of this subsection (cf. 3.4.5.3). As
shown in 3.4.5.1, the above-mentioned index and k-regularity notions will
turn out to be invariant with respect to this equivalence relation, which
will be additionally shown in 3.4.5.2 to amount to C°*°-conjugacy for index
zero cases, that is, for explicit ODEs. This will clarify the precise relation
between different local state space descriptions of the DAE.

Definition 3.6. Two quasilinear DAEs A(z)2’ = f(z), B(y)y = g(y)
defined on W&, W} open in R™, will be said to be C>-equivalent locally
around z*, y* if there exist open neighborhoods U, C Wé’ of y*, U, C Wy
of z*, a C*-diffeomorphism ¢ : U, — U, with ¢(y*) = z*, and a C*
nonsingular matrix-valued mapping E : U, — R™*" such that

B(y) = E(y)A(o(y))¢' (y) (3.52a)
9(y) = E(y) f(é(y)) (3.52b)

for all y € Us.

It is left as an exercise for the reader to check that this is actually an
equivalence relation. Equation (3.52b) yields a contact equivalence between
fand ¢ [100, 200]. Note that, for the equivalence of the quasilinear systems,
the pair (F, ¢) is required to link additionally A and B through (3.52a).

3.4.5.1 Theindex: Independence of reduction pairs and invariance

Theorem 3.3. The notion of an index v point introduced in Definition 3.5
does not depend on the choice of the reduction pairs (P1,¢1),-..,(Py, o).

Moreover, this motion is invariant with respect to the local equivalence
relation of Definition 3.6; namely, x* is reqular with index v for (A, f) if
and only if y* = ¢~ (x*) is so for the locally equivalent DAE (B, g).
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The proof of this result will be derived from Lemma 3.2 and Propositions
3.3 and 3.4.

In Lemma 3.2 below we denote Wi = {z € W§ / f(z) € im A(z)}
and W} = {y € W} / g(y) € imB(y)} whereas, similarly, W;"™® and
WP stand for O-regular points of (A, f) and (B,g), respectively. We
additionally set F,(z,p) = A(z)p — f(x) and Fy(y, q) = B(y)q — g(y).

Lemma 3.2. Let A(z)x’ = f(z), B(y)y' = g(y) be C®-equivalent locally
around x*, y* via the relations depicted in Definition 3.6. Then:

(i) WiNUs = ¢(WP N 1y).

(i) tk B(y) =k A(p(y)) for ally € Up.

(iii) If A, B have constant rank r1 around x* € W, y* € W}, respectively,
and p*, ¢* are such that A(z*)p* — f(z*) = 0, B(y*)¢* — g(y*) =0,
then F, is a submersion at (z*,p*) if and only if so it Fy, at (y*,q").

(iv) Wi N U, = (W™ N U,).

Proof. For item (i), it is enough to prove that Wi N U, 2 ¢(W? N U,)
since the reciprocal inclusion holds automatically working with ¢—!. Let
x = ¢(y) € p(WP N U,). Obviously x € U, and we only need to check that
x € Wg, ie., that f(z) € im A(z). But y € W means g(y) € im B(y) or
equivalently, E(y)f(¢(y)) € im E(y)A(¢(y))¢'(y). Since E(y) and ¢/ (y) are
isomorphisms, this yields f(¢(y)) € im A(¢(y)), that is, f(x) € im A(z).

Item (ii) follows immediately from (3.52a).

For item (iii), the proof of the cases r1 = 0 and 1 = m is straight-
forward. If 0 < r1 < m we use the characterization given in Lemma
3.1. Let H,(z) satisfy H,(x)A(z) = 0 is some neighborhood of z*, with
rk Hy(z*) =tk (Ho f) (2*) = m — r1, and define

) = Ha(s(y)E~ " (y).

Hy(y
We have Hy(y)B(y) = Ha(¢ ( NE~Hy)E(y)A(6(y))¢' (y) = 0 due to the
(

identity H,(¢(y))A(¢(y)) = 0. Moreover, rk Hy(y*) = rk Hy(*) = m — ry.
Finally, Hy(y)g(y) = Ha((y ))E_l(y)E(y)f(¢(y)) = Ha(o(y))f((y)), so
that

(Hy9)'(y") = (Haf) (6(y™))¢ (y")
and therefore rk (Hpg)'(y*) = rk (Ho f) (#(y*)) =tk (Ho f) (x*) = m — r1.
Finally, (iv) is a straightforward consequence of (i), (ii) and (iii). O
In the next result, by a local reduction we mean the one-step reduction of

the form (3.26)-(3.27) arising in Theorem 3.1. The particular case 1 = 0
renders the statement trivial.
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Proposition 3.3. Any two local reductions of locally equivalent quasilinear
DAEs around 0-reqular points are locally equivalent.

In particular, any two local reductions of a quasilinear DAE around a
O-regular point are locally equivalent.

Proof. Assume that 2* and y* are O-regular points of A(x)z’ = f(z) and
B(y)y' = g(y), and that these DAEs are C*-equivalent locally around z*,
y* via the relations depicted in Definition 3.6. Let two local reductions of
(A,f) and (B, g) be defined by Py(x), = = 1(€) and Q1(y), y = ¥1(0),
respectively, yielding A1(§)¢’ = f1(€) and Bi(0)o’ = g1(0). The neigh-
borhoods U,, U, arising in Definition 3.6, as well as the parametrization
domains €, Qp of ¢ and 1, are assumed to be shrunk as to guaran-
tee that o7 and v; map Q, and , onto W NU, = W/ N U, and
Winu, = Wlb & N Uy, respectively, and also to meet the below-depicted
requirement on P (z).

We then need to show that there exist a local diffeomorphism & = ¢1 ()
and a nonsingular matrix-valued mapping FE;(p) yielding an equivalence
between A1 ()¢’ = f1(€) and B1(0)o’ = g1(0). In order to define ¢1, note
that y = 11(0) is onto WP N U and, as shown in item (i) of Lemma 3.2,
¢ maps WP N U, onto W{ NU,. Since ¢; is onto W N U, we may write

T Wi NU, — R™, and then the composition

pr =1 oporh (3.53)

is well-defined and yields a local diffeomorphism of €, onto €2,. For later
use remark that ¢1 0 ¢1 = P o 1)y.

For the definition of Fj(9) we use the fact that the local matrix-
valued map P;(z) yields an isomorphism Pj(x) |imA(I) s im A(x) — R™
and, provided that U, is small enough, there will exist a matrix mapping
]31 (QL‘) S COO(UQ,]R"LXTI) such that ]31 (J?)Pl (QL‘) |im A(z) = id|imA(w)- Define
then

E1(0) = Q1(¢1(0))E(1(0)) P (v1(0))). (3.54)

) =
From (3.53) and (3 54), we need to check that By (g) = E1(0)A1(¢1(0))d) (o)
0

and that g1(e) = E1(0)f1(¢1(0)).
The product E1(0)A1(¢1(0))d; (o) reads

Q1(11(0))E(11(0)) Pr(6(¥1(0)))Pr(1(61(0)) Al (¢1(0))) ¢} (61(0)) ¢} (o).
By means of ¢1(¢1(0)) = ¢(¥1(0)) and Py (2)P1(2) [im a@) = idlim ax), We
may simplify Pi(¢(1(0)))P1(e1(61(0))) Alp1(61(0))) = A(é(11(0))). Note
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additionally that ¢/ (¢1(0))d, (
the product (o) A1(d1(0))d]
1(

Q1(¥1()) E(¥1(0) A((¢1(0)))¢' (¥1 ()4 (0)- (3.59)

Now E(¢1(0))A(¢(¢1(0)))¢'(¥1(0)) = B(t1(e)) and then the expres-
sion displayed in (3.55) reads Q1(v1(0))B(¢1(0))¥;(0) = Bi(e), so that
E1(0)A1(¢1(0))¢)(0) = Bi(p), as we aimed to show.

Finally, write

E1(0)f1(¢1(0)) = Q1(¥1(0) E(¥1(0)) Pr(¢(¥1(0))) Pr(w1(¢1(0))) f (¢1(41(0)))-
Since the composition ¢ o 11 maps onto W N U, we have ¢1(¢1(0)) =
¢(¥1(0)) € Wi and therefore f(¢1(1(0))) € im A(p1(¢1(e))). The prod-
uct Pr(¢(¥1(0))) Pr(e1(¢1(0)))f(1(¢1(e))) then amounts to f(¢(¢1(e)))
and the expression depicted above for E1(g)f1(¢1(0)) reads
QU1 (D) B (0)7(6(1(2))) = Qa(41(0))g(¥1(2)) = g1 (o).

which shows that indeed Fj(0)fi(¢1(0)) = g1(0), thus completing the
proof. O

0) = ¢'(¥1(0))¥ (o). Using these properties,
(0) amounts to

Proposition 3.4. The notion of a k-regular point introduced in Defini-
tion 3.4 does not depend on the choice of the sequence of reduction pairs
(P17<)01)7 SRRE) (Pka (Pk)~

Additionally, this notion is invariant with respect to the local equivalence
relation of Definition 3.6; namely, x* is k-regular for A(x)x’ = f(x) if and
only if y* = ¢~ (x*) is so for the locally equivalent DAE B(y)y' = g(y).

Proof. Note that there is no reduction involved in the notion of a 0-
regular point (cf. Definition 3.2 on page 98), whereas item (iv) of Lemma
3.2 explicitly shows the invariance of O-regular points with respect to local
equivalence. A straightforward inductive reasoning proves, for k > 1, that
k-regular points do not depend on the choice of reduction operators and
are invariant, using Proposition 3.3 and item (iv) of Lemma 3.2, or item
(ii) in the particular case in which a vanishing rank rj is met. O

Proposition 3.4 expresses that the sets W, are independent of the
choice of reduction operators and invariant with respect to local equiv-
alence. Thereby, from (3.36) it follows that the sets W}, are themselves
independent of reduction pairs; these sets are also invariant with respect to
local equivalence, following item (i) of Lemma 3.2.

Proof of Theorem 3.3. Recall from Definition 3.5 that a given point
x* is regular with index v if it is (v — 1)-regular and A, (u*) is nonsingu-
lar. Proposition 3.4 shows that being (v — 1)-regular is independent of the
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reduction sequence and invariant with respect to local equivalence. Addi-
tionally, by Proposition 3.3 any two v-th step reductions of a given DAE,
or of two locally equivalent DAEs, are locally equivalent: the result then
follows from item (ii) of Lemma 3.2. O

In an analogous way, the reader can easily check that the ranks in (3.45)
do not depend on the choice of reduction pairs, and also that they are
invariant with respect to local equivalence.

3.4.5.2 C*-conjugacy of state space descriptions

Finally, Theorem 3.4 below shows that any two local state space reductions
of the form (3.41) are locally equivalent in a strong sense. The key idea is
that the local equivalence of Definition 3.6 amounts to a local conjugacy
of explicit ODEs when the leading matrices of the quasilinear DAEs are
nonsingular. Two explicit ODEs «' = hi(u) and v' = ha(v) are said to be
C*°-conjugate if there exists a C'*°-diffeomorphism ¢ which carries integral
curves of ho onto integral curves of h; preserving parametrization by time.
The conjugacy notion can be reformulated locally in the obvious way, and
may be expressed via the relation ¢’(v)ha(v) = hi(¢(v)). Note that, in the
context of explicit ODEs, the weaker term equivalence usually allows for
time-reparametrization of trajectories [3, 110].

Theorem 3.4. Any two local state space descriptions (3.41) of the DAE
(3.13) around an index v point with r, > 0 are locally C*°-conjugate.

Proof. Using Proposition 3.3 it is straightforward to check that any two
v-th step local reductions, say A, (u)u’ = f,(u) and A, (v)v' = f,(v), are
locally equivalent in the sense depicted in Definition 3.6; that is, there will
exist a local diffeomorphism ¢, and a nonsingular matrix-valued mapping
FE,, such that

Ay (v) = By (v) Ay (00 (v))6},(v). (3.56a)
f() = E,(0) (6 (v)). (3.56b)

Due to the index v notion, by shrinking domains if necessary the matrices
A, (u) and A,(v) can be assumed to be nonsingular. Therefore

E,(v) = A, (0)(Ay (60 (v)) ¢, (v) !
and then

F(v) = Ay () (Au (60 (v)) ¢y, (v) " fu (6 (v)),
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which obviously can be rewritten as

() A, () f(v) = A7 (60 (0) o (0 (0)). (3.57)
Equation (3.5~7) expresses that the diffeomorphism ¢, carries solutions of
v = A (v)f(v) onto those of v/ = A;1l(u)f,(u), thereby proving that
both reductions are locally C**°-conjugate. 0

This result is of course consistent with the fact that state space de-
scriptions of the form (3.41) are local coordinate representations of the
differential equation defined by a vector field on the regular manifold. Ac-
tually, the strong form of equivalence depicted in Theorem 3.4 somehow
reflects that the reduction procedure near regular points preserves all the
local dynamic information of the DAE. Some implications of this will be
examined in Section 3.5.

Remark 3.5. The reader should be aware of the fact that the equivalence
relation of Definition 3.6 requires more than the existence of a local mapping
between solutions of both DAESs, and therefore should not be thought as a
mere mapping of phase portraits. Note that, even for regular DAEs, the dif-
feomorphism ¢ is not restricted to the regular manifolds. The invariance of
the index proved in Theorem 3.3 suggests that this equivalence, which gen-
eralizes the linear one given for matrix pencils in subsection 2.1.1, preserves
important structural properties of the DAE. Weaker equivalence notions for
DAEs, reflecting only their trajectory behavior (either in a topological or
differentiable sense, and maybe allowing for time reparametrization and re-
version), may be of interest from a dynamical perspective. In this regard,
it is worth noting that DAEs with different indices may depict the same
solution behavior, as it is the case in particular for the local reductions at
different steps of a given DAE. For instance, the index two system

' =f(z), y =2 0=y,
behaves as the index one problem
2 =f(z), 0=z 0=y,
coming from a one-step reduction of the former. Actually the identity map
carries the phase portraits of both systems into one another.
3.4.5.3 On the link between local equivalence and reduction operators

It was already mentioned after Theorem 3.1 that allowing for a non-constant
operator P;(z) (vs. the constant P; used in the framework of Rabier and



118 Nonlinear DAEs and reduction methods

Rheinboldt) may simplify the reduced equations. Nevertheless, the form of
this reduction operator admits further consideration, in connection to the
local equivalence concept introduced in Definition 3.6. A brief digression
in this regard follows, mainly aimed at motivating future study.

From Proposition 3.3 we know that two one-step reductions of locally
equivalent DAEs are locally equivalent. The same result holds if we use
in particular constant operators P; in the reduction. But consider now
the following related problem. Assume we are given two locally equivalent
quasilinear DAEs (A4, f), (B, g), a one-step reduction (A1, f1) of the former
around a O-regular point, and (B, g1) which is locally equivalent to (41, f1).
Is (B1,91) a one-step local reduction of (B, g)? Note that the notation for
(B1,91) is supported on the forthcoming positive answer to this question.

This can be indeed answered in the affirmative, the construction pro-
ceeding in parallel to the proof of Proposition 3.3. For the sake of brevity
we leave details to the reader: we only sketch that now ¢ is constructed as
¢~ ' o106y, whereas Q1 (y) is given by E1(y)Pi(é(y))E~ (y), E1(y) being
any smooth extension to the whole of Uy, of Ey(; ! (y)), which is defined
only for y € WP N U,

The reasoning outlined above is not valid for reductions based on a
constant operator P, since (J; may not turn out to be independent of
y. This suggests that there seems to be a natural correspondence between
equivalence notions and allowable reduction operators for quasilinear DAEs.
In this direction, the reduction technique with constant P, proposed by
Rabier and Rheinboldt seems to be linked with a semilinear equivalence
relation for quasilinear DAEs, defined by the requirement that E is constant
in Definition 3.6 (cf. [247]).

3.4.6 Examples

We illustrate below the ideas introduced in subsections 3.4.2-3.4.5 by means
of some examples. In 3.4.6.1 and 3.4.6.2 we recast the results of Sections
3.1 and 3.2 for semiexplicit index one and Hessenberg DAEs in terms of
the reduction approach here introduced; nonautonomous analogs of these
problems will be considered in 3.4.7. Mind that we frame the discussion in
the C'*° setting just for simplicity, since the smoothness requirements can be
weakened along the lines indicated in Sections 3.1 and 3.2. The example in
3.4.6.3 illustrates how a locally regular DAE may display different indices.
The reduction approach will be applied to the analysis of electrical circuits
in Chapter 6, where additional examples can be found.
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3.4.6.1 Semiexplicit index one DAEs

Let us drive our attention back to the autonomous semiexplicit DAE (3.1),
namely,

y' = h(y, 2) (3.58a)
0 =gy, 2), (3.58b)

with h € C®(Wy,R"), g € C(Wy, RP), and Wy open in R" 7.
The set W1 is explicitly defined by the condition ¢ = 0 in (3.58b). A
point (y, z) € Wy is easily checked to be 0-regular if g(y, z) = 0 and

tkg'(y,2) = p, (3.59)

that is, if g is a submersion at (y, z). Therefore, the set W;® is defined by
the conditions

9(y,z) =0, rkg'(y,2z) = p.

Note that W;® is an r-dimensional smooth manifold but W; need not be
so, since it may obviously include points where (3.59) does not hold.

Setting Py = (I, 0), H = (0 I,), Proposition 3.1 states the index one
condition on (y, z) as the nonsingularity of

<gy(jyr,Z) 92(272)) ’

which obviously amounts to the nonsingularity of g.(y, z). This yields the
result anticipated in Section 3.1 and displayed in Proposition 3.5 below. A
different derivation of the corresponding result for nonautonomous prob-
lems can be found in 3.4.7.2.

Proposition 3.5. The point (y, z) is regular with geometric index one for
the semiezplicit DAE (3.58) if and only if g(y,z) = 0 and ¢.(y,z) is non-
singular.

If the nonsingularity of g.(y, z) holds whenever g(y,z) = 0, then (3.58)
is a reqular DAE with geometric index one.

Note that the nonsingularity of g.(y, z) comprises in particular the condi-
tion (3.59). The set Wind! is defined by the conditions g(y,z) = 0 and
det g.(2) # 0, being open in W, and an open submanifold of W;°.
Locally around any index one point, via the implicit function theorem
we may describe the set ¢ = 0 as z = 9(y) for some locally defined map .
The local parametrization ¢;(y) = (y,%(y)) yields the reduction (3.26) in

the form y' = h(y,¥(y)) depicted in (3.5).
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3.4.6.2 Hessenberg DAFEs
Consider again the autonomous Hessenberg DAE of size two (3.6)
y' = h(y,2) (3.60a)
0=y9(y), (3.60D)
where h € C®(Wy,R"), g € C“(WO,RP); the set Wy is open in R"P, and
W)y is open in R" and contains the y-projection of Wj.
As in the general semiexplicit case considered in (3.58), the set W7 reads

{(y,2) € Wy / g(y) = 0}. A point (y, z) is O-regular if g(y) = 0 and the
submersion condition (3.59) holds, now reading

rk gy (y) = p. (3.61)

It is clear from Proposition 3.5 that a O-regular point (y, z) cannot be index
one for (3.60). From (3.61) there must exist a nonsingular, p X p submatrix
gw of g, and then, by the implicit function theorem, (3.60b) is equivalent
to writing locally the p variables w from within y in terms of the remaining
r —p ones of y (to be denoted by w) as w = t(u). This yields a one-step
reduction of (3.60) of the form

u' = hi((u,¥(u)), 2) (3.62a)

' (u)u' = ha((u,v(u)), 2) (3.62Db)

where, as in Section 3.2, we have assumed w.l.0.g. that u are the first r — p
variables of y.

We now make use of the second statement in Theorem 3.3, which guar-

antees that the index is not affected by premultiplication of nonsingular
matrix mappings. Rewrite (3.62) as

(wio) (2) = Catterson. ) 363)

and premultiply (3.63) by

(o sutuon)

gu(u, P(u)) guwlu,¥(u)) )

To avoid a cumbersome notation we have written g, (u,(u)) instead of
gu((u, ¥(u))); the same holds for g,, and (later on) for g,. We then ob-
tain, via the relation g, (u, ¥ (u)) + gw(u, ¥ (u))y’ (u) = 0 following from the
implicit function theorem,

u' = ha((u, ¥ (u)), 2)
0 = gu(u, Y(w)ha((u, (), 2) + gu(u, P(u))ha((u, P (u), 2),
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that is,
o = hy((u, (), 2) (3.64a)
0 = gy(u,p(u)h((u,(u)), ). (3.64b)
Note that (3.64b) describes the set V5 (cf. (3.30)), which is given by the
hidden constraint g,h = 0 in (u, z)-coordinates; this means that, within the
original domain W), the set W5 is defined by the two conditions g(y) = 0,
9y()h(y,z) = 0.
Since (3.64) is a semiexplicit DAE, we can use again Proposition 3.5 to

conclude that an index one point of (3.64) is characterized by the nonsin-
gularity of g, (u, ¥ (u))h.((u,¥(u)), z). We have thus proved the following.

Proposition 3.6. The point (y, z) is reqular with geometric index two for
the Hessenberg DAE of size two (3.60) if and only if the identities g(y) = 0,
9y(y)h(y, z) =0 hold and gy(y)h.(y, z) is nonsingular.

If the nonsingularity of gy(y)h:(y,z) holds whenever the conditions
g9(y) = 0 and gy (y)h(y,z) = 0 are met, then (3.60) is a reqular DAE with
geometric index two.

Note that around an index two point the above-mentioned nonsingular-
ity of the matrix g, (u, ¥ (u))h.((u,¥(u)), ) allows for a local description of
gy(u, Y(u))h((u,¥(u)),z) =0 as z = ((u), thereby yielding the local state
equation

u' = ha((u, 9 (), C(u)), (3.65)
which is nothing but (3.12) with {(u) = n(u, ¥ (u)).

Analogous results hold for Hessenberg DAEs of higher size, as indicated
in Section 3.2; in particular, the Hessenberg DAE (1.18) is regular with
geometric index k if the matrix in (1.19) is nonsingular on the manifold
Wi. Details in this regard are left to the reader.

3.4.6.3 A locally reqular DAE with different indices
Consider now the Hessenberg DAE

¥ =z (3.66a)
Yy =z+yz (3.66b)
0=yly—1) (3.66¢)

with (z,y,2) € R3. The set W is explicitly defined by (3.66¢) and is
thereby composed of the planes y = 0 and y = 1. It is straightforward to
check that all points within these planes are 0-regular.
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On y = 0, the DAE admits the parametrization (z,y,2) = ¢1(£1,&2)
defined by ¢ = &1, y =0, z = &. We have

10
9011(51,&-2) =100
01

100 we arrive at
010

1 0 10
A1:<(1)(1)8> 010 00 :<(1)8>
000 01
and f1(p1(&1,&2)) = (€2,£1,0). This yields the reduction
§ =6 (3.67a)
0=¢&. (3.67b)
Although for notational consistency we have detailed here the reduction
procedure in terms of ¢1(£1,&2) and Py, in practice it is simpler to retain

the original name of the variables, the reduction often following from simple
inspection of the DAE. Indeed, (3.67) can be rephrased as

2=z (3.68a)
0=uz, (3.68b)
which, according to 3.4.6.2, is a regular Hessenberg DAE with index two.
The hidden constraint reads z = 0 and the regular manifold of (3.68)
amounts to (z,z) = (0,0). It then follows that the origin + =y = z = 0,

which belongs to W3, is regular with index three for the original DAE (3.66).
On the other hand, on y = 1 the DAE (3.66) admits the reduction

and with P, = (

2=z (3.69a)
0O=xz+z2 (3.69b)
which is an index one problem with reduced equation ' = —x. Therefore,

points within the line y = 1, x + z = 0, belonging to Ws, are regular with
index two for the DAE (3.66). Together with the result above, this implies
that for this system the regular manifold

Wres = W2 g Wi — {(z,y,2) e R® [ y = 1,a 4+ 2z =0} U{(0,0,0)}
is composed of a one-dimensional, index two component and an isolated
index three (equilibrium) point. The DAE is a locally regular one and

hence the regular manifold may also be properly labeled as the solution
manifold.
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3.4.7 Nonautonomous problems

We extend below the ideas introduced in subsections 3.4.2 and 3.4.3 to
nonautonomous quasilinear DAEs, that is, to problems of the form

Az, t)a’ = f(a,t), (3.70)

with A € C°(Wy, R™*™) and f € C>°(Wy, R™); now Wy is open in R™ 1.
We work for simplicity in the C'°° context but, as in the autonomous setting,
this smoothness requirement can be relaxed. The ideas follow closely those
of 3.4.2 and 3.4.3 and, for the sake of brevity, we present a summarized
discussion in which many details are left to the reader. Note also that the
chance to parallelize the autonomous case provides a more efficient way to
handle nonautonomous problems than the one resulting from considering ¢
as an additional autonomous variable via ¢’ = 1, as it is proposed in [228].

3.4.7.1 Geometric index and reduction in the nonautonomous context

We will say that a point (z*,t*) € Wy is regular with geometric index zero
or, simply, an index zero point for (3.70) if A(x*,t*) is a nonsingular matrix.

In order to analyze the behavior at points where this condition is not
met, let us define the set W for the nonautonomous DAE (3.70) as

Wy = {(z,t) e Wy / f(z,t) € im A(x, 1)},

and the mapping F' as F(t,z,p) = A(z,t)p— f(z,t). Inspired in conditions
R1 and R2 in Definition 3.2 (page 98), assume that A(z,t) has constant
rank r; on some neighborhood of (z*,¢*) € Wi, and that

()
oxr Op
for some p* satisfying A(z*,t*)p* = f(a*,t*).

Following the ideas introduced in Theorem 3.1, one can show that there
exists an open neighborhood Uy C Wy of (z*,t*) such that Wi NUy admits
an (r1 + 1)-dimensional parametrization ¥ : Q; — Wi N Uy of the form
(z,t) = U1(&,t) = (p1(£,1),t), and that there exists a C*° matrix-valued
mapping Py : Up — R™*™ such that P (z,t) |imA(w,t) is an isomorphism
im A(x,t) — R™ for all (z,t) € Up. Denote by ¥ (z,t) = (f(x,t),t) the
inverse map from Wj N Uy onto €.

For any such ¢, Pi, z(t) is a solution of (3.13) within Uy if and only if
(x(t),t) € Wy for all ¢ and &(t) = 0(x(¢),t) solves the one-step reduction

A1(£7t)£l = fl(g’t)v (372)

=m (3.71)

(t*,x*,p*)
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with
Al(fvt) = P1(<)01(§a t)vt)A(<p1 (fvt)a t)@lg(fvt)a (373&)
fi&:t) = Pu(en(&: 1), D)[f (@1 (&:8), 1) — Alpr (€, 1), 8)pr (€, 1)]. - (3.73b)

Setting &* = 6(z*,t*), the requirement that A;(£*,¢*) is a nonsingular
matrix or, equivalently, that m = ry, defines (z*,t*) as a regular point with
geometric index one (or index one point).

If this is not the case, iterating the procedure as in subsection 3.4.3 we
derive the notion of a regular point with geometric index v (or, again, index
v point), which is characterized by a local rank sequence of the form

m>nry>re> ... >0, =Tyq1.

A local solvability result analogous to Theorem 3.2 follows. The cases in
which a given rank r; vanishes can be accommodated as in subsections
3.4.2 and 3.4.3; for instance, around an index one point (z*,t*) with 4 =0
the DAE amounts to an algebraic equation of the form f(z,t) = 0, which
locally around (z*,t*) defines implicitly a curve z(t) because of (3.71).

Additionally, proceeding as in subsection 3.4.5, one can show that this
index notion is independent of reduction operators, and that it is invariant
with respect to the following equivalence notion: equation (3.70) will be
said to be C'°°-equivalent to

B(y,t)y' = g(y, 1), (y,t) € Wo (3.74)

locally around (z*,t*), (y*,t*) if there exist open neighborhoods Uc W

of (y*,t*) and U C Wy of (z*,t*), a C*°-diffeomorphism ® : U — U of

the form ®(y,t) = (¢(y,t),t) with ¢(y*,¢*) = z*, and a C* nonsingular
matrix-valued mapping E : U — R™*™  such that, for all (y,t) € U,

B(yat) = E(yvt)A((b(yvt)’t)¢y(y’t)' (3758‘)

9(y,t) = E(y, 0)[f(o(y,1), 1) — A(p(y, 1), 1)¢e (y, 1) (3.75b)

The reader can check that this is indeed an equivalence relation and that
it preserves the geometric index notion.

3.4.7.2  Semiexplicit index one DAEs
In the nonautonomous setting, semiexplicit DAEs read
v = h(y,z,t) (3.76a)
0=yg(y,z1), (3.76Db)
where h € C°(Wy,R"), g € C(Wp, RP), the set W, being open in R"+P+1,
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Akin to the autonomous context, the set Wi is explicitly defined by the
condition g = 0 depicted in (3.76b). A point (y,z,t) € Wi satisfies the
maximal rank condition (3.71) if and only if rk (g, g-) = p, which implies
that the submatrix (g5 gz) is nonsingular for certain components, grouped
in § and Z, of the variables y and z, respectively. Write, via the implicit
function theorem, y = ¥1(9, 2,t), Z = ¥2(7, 2,t), where § and 2 stand for
the remaining components of y and z. Denoting by 7 and 7 the dimensions
of § and g, respectively, and using P; = (I, 0), the index one condition
can be checked to amount to the nonsingularity of the matrix

(ot o)
Vrg 1z )

Via the implicit function theorem, this matrix can be seen to be the Schur
complement (cf. Lemma 3.3 below) of the matrix (g5 gz) in

I 0 0 O
0 0 I 0],
95 9z 9y 9z

which is nonsingular if and only if so it is g.(y,2,¢). This means that
the point (y, z,t) is regular with geometric index one for the semiexplicit
DAE (3.76) if and only if ¢(y, z,t) = 0 and g¢.(y, 2, t) is nonsingular. If the
nonsingularity of g.(y, z,t) holds whenever g(y, z,t) = 0, then (3.76) will
be said to be an index one DAE.

From the nonsingularity of g, defining index one points, we may describe
the set g = 0 locally around an index one point (y*,z*,t*) as z = ¥(y, t),
for some locally defined mapping . This corresponds to the case § = v,
Z = z above, and yields a local reduction of the form

y/ = h(va(yvt)at)' (377)

3.4.7.3 Nonautonomous Hessenberg DAFEs

Hessenberg DAESs of size two are defined in the nonautonomous context by
a system of the form

y' = h(y, z,t) (3.78a)
0=g(y,t), (3.78b)

with h € C=(Wy,R") and g € C>(Wy,RP); now Wy is open in R™7+1
whereas Wy is open in R"*! and contains the (y,t)-projection of Wj.
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Again, the set Wy reads {(y, z,t) € Wy / g(y,t) = 0}. Proceeding as in
3.4.6.2, if g, has maximal rank then we can derive a one-step reduction of
(3.78) of the form

u = hy((u,¥(u,t)), z,t) (3.79a)
Yy (u, t)u’ = ha((u, ¥ (u,t)), z,t) — P (u, t), (3.79b)

where we have assumed w.l.o.g. that the last p components w of y yield
a nonsingular derivative g,,; the variable u then stands for the first r — p
components of y and the implicit function theorem makes g(y,t) = 0 locally
equivalent to w = ¥ (u,t).

Premultiplying (3.79) by

(v oy
(0.0, 0).6) gl (0,001

we now get, via the implicit function theorem,
u' = hy (3.80a)
0= guhl + gth + gt, (380b)

where we have removed the arguments of the different mappings for the sake
of notational simplicity. Note that (3.80b) stands for the hidden constraint
gyh + g+ = 0, so that (3.80) reads, equivalently,

u' = hi((u,¥(u,t)), z,t) (3.81a)
0= gy((uw, ¥(u, 1)), t)h((u, ¥ (u, 1)), 2,t) + g:((u, ¥ (u,t)),t). (3.81b)

System (3.81) represents a semiexplicit DAE. Mind that, in the con-
straint (3.81b), only h depends on the algebraic variable z; therefore, (3.81)
is index one if and only if the derivative gyh, is nonsingular. The point
(y, z,t) will be then regular with geometric index two for the Hessenberg
DAE (3.78) if and only if g(y,t) = 0, g4(y,t)h(y, 2,t) + g:(y,t) = 0, and
9y(y,t)hz(y, z,t) is nonsingular. If the nonsingularity of g,h. holds when-
ever the pair of conditions g = 0 and gyh + ¢g: = 0 are met, then (3.78) will
be said to be an index two DAE.

Finally, around an index two point the nonsingularity of the product
gyh allows for a local description of (3.81b) of the form z = {(u,t). This
leads to the local state space equation

u' = hy((u,(u,t)),C(u,t),t). (3.82)

This type of reduction will be used in the derivation of state space models
for index two circuit configurations in subsection 6.2.5.
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3.4.7.4  Schur reduction and semiexplicit DAEs

In different semistate systems it is often the case that several variables are
eliminated in a model reduction process which leads to somehow “interme-
diate” formulations. In many cases these eliminations are special (so-called
Schur) reductions which, as detailed here, preserve the geometric index
of the model. This will the case, in particular, in the semiexplicit circuit
models considered in Chapter 6.

Let us then consider again the nonautonomous semiexplicit DAE (3.76).
Split the variable z as (z1,22), 21 and 2o being p;- and po-dimensional,
respectively, with p; > 0, p2 > 0 and p = p; + p2, and split accordingly the
mapping g as (g1, g2) with g1 € C*°(Wp,RP?) and g2 € C°(Wy, RP2). This
makes it possible to rewrite (3.76) in the form

y' = h(y, 21, 22, t) (3.83a)

0 = g1(y, z1, 22, 1) (3.83b)

0 = g2(y, 21, 22, ). (3.83¢)

Assume that the derivative g, _, is nonsingular whenever ga(y, 21, 22,t) = 0.

By the implicit function theorem, locally around any point satisfying (3.83c¢)

this set can be described in terms of a local map « as z2 = a(y, z1,1).
Inserting this into (3.83a)-(3.83b), we get the (locally defined) model

y' = h(y,z1,a(y, 21,t),t) = h(y, z1,t) (3.84a)

0 =ag1(y, 21, a(y, 21, t),t) = §(y, 21, t). (3.84b)

The importance of this kind of reduction (which will be called a Schur re-

duction) relies on the fact that, under the nonsingularity assumption on

g2.,, the geometric index of (3.83) and (3.84) at regular points coincides,

as stated in Proposition 3.7 below. More precisely, a point (y, 21, 22,t) sat-

isfying (3.83c) and where go, is nonsingular will be regular with geometric
index v for (3.83) if and only if (y, z1,t) is so for (3.84).

Lemma 3.3. Let

Fi1 E12>
E = 3.85
(Ezl FEoo ( )

be a matriz in RP*P with E1; € RP1*P1 iy € RP1XP2 o) € RP2XP1
Ey € RP2XP2 = pi + py. Assume that Eao is nonsingular, and let
SE(Es2) stand for the Schur complement of Fas in E, that is,

Sg(Eaz) = E11 — E19Ey Foy. (3.86)
Then tk E = rk Sg(FE22) + p2. In particular, the matriz E is nonsingular if
and only if Sg(Ea2) is nonsingular.



128 Nonlinear DAEs and reduction methods

This result (see e.g. [137]) can be directly derived from the identity

<I —E12E2;> (Eu Elz) _ (En ~ BBy By 0) (3.87)
0 Ey Eo Ea E5y' Eoy 1)’ '

since the first matrix is nonsingular and the rank of the last one equals
tk (E11 — F12Fq5y Ea) + po.

Remark 3.6. The property tk £ = tk Sg(FE22) + p2 holds also, with the
same proof, if F1; € RP1*Ps Fy € RP2XP3 with p3 > p1.

Proposition 3.7. Consider the semiezplicit DAE (3.83) and assume that
the derivative go_,(y, 21, 22,t) is nonsingular whenever ga(y, 21, 2z2,t) = 0.
Then the geometric index of (3.83) at regular points equals that of the Schur
reduction (3.84).

Proof. We work locally around a given point (y,z1,22,t) satisfying
92(y, 71, 22,t) = 0 without further explicit mention. Let us consider the
index one case separately. In the light of the results in 3.4.7.2, (3.83) and
(3.84) have geometric index one if and only if g, and §,, are nonsingular,
respectively. The equivalence of both conditions follows easily from Lemma
3.3 by setting FE = gz, E11 = glz17 E12 = glzg’ Egl = 9221 and EQQ = 92sz
since the implicit function theorem yields

gzl =912 + 91,02 = g1, — g12292;219221 = ng (9222)- (388)

Assume in the sequel that (y, z, %) is not index one for (3.83). We show
below that the maximal rank condition

rk(gy g:)=p (3.89)
holds for (3.83) if and only if
rk (gy G=) =p1 (3.90)

is met in the Schur reduction (3.84) and, furthermore, that a common one-
step reduction may be defined for both DAEs in this situation.
The equivalence of (3.89) and (3.90) follows from the identity

Gy 9=0) = (91 — 912,922, 92, 912, — 91,922, 922,) » (3.91)

which owes to the implicit function theorem, and the fact that the matrix
displayed in (3.91) is the Schur reduction of g, in

(e 1) g, )

92y 92z 92
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We may then apply the result stated in Remark 3.6 to conclude that the
conditions depicted in (3.89) and (3.90) are indeed equivalent.

In turn, the chance to derive the same one-step reductions for (3.83)
and (3.84) is supported on the following. Provided that (3.89) is met, let
9, Z be certain components of y, z; such that the matrix

(gly 91z 9122) (392)

925 92z 92,
is nonsingular, ¢ and Z being the remaining components of y and z;. This
is always possible because of the nonsingularity of g2, and without loss of
generality we may assume that §j and Z are the first components of y and
z1, respectively. We can hence describe the set g3 = 0, g2 = 0 locally as

y=11(9,21) (3.93a)
z = 12(9, £, 1) (3.93D)
= 3(y, 2,t), (3.93¢)

which yields the one-step reduction of (3.83)
9 =ha((9,91(8,2,1)), (2,42(5, 2,1),95(3, 2, 1)),1)  (3.94a)
(¢1(ﬂ,2,t))/ = hQ((yAvwl(gvé’t)) (z 1#2(%2 t) ¢ (Q 27t))’t)7 (394b)

where (¥1(9, £,t))" stands for 91,9 + 152" + 1.
Additionally, proceeding as above the nonsingularity of (3.92) is easily
proved equivalent to that of

(gﬂ gi)a
which in turn leads to the local description
Y= 61 (ga 27 t) (395&)
zZ= ﬂ?(ga 27 t) (395b)

of the set ¢1(y, 21, a(y, z1,t),t) = 0. The corresponding one-step reduction
of (3.84) reads
yA 1((y761( )),(2,ﬁ2(ﬁ,2,t)),t) (396&)
Now, since zo = a(y, zl,t)) locally describes the manifold g2 = 0, from
(3.93) and (3.95) it must be ¥4 (g, 2,t) = B1(9, 2, 1), ¥2(9, 2,t) = B2(7, 2, 1),
and a((g, 51(9, 2,1)), (2, B2(9, 2,t)),t) = ¥3(7, 2,t). Together with the iden-
tities defining h and g in (3.84), this shows that the one-step reductions
(3.94) and (3.96) are locally coincident. Therefore, the geometric index of

(3.83) at a regular point (y, z1, 22,t) with zo = a(y, z1,t) equals that of the
Schur reduction (3.84) at (y, 1, 1). O
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3.5 Dynamical aspects

The reduction procedure discussed in subsections 3.4.2 - 3.4.4 opens a way
to characterize local dynamical aspects near regular points of autonomous
quasilinear DAEs. The key aspect in this direction is that, around an
index v point with 7, > 0, the mapping = = ¢(u) defined in (3.42) is a
local embedding which maps the phase portrait of the state space equation
(3.41) onto that of the DAE (3.13); this means that the dynamical behavior
is exactly the same for both systems.

Now, if a given local property is known to be preserved in the reduc-
tion process, it is useful to have tools allowing one to assess this property
directly in the DAE setting, without the need to compute explicitly a state
reduction. This idea will be illustrated by examining linear stability proper-
ties of regular equilibria in quasilinear DAEs, in terms of the matrix pencil
associated with the linearized problem; this problem will be revisited in the
circuit context in Chapter 6 (Section 6.3). Nevertheless, the scope of this
approach seems to be broader; for instance, it might be used as well in local
bifurcation analyses of parametrized DAEs, under a suitable extension of
the above reduction framework to parametrized problems which is however
beyond the scope of this book.

Qualitative properties of reqular equilibria

We refer the reader to [3, 6, 7, 110, 127] for comprehensive discussions of
qualitative aspects of explicit ODEs and of differential equations on man-
ifolds. For an explicit ODE ' = f(u), with f € C*(Q,R"), Q open in R",
linear stability properties of an equilibrium u* (i.e. a point in Q satisfying
f(u*) = 0) are those which can be assessed just in terms of the spectrum
of the Jacobian matrix f’(u*). In particular, the equilibrium is said to
be hyperbolic or exponentially stable if all the eigenvalues of f/(u*) verify
Re X # 0 or Re A < 0, respectively. Owing to Lyapunov’s theorem (see e.g.
Th. 15.6 in [3]), an exponentially stable equilibrium point is asymptotically
stable, that is, it is a stable attractor of nearby trajectories.

In the quasilinear DAE context of (3.13), a given z* is said to be an
equilibrium point if z(t) = z* is a solution, namely, if f(z*) = 0. It will
be said to be a regular equilibrium if, additionally, it is a regular point in
the sense specified after Definition 3.5 (p. 106), i.e., if it is regular with any
index v > 0; we will also assume that r, > 0, so that * is not isolated in
the regular manifold W*es.
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Our present goal is to characterize the linear stability properties of a
given regular equilibrium z* for the local flow of the DAE or, equivalently,
the linear stability properties of u* for any reduction of the form (3.41).
Note, incidentally, that the invariance property stated in Theorem 3.4 (p.
116) is consistent with the idea that the local qualitative features of the
DAE should be independent of the specific form of the state space descrip-
tion obtained in the reduction. The point is, of course, to perform the
above-mentioned characterization in the original problem setting, i.e. in
terms of (3.13) and without computing explicitly a state space reduction.

This will be possible via the matrix pencil notion discussed in subsection
2.1.1; as shown below, the (pencil) spectrum of the linearized problem will
characterize the linear stability properties of equilibria in regular contexts.
This result can be seen as an extension of the corresponding property for the
linear DAE (2.4) under an assumption of regularity on the pencil; in that
setting the results follows immediately from the identity stated in (2.7).

Theorem 3.5. Let z* be a reqular equilibrium of the DAE (3.13) with
r, > 0. Then the matriz pencil NA(z*)— f'(x*) is regqular, and the spectrum
at u* = ¢~ Y(x*) of the Jacobian matriz of the vector field A;'(u)f,(u) in
the state reduction (3.41) equals the spectrum of the pencil NA(x*) — f'(x*).

This result has appeared in different forms in the literature, cf. [228, 231].
Related results are discussed in [183, 184, 186, 240, 291]. It is anyway of
interest to look at its proof, which follows from the one-step property stated
in Lemma 3.4 below. We will make use of the fact that, if 2* is O-regular
and f(z*) = 0, the tangent space to W at z* can be described as

{veR™ / H(z")f (z*)v =0}, (3.97)
with H(z) defined in Lemma 3.1. This can be easily seen by differentiating

the identity H(z)f(z) = 0 which by (3.23) locally describes W;®, and
noting that f(z*) = 0 at the equilibrium.

Lemma 3.4. Consider the quasilinear DAE A(z)x' = f(x) and a one-step
local reduction A1(£)E = f1(§) around a O-regular equilibrium x* = @1 (&)
with 1y > 0. Then, for any A € C, det(AA(x*) — f'(x*)) =0 if and only if
det(AA1(€7) — f1(€7)) = 0.

Proof. Recall from (3.27) that the operators in the local reduction

A1(§)¢ = f1(§) given in (3.26) read A1 (&) = Pi(p1(£))A(p1(§))¥1(§) and
J1(€) = Pi(p1(6) f(¢1()); since f(p1(£¥)) = 0, the latter leads to

F1(€7) = Pulpr(€))f (91(€7)1 (7).
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Assume that det(AA(z*) — f'(z*)) = 0 and let v € C™ — {0} be such
that

(AA(z*) = f/(a"))v = 0. (3.98)
Premultiplication by H(z*) yields H(x*)f'(z*)v = 0, which shows that
v € T,-Wi. Since p; is a local parametrization of W, = W, we can

write v = ¢} (€*)w for some w € C™ — {0}. Inserting v = ¢} (£*)w into
(3.98) and premultiplying this equation by P (1(£*)) we arrive at

(AL (€7) = f1(€")w =0, (3.99)
proving that det(AA;1(¢*) — f1(£*)) = 0.

Conversely, the assumption that det(AA;(£*) — f1(£*)) = 0 means that
(3.99) holds for some w € C™ — {0}. Define v = ¢} (£*)w, and remark that
v does not vanish and belongs to T« W;® because ¢; is a parametrization
of W18, Rewrite (3.99) as

(AP (x*)A(x™) — Pr(z*) f'(2™))v = 0. (3.100)
By the characterization of T,-W;°® depicted in (3.97) we have
H(z*)f'(z*)v = 0, meaning that f'(z*)v € im A(z*). Since additionally
A(x*)v € im A(z*), and P;(z*) is an isomorphism im A(z*) — R™, from
(3.100) we get that (AA(z*) — f'(z*))v = 0, showing that (3.98) is met and
therefore det(AA(x*) — f/(z*)) = 0. O

In Lemma 3.4 we do not need to assume that the involved pencils are
regular. However, this is necessarily the case at regular points, as stated in
Theorem 3.5 and proved below.

Proof of Theorem 3.5. The spectrum preservation proved in Lemma
3.4 applies to all reduction steps. Since the Jacobian matrix of the state
space reduction (3.41) at the equilibrium has only a finite number of eigen-
values, so it does the spectrum of the original matrix pencil which is thereby
a regular one. The assertion then follows in a straightforward manner from
an iterative application of Lemma 3.4. g

It is worth emphasizing that a somehow converse result which might
be conjectured at this stage does not hold; namely, a DAE may certainly
display a regular pencil at points where the geometric index is not defined.
This shows that the regularity of the pencil does not suffice to support the
geometric index notion in nonlinear problems. A simple example illustrat-
ing this is defined by the DAE

xx’ =y

3.101
i (3.101)
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which displays a regular index one pencil everywhere, whereas already
the first constant rank requirement in the geometric index definition fails
around the origin.

Finally, from the theorem of Lyapunov mentioned above and the fact
that the map ¢ in (3.42) is a local embedding, we immediately get the
following result on asymptotic stability of equilibria.

Corollary 3.1. If z* is a regular equilibrium of (3.13), and Re X < 0 for
all A € o({A(x*), —f'(x*)}), then u* is an asymptotically stable equilibrium
for the reduced equation (3.41), and hence so it is x* for the flow defined
by the DAE on the regular manifold.

The results in this Section illustrate that, in practice, it is not necessary
to perform a state space reduction in order to characterize local dynamic
properties of a quasilinear DAE. In particular, from Theorem 3.5 it follows
that the linear stability properties of a regular equilibrium (y*,z*) of a
semiexplicit index one DAE (3.1) or a Hessenberg index two system (3.6)
are characterized by the spectra of the pencils {4, —J1} and {A, —J2}, with

(L0 [y hs
A_<0 0>’J1_ (gy 9z>

(D))
00 9y 0 (y*,2%)

respectively. In general, this approach will make it possible to simplify cum-
bersome analyses in circuit theory, where the conditions arising in qualita-
tive studies are often mixed-up with those needed to compute a state space
description: this issue will be extensively addressed in Chapter 6.

(y*,z*)
and

3.6 Reduction methods for fully nonlinear DAEs

We briefly consider in the last two Sections of this Chapter the fully implicit
or fully nonlinear DAE (1.2). The main reason for the shorter treatment
of fully nonlinear problems is their unusual appearance in applications; for
instance, all the differential-algebraic circuit models addressed in Chapters
5 and 6 are quasilinear. Furthermore, (1.2) can be naturally rewritten in
the quasilinear (actually semiexplicit) form (1.7); this makes the results
of Sections 3.4 and 3.5 applicable to nonlinear problems. Therefore, in
this Section we just present some general ideas on geometric methods for
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fully implicit problems, referring the reader to the bibliography where more
detailed discussions can be found. Section 3.7 will summarize the differen-
tiation index framework, whereas a detailed discussion of projector-based
methods for nonlinear DAEs can be found in [157].

The framework of Rabier and Rheinboldt summarized in subsection
3.4.1 can be extended, with some differences and a substantial technical
effort, to fully nonlinear autonomous DAEs

F(x,2') =0, (3.102)
as detailed in [221]. We present below a very rough summary of this work,
aimed at providing the reader with some hints on how the ideas of 3.4.1
can be applied to fully nonlinear problems.

Briefly, the framework of [221] assumes that F' in (3.102) is a sufficiently
differentiable mapping R™ x R™ — R™. Condition G1 in subsection 3.4.1
above (p. 95) can be recast for (3.102) by requiring F},(x, p) to have constant
rank on an appropriate submanifold of the ambient space, whereas the sub-
mersion requirement for F' stated in G2 applies also in this fully nonlinear
context. Technically, My = F~1(0) is assumed to be a m-submanifold (cf.
Section 3 in [221]) of TR™ ~ R™ x R™. As in the quasilinear setting, W}
stands for the projection of My onto the first factor R, and by the working
assumptions can be guaranteed to have a manifold structure.

If x(t) is a local solution of (3.102) with (x(0),2'(0)) = (zo,p0) € Mo,
then the pair (z(t),2(t)) must belong to Mo N TW7, = Mjy; this is called
a reduction of M, and, if non-empty, is proved to be a m-submanifold of
My. Note that this is essentially the same idea supporting the discussion
in subsection 3.4.1. The procedure can be iterated in a way such that, if
M, = M, 41, the Mp-manifold sequence becomes stationary: the minimum
integer v for which M, = M, holds is then termed the index of the fully
nonlinear problem (3.102). A vector field is locally defined on the projection
of N> M and solvability results follow.

Prior to this framework, it is worth mentioning the paper [220] by the
same authors, where among other results the connection of these reduction
techniques with matrix pencils and linear DAEs is detailed, as well as the
paper of Reich [230].

3.7 The differentiation index and derivative arrays

Much research on DAEs is based upon the differentiation index concept,
mainly developed by S. Campbell. A glimpse at the idea behind the differ-
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entiation index was given in Section 1.2, and its application to semiexplicit

problems has been briefly discussed in Sections 3.1 and 3.2. We sketch below

how this notion, together with the closely related one of a derivative array,

applies to general nonlinear DAEs. We follow [45, 46], where the reader is

referred to for additional details. See also [30] and [10, 41-43, 54, 94].
Consider the fully nonlinear, nonautonomous DAE

F(t,z,2') =0, (3.103)

where F : @ — R™ is sufficiently differentiable, with € open in R?™*+1. In
order to understand the idea supporting the derivative array notion, think
of a solution x(¢) to (3.103) and derive F(t,x(t),«'(t)) with respect to time
to get

d
%F(t’ z,2') = Fy(t,x,2") + Fy(t,x,2")a’ + Fp (t,z,2")2" =0, (3.104)

which in turn can be derived with respect to t. Iteratively, the i-th deriva-
tive yields a formal expression on the variables (¢, z, 2/, 2", ..., z®, (D),
Altogether, the expressions up to the k-th derivative define the derivative
array equations

F(t,z,a)
LF(t, z,2)
Fuy(t,z, 2’ 2", ... ,z®) () = ) =0 (3.105)
o
;t—,cF(t, x,x’)
in the understanding that ”575 is written in terms of (t,z, 2/, ..., z(t1) for

t=1,...,k, as it is done in (3.104) for i = 1.
Let us now formally replace 2/ by v € R™ and (z”,...,z®) z*+1) by
w € R*¥™ in the derivative array (3.105); think of (¢, z,v,w) as a variable
lying on an extended space Q¢ € R*+2)m+1 whose projection onto the
first 2m 4 1 components yields €, e.g. Q¢ = © x R¥"™. The mapping
Fiy : ¢ — REFD™ which results from the replacement of 2/, 2", . .., z(k*+1)
by v, w1, ..., wg (with w; € R™) in (3.103), (3.104) and eventual subsequent
expressions has the form
F(t,z,v)
Fi(t,z,v) + Fy(t,z,v)v + F, (t, z,v)w;
Fig(t, ,0,w) = Fu(t,z,v) + Fp(t,z,v)v + ...+ Fy(t,z,v)ws | (3.106)

Ft(.’?.)t(t’ Z, U) + ot Fv (t, xZ, v)wk
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In this setting, a given (¢,z) is said to be consistent if there exists a
(t,z,v,w) € Q° for which F,(t,z,v,w) = 0. Note that for a fixed consis-
tent (¢,x) the vector (t,7,v,w) solving F};; = 0 need not be unique in Q°.
But it may happen that, for a given consistent (¢,z), these solutions are
projected onto the same vector (¢, x,v) € ; this means that the derivative
array equations Fjy; = 0 uniquely determine v from (¢,z). If this hap-
peuns for every consistent (¢, x), the smallest nonnegative integer k with this
property is called the differentiation index of (3.103).

As acknowledged in [45], this notion assumes the specification of the
set Q€. If (3.103) is solvable (cf. [46]), and with v = g(¢,z) denoting the
above-mentioned relation between (¢,z) and v, the ODE 2’/ = ¢(¢, ) is a
differential equation on the manifold defined by the solutions of the DAE.
A relation 2/ = h(t,z) holding on an open neighborhood of this manifold
is called a completion: see [43, 46] and references therein.

In these terms, by a straightforward application of the implicit func-
tion theorem one can see that (3.103) has differentiation index zero on € if
F,(t,z,v) is nonsingular for all (¢, x,v) € € such that F(t,z,v) = 0. Simi-
larly, it is not difficult to check that the conditions depicted in Propositions
3.5 and 3.6 (pp. 119 and 121) guarantee that the semiexplicit problem (3.1)
and the Hessenberg DAE of size two (3.6) have differentiation index one
and two, respectively; the set €2 may be simply defined as Wy x R™ with
m = r+p, whereas £2¢ can be chosen as Wy x R™ x R™ and Wy x R™ x R?™
for (3.1) and (3.6), respectively. The underlying ODEs (3.2) and (3.8) de-
fine completions of both types of DAEs. Note also that, if the algebraic
conditions in Propositions 3.5 and 3.6 hold at a given point (y, z), then
the differentiation index notion applies on some neighborhood of this point
and we may hence speak of the index on that neighborhood. Analogous
statements hold for Hessenberg DAEs of higher sizes; in particular, the
Hessenberg DAE (1.18) has differentiation index k& if the matrix in (1.19)
is nonsingular.

It is finally worth mentioning the related notion of the uniform differ-
entiation index which, for sufficiently differentiable problems and in terms
of certain algebraic conditions on the derivative array (3.106), supports
solvability results and a rather general numerical approach for nonlinear,
higher index DAEs. The reader is referred to [30, 45-47, 51, 52] for details
in this regard.



Chapter 4

Singularities

The word ‘singularity’ is used pervasively in mathematics. Even within a
given research field, this term often has different meanings. DAE theory is
not an exception; the expression ‘singular system’ has been used to mean at
least ‘differential-algebraic system’ (see [39, 40]), ‘higher index differential-
algebraic system’ (e.g. in [118]) or, closer to the standpoint in this Chapter,
‘differential-algebraic system without an index’. Roughly speaking, singular
DAESs or, more precisely, singular points of DAEs will be locally defined as
those for which the assumptions supporting an index notion fail.

In this direction, the goals of the present Chapter are to make this notion
precise and to adapt the projector-based methods and reduction techniques
of Chapters 2 and 3 to singular linear and quasilinear DAEs, allowing for
the analysis of the dynamical phenomena associated with singular prob-
lems. In Section 4.1 we elaborate on the ideas supporting the singularity
concept in DAE theory. Singular points of linear time-varying DAEs are
then analyzed in Sections 4.2 and 4.3, whereas Section 4.4 addresses singu-
larities of quasilinear systems.

4.1 What is a singular DAE?

Several approaches to the analysis of differential-algebraic equations are
based on an iterative or recursive definition of an index, and describe the
DAE solutions in terms of some kind of related ODE. As detailed in Chap-
ters 2 and 3, this is the case of projector-based techniques and reduction
methods, which unravel the DAE behavior in terms of an inherent or re-
duced ODE, respectively. The assumptions supporting the index definition
usually imply that, at least locally, this ODE can be written in an explicit
form, and existence and uniqueness of solutions for initial value problems

137
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can be then derived under sufficient smoothness requirements.

Sometimes, although the analysis procedure can be completed, it ends
up with an ODE which cannot be rewritten in an explicit manner. A rough
picture of this can be obtained from Theorem 3.2 on page 107; it may well
happen that the reduction (3.40) is feasible around a given point, but yields
a leading matrix A, (u) which is singular on a hypersurface of €2, including
u*. This would be an instance of what shall be called a quasilinear ODE,
which can be rewritten in explicit manner on a dense subset of the reduced
state space. Some of these “last-step” singularities are analyzed by Rabier
and Rheinboldt in [222, 223, 228]. Analogous phenomena can be depicted
in the linear time-varying context.

A more pathological behavior occurs when the assumptions supporting
the reduction of the DAE as discussed in Chapter 3, or those basing the
tractability index definition in Chapter 2, fail before the last step of the
procedure. Even a taxonomy of these situations is hard to find in the
differential-algebraic literature.

In this Chapter, we introduce general singularity notions which ac-
commodate these phenomena, for both linear time-varying and quasilinear
DAEs. Our approach will label as singular those points where the alge-
braic assumptions supporting the DAE analysis fail, accommodating also
the above-mentioned last-step singularities. As detailed in Section 4.4, this
framework will also include singular points arising in the context of quasi-
linear ODEs and semiexplicit index one DAEs, which have attracted quite
a lot of attention in the specialized literature. Furthermore, as it should be
expected, singularities will be proved independent of the operators arising
in the analysis, as well as invariant with respect to the appropriate local
equivalence relations.

For these singular problems, the analysis methods as presented in pre-
vious Chapters do not apply. We need to figure out working hypotheses
which, relaxing the requirements on the problem, still make it possible to
characterize the solutions in terms of an inherent ODE or a reduction.
These hypotheses will somehow capture the essential requirements for the
methods to work; speaking again in general terms, these requirements will
not rely on constant rank or transversality conditions but on the chance to
continue through the singularity certain spaces associated with the DAE.

The above-mentioned working hypotheses will end up with an ODE
which only on certain subsets can be written in explicit form. We need
to distinguish at this point between linear time-varying and quasilinear
DAEs. The projector-based analysis of linear time-varying DAEs developed
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in Sections 4.2 and 4.3 will lead to a scalarly implicit inherent ODE of the
form

wt)u + F(t)u = g(t). (4.1)

Here, the scalar function w(t) does not have zeros in the regular set, which
will be dense in the working interval, and typically vanishes at singular
points. This way, the projector framework drives the analysis of singulari-
ties in linear DAEs to the singular ODE setting defined by (4.1). Singular
problems of the form (4.1) have been extensively studied in the ODE liter-
ature (see e.g. [71, 127, 300]) and will not be further analyzed here.

The analysis of singular points x* in quasilinear autonomous DAEs in
Section 4.4 will proceed via a local reduction to

A, (u = f,(u), ueQ, CR™, (4.2)

in which the matrix A, (u) is nonsingular on a dense subset of a neighbor-
hood of u* = ¢~ (x*). Problems of the form (4.2), which can be rewritten
as an explicit ODE on such a dense set, will be called quasilinear ODFEs
and only recently have been analyzed in detail; for this reason, the dynamic
phenomena which can be displayed by (4.2) will be surveyed in 4.4.1.

Summing up, singular points will be defined by the failure of algebraic
assumptions supporting the DAE analysis procedure. We will not try to
address related dynamic aspects such as impasse phenomena, singularity-
crossing, multiplicity of solutions, etc., directly in the differential-algebraic
setting; instead, we will classify the singularities and figure out broad work-
ing assumptions which drive the analysis to the somehow simpler setting of
singular ODEs of the form (4.1) or (4.2).

Note finally that the analysis of singularities in fully nonlinear DAEs
F(z,2') = 0 with z € R™, m > 2, defines an open research direction which
might extend the results of [7, 34, 72, 289], focused on scalar problems.

4.2 Singularities of properly stated linear time-varying DAEs

We drive in this Section the attention back to linear DAEs of the form
A@)(D()x(t)) + B(t)z(t) = q(t), t € T, (4.3)

with A(t) € C(J,R™*™), D(t) € C(J,R*™™™), B(t) € C(J,R™*™),
q(t) € C(J,R™) and J C R an open interval. Smoothness assumptions
will be discussed later. Roughly speaking, singular points of (4.3) will be
those where the matrix chain defining the tractability index in Chapter 2
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cannot be constructed beyond a certain step; formally, a point t* € J will
be called singular if no neighborhood of ¢* admits an index or, equivalently,
if there is no regularity interval including ¢* (cf. Definition 2.7 on p. 74).

Previous approaches [139, 225, 228] do not detail the extent to which
these singular points can be handled. As discussed in Section 4.1, the
projector-based analysis procedure will be adapted here in order to accom-
modate singularities, typically ending up with a singular ODE, although
some (informally called harmless) cases may result in a nonsingular lin-
ear ODE. We work with mild smoothness assumptions, driving the results
beyond the analytic setting of [139, 225]. Our approach extends the dis-
cussion of [250] for index one DAEs in standard form, the results in this
Section being directly based on [195-197].

Singular points will be classified in 4.2.1 according to a taxonomy that
reflects the phenomenon from which the singularity stems. The different
types of singular points will be proved independent of projectors and invari-
ant with respect to rescaling and linear, time-dependent coordinate changes.
Additionally, it will shown that for sufficiently smooth problems, all singular
points fall in the types A and B defined in the taxonomy here introduced.
In 4.2.2 we present a working scenario which accommodates singular points
of (4.3). Solutions of the singular DAE will be unveiled through the scalarly
implicit decoupling presented in Theorem 4.3. These ideas will be adapted
to accommodate singularities of standard form linear DAEs in Section 4.3.

4.2.1 Classification of singular points

As indicated in subsection 2.2.7, the notion of a regular point introduced in
Definition 2.7 naturally raises the problem of the behavior of (4.3) around
points within J — Jreg-

Definition 4.1. Points in J — Jreg will be called singular for (4.3).

Thereby, a point t* € 7 is singular for the DAE (4.3) if it is not regular, that
is, if there is no regularity interval Z C 7 with t* € Z. Note that we replace
the term ‘critical’ used in [196, 197] by ‘singular’ for later consistency with
the quasilinear setting of Section 4.4 and, specially, to avoid any confusion
with the so-called ‘noncritical’ singularities arising there.

Our aim is to study these singular points in terms of the conditions
(a), (b) and (c) on page 40, supporting the chain construction based on
P-projectors, or (equivalently) in terms of the corresponding conditions on
page 45 for the Il-framework. Specifically, we will focus on singularities
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arising from the failure of conditions (a) or (b). This means that the DAE
coefficients will be assumed to be smooth enough as to avoid singular points
arising from the failure of condition (c¢) (cf. Theorem 4.2 below).
Definition 4.2 is based on this viewpoint. The taxonomy of singular
points will reflect not only the step at which the singularity shows up (via
the integer k), but also the nature of the singularity, the labels A and B
corresponding to the failure of assumptions (a) and (b), respectively.

Definition 4.2. Consider the DAE (4.3). A point t* € J — Jreg is said to
be a singularity of

(i) type 0if (4.3) is not properly stated on any open interval Z with t* € Z;
(ii) type k-A, k > 1, if there exists an open interval Z, with t* € Z, where
the DAE is nice up to level k — 1, but G has a rank drop at t*;
(iii) type k-B, k > 1, if there exists an open interval Z, with t* € Z, where
the DAE is nice up to level k£ — 1 and Gy has constant rank, but
(No(t*) & ... & Np_1(t*)) N N(t*) # {0}.

Here, a continuous matrix mapping G : Z — R"*™ with Z C R, is said
to have a rank drop at ¢* € Z if each neighborhood of t* contains points ¢
for which rk G(t) # rk G(t*). According to the notion of a properly stated
DAE displayed in Definition 2.2, type 0 singular points may be due to rank
drops at t* either in A(t) or in D(t), and also to the lack of transversality
of the spaces ker A(t*) and im D(t*) (see (2.36)). Any of these situations
yields a rank drop in Gg at the point ¢*.

For k > 1, the term ‘k-singular point’ or ‘k-singularity’ will be used to
refer either to type k-A or to type k-B singularities. Similarly, a singular
point will be said to be of type A or B if it has type k-A or k-B with
arbitrary k; the terms ‘A-singular’ and ‘B-singular’ will also be used for
singular points of types A and B, respectively.

It is worth clarifying that, following Theorem 2.2, the P- and II-
frameworks discussed in subsections 2.2.3 and 2.2.4, respectively, do not
make any difference in the classification of singularities, although they will
certainly make it in later analyses (see Remark 4.1 on page 148). Indeed, for
k > 1 the G;-matrices and N;-spaces in Definition 4.2 can be understood
to be constructed from an admissible projector sequence {Qo, ..., Qr—1}
or, equivalently, from an admissible sequence {Ily,...,II;_1}; cf. Defini-
tions 2.3 and 2.6. Note also that the admissibility requirement implicit
in the notion of a nice DAE implies that the products DFPy--- P,D~ (or
DII;D™) are in C"! for 0 < i < k —1; the case i = 0 stands in particular for
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R = DD~ which is in C' because of the proper statement of the DAE on
7 for k-singularities with k > 1.

Theorem 4.1 below proves that these notions are actually independent
of the (admissible) choice of projectors, and that they are invariant under
linear time-varying coordinate changes x(t) = F'(t)y(t) and premultiplica-
tion by a nonsingular, continuous matrix mapping C(t). Following [196], we
prove this result within the P-framework. Based on Definition 4.2, we are
allowed to work locally around a given singular point; this means that the
projectors are assumed to be defined in the interval Z arising in Definition
4.2. This will often be assumed without explicit mention in the sequel.

Theorem 4.1. The notions of a singular point of type 0, k-A and k-B are
independent of the (admissible) choice of projectors.

Additionally, if t* is a singular point of type 0, k-A or k-B for (4.3),
then t* is a singular point of the same type for the DAE

A(t)(D(t)y(t)) + B(t)y(t) = C(t)q(t), te T, (4.4)

A(t) = C(t)A(t), D(t) = D(t)F(t), B(t) = C(t)B(t)F(t) (4.5)
for nonsingular matriz-valued maps C(t), F(t) € C(J,R™*™).

Proof. Note first that there is no projector involved in the notion of
a type 0 singularity. For k-singular points with & > 1 we follow the
proof of Theorem 3.3 in [196], based in turn on the results presented
in [191]. Let {Qo,...,Qk—1} and {Qo,...,Qk_l}, be admissible (up to
level k — 1) projector sequences on Z, and denote by {G;}, {G;} the
corresponding matrices constructed from these projector sequences. We
make use of the fact that rkGp = rk Gk, which is due to the identity
Gp = G Zy, with a nonsingular factor defined recursively for i < k as
Zi = (I+Qi—1Qi—1Pi—l + E;;% QjZijPO s Pi_Q)Zi_l, for certain Z”, see
Theorem 2.3 in [191]. Therefore, rank changes occur exactly at the same
points for both matrices Gy and Gk, showing that the notion of a singular
point of type k-A is independent of the choice of the admissible projector
sequence.

From Theorem 2.3 in [191] it follows that No@... & N; = No@...® N;
holds for all i < k — 1. Now, from the identity Ny = ZyNj and the
expression defining Zj, we derive

Ny C(Ng®...0 Np1)+ Ne=(No®...® Np_1) + Ny,
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and, conversely,
Nk - (NQEB...EBN;C,Q-FN/C =No®D...® Ng_1)+ Ng.

We then get (No@®...®Ng—1)+Ni = (NOEB. . .EB]\Afk_l)—FNk and, therefore,
dim (No®...® Ni_1) NN = dim (NO D...0 Nk_l) N Ny. Type B singular
points are defined by the case in which this dimension is no longer zero,
and this occurs simultaneously for both projector sequences {Qo, . .., Qr—1}
and {Qo, . ,Qk,l}. Therefore, the type B singularity notion is also inde-
pendent of the choice of admissible projectors.

Regarding the asserted invariance with respect to the transformed DAE
(4.4), it is immediate to check from (4.5) that ker A(t) = ker A(t) and
imD(t) = imD(t). Hence, the proper statement of (4.4) is obviously
equivalent to that of (4.3) and therefore the type 0 singularity notion is
invariant. In turn, for k-singular points with k > 1 we follow again [196];
the projectors Q; = F~Q,F constructed in [189] for (4.4) yleld the iden-
tities G; = CG;F. The rank of G; is therefore transferred to G; and type
A singularities are hence invariant. Additionally, N; = kerG; = F~!N;, so
that the loss of transversality in the NV; spaces defining type B singularities
is also transferred to N; and the proof is completed. O

The importance of the types A and B introduced in Definition 4.2 relies
on the fact that they provide a complete description of the singular set
J — Jreg in sufficiently smooth (that is, C™~!) problems. As in [196], the
proof of this result is based on the P-framework; note that the smoothness
properties of the projectors P; below, based in turn on those of @;, would
be trivially transferred to the products II; = Py--- P; (cf. Theorem 2.2)
within the II-framework.

Theorem 4.2. Assume that the coefficients A(t), D(t), B(t) in the linear
DAE (4.3) belong to C™~1. Then every singular point is of type 0, k-A, or
k-B, with 1 <k < m.

Proof. Let us first remark that, around any point in J which is not a
0-singularity, the maps D~ (t), R(t) and Py(t) can be chosen from C™~!
according to the requirements (2.37), (2.38) and (2.39). In this situation,
the locally defined matrix mapping G; = G + BQy also belongs to C™ 1.
Now, except at type 0, 1-A and 1-B singularities, we may locally choose a
preadmissible Q1 in C™~!, so that 1 will actually be admissible. Then B;
and so G will be in the class C™~2. At subsequent levels, the construction
can be locally extended in an admissible manner up to the mappings G, 1,
Q—1 which can be taken from C'. This means that B,,_; and G,, will
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be continuous. Finally, at points which are neither regular with index < m
nor singular of type k < m or m-A, the space No @ ... P N,,_1 must fill
R™ and will therefore intersect IV, non-trivially. This necessarily yields a
singular point of type m-B, thus completing the proof. |

Type A singularities

Some instances of A-singularities can be easily introduced in terms of the
circuit model (2.124) considered in subsection 2.2.6. Note first that isolated
zeros of Cy(t), Ca(t) or L(t) lead to rank deficiencies in D(t) and would
hence define type 0 singularities of the DAE.

Assume now, as in 2.2.6.2, that the circuit parameters verify the con-
ditions C4(t) # 0 # Ca(t), L(t) # 0 and Ry (t) = 0 on the working interval
J. The reader can check that, in this setting, isolated zeros of Ra(t) yield
rank deficiencies in the matrix Gy within (2.127), therefore making such
zeros singular points of type 1-A for (2.124).

In turn, if the condition C(t) + Ca(t) # 0 fails to hold at an isolated
point where Rs(t) does not vanish, then the matrix G has locally constant
rank and the spaces Ny and N7 are still transversal, but now the matrix Go
in (2.131) undergoes a rank deficiency at this point, which can be therefore
labeled as a singularity of type 2-A.

Further remarks on the singularities of this system can be found in [196].

Type B singularities
The Hessenberg DAE

r+y+alt)z=aq() (4.6a)
Y —x = qat) (4.6b)
x = qs(t) (4.6¢)

models an electrical circuit considered in [196, 197]. This system can be
written in the properly stated form (4.3) using

10 0 1 at)
A=|01 ,Dz(égg),B: 10 0
00 10 O

The product Gog = AD reads

100
Go=1010],
000
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0
and then Ny = ker Gy = span 0 . Setting
| \1
10 000
D =101],Qy=My=|1000],
00 001
we get
10 aft) —a(t)
Gi=|101 0 , N1 = kerG; = span 0
00 O 1

Mind that the matrix G(t) has constant rank 1 = 2, and that the inter-
section No(t) N N1(t) becomes non-trivial when «(t) vanishes. This means
that the zeros of «(t) define singular points of type 1-B for (4.6).

Again, the reader is referred to [196, 197] for additional details concern-
ing the singular points of this DAE.

4.2.2 Decoupling

The existence of singular points in J precludes the construction of a
tractability chain for (4.3) defined on the whole working interval. This
means that the analysis of linear DAEs via projector methods, in the terms
discussed in Chapter 2, is not feasible for systems with singularities. These
problems require the introduction of suitable working hypotheses allowing
us to adapt the framework of Chapter 2 to singular settings. For later
detailed reasons (see Remark 4.1), the II-framework of subsection 2.2.4
will display some important advantages over the construction based on P-
projectors and will therefore be preferred.

4.2.2.1 Working hypotheses

Broadly speaking, the framework of Chapter 2 can be adapted to singu-
lar problems with a dense subset of regular points by relaxing the proper
statement of the DAE and replacing the working conditions (a) and (b)
on page 45 by the existence of a continuation of the characteristic spaces
No @ ... ® N;, preserving the smoothness property on DII; D~ displayed
in (c). Hereafter, if there is no further specification, ‘continuation’ will
mean ‘C°-continuation’. Under mild conditions on D(t) and A(t), the ex-
istence of a such a continuation meeting the smoothness requirements can
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be expressed in terms of the existence of a Cl-continuation of the spaces
No&...8 N;; see Proposition 4.1 below. This fact will provide in particular
a nice framework for the standard form problems considered in Section 4.3,
and provides additional support for the idea that the characteristic spaces
Ny @ ... ® N; somehow define the “core” of the projector approach. Al-
though the working hypotheses will be stated globally on 7, it should be
clear how to reformulate them locally around a singular point.

These working assumptions will make it possible to unravel the behavior
of the DAE through a singular inherent ODE, which will actually display
a scalarly implicit form, as detailed in Theorem 4.3.

The setting for our analysis of singular problems assumes that the regu-
lar set is dense in the working interval, as stated below. This includes (but
is not restricted to) DAEs with isolated singularities. Assumption P1 will
play a key role in the decoupling of singular problems discussed in 4.2.2.2.

Assumption P1. The set Jieg of regular points is dense in J .

Assumption P2 below captures the requirements on the matrix map-
pings A(t), D(t) within the DAE formulation (4.3). We will restrict the
attention to problems with a constant rank matrix D(t), via the C* struc-
ture on im D(t) stated in Assumption P2. This is reasonable in many ap-
plications since D is intended to capture the components of the semistate
vector x which actually need to be differentiated, although some problems
would need a broader setting allowing for rank changes in D. The type
0 singularities accommodated in the present framework are hence due to
rank drops in A(¢) for which the space X (¢) arising below is well-defined.

Assumption P2. There exists a time-varying space X (t) C ker A(t) such
that X (t) ®im D(t) = R™ for all t € J, and both spaces X (t) and im D(t)
are spanned by C' bases on J.

At regular points, where the DAE is (locally) properly stated, the space
X (t) must equal ker A(t); this space can be thus seen as a C! continuation
(assumed to exist) to the whole of J of the kernel of A(t) at regular points.
The C'-space (cf. Remark 2.1 on page 36) X (t) is also said to be a C'-
restriction of ker A(t).

In virtue of Assumption P2, there exists a C'! projector R(t) along X (t)
onto im D(¢) on the whole of J. Because of the relation X () C ker A(t),
the identity A(t)R(t) = A(t) holds on J; this can be checked from the fact
that I — R(t) projects onto a subspace of ker A(t) for all ¢ € 7, yielding



4.2. Singularities of properly stated linear time-varying DAEs 147

A(t)(I—R(t)) =0 for t € J. Furthermore, under the density hypothesis on
the regular set stated in Assumption P1, the space X (¢) and the projector
R(t) are uniquely defined by the requirements depicted in Assumption P2.

The constant rank assumption on D(t) implies that ker D(¢) has a
continuous basis on J. Set Ko(t) = kerD(t). Note that ker D(t) C
ker A(t)D(t) = kerGo(t) on J, so that Ky(t) is a continuous restriction
of Ny(t) = ker Go(t). Moreover, at regular points we have ker A(t)D(t) =
ker D(t), and therefore Ky(t) actually equals No(t) = kerGo(t) on Jreg;
Ko(t) can be therefore seen as a continuation to the whole of J of the
space No(t) = ker Go(t) at regular points. The existence of a continuous
projector Ily(t) along Ko (t) follows from the CO-structure of Ko(¢); in par-
ticular, the orthogonal projector along Ky(t) is continuous on J.

Following these remarks, Assumption P2 also yields the existence of a
continuous (on J) mapping D~ (t) satisfying the relations (2.37), (2.38)
and (2.46), i.e.

DD"D=D, D"DD~ =D~, DD" =R, D™D =1l,, (4.7

where we have removed the dependence on t for notational simplicity.

The projectors I(t) and R(t) defined above extend to the whole of
J the corresponding “regular” projectors Ilo(t) and R(t) defined on Jreg;
this means that IIo(t) projects along No(t) = ker Go(t) on Jreg, and R(t)
projects along ker A(t) onto im D(t) on Jyeg. This continuation is C* in
the case of R(t). The assumption that analogous continuations exist in
subsequent levels is the key requirement for the projector framework to be
applicable to singular problems, as depicted below.

Assumption P3. There exist projector mappings 111 (t), ..., I,,—1(t) con-
tinuous on J, with DII; D~ continuously differentiable on J, which satisfy
kerIl; = No @ ... ® N; and imIl; C imIl;_y on Jreg-

Here 4 ranges from 1 to m — 1, with Iy (arising in the relation imII; C
imII for i = 1) defined above. If a nonsingular matrix G; is met at some
point for i = v (cf. Proposition 4.2), then it must be understood that
NO@®N1:NO®@NV—1 and HiZHl,_l forvSiSm—l.

Proposition 4.1. Provided that there exists a space X (t) satisfying the
requirements depicted in Assumption P2, then Assumption P3 holds if

(i) D(t) is in C*(J,R™ ™) with constant rank; and
(ii) the space No(t) @ ...® N;(t) admits a C1-continuation K;(t) on J, for
i=1,....m—1.
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Proof. Because of the C! assumption on D(t), the space Ko(t) = ker D(t)
is in C'! and so it is the orthogonal projector Iy(¢) along Ko(t). From the
relations defining D~ (¢) in (4.7) it follows that this matrix-valued map
is in C'. Now, for i = 1,...,m — 1, let II;(t) be the orthogonal projector
along K;(t); this orthogonal projector is again in C! due to the C! nature of
K;(t). The products D(t)II;(t) D~ (t) are therefore in C! fori =1,...,m—1.
Finally, since K; = Ng @ ... ® N; at regular points, the relations kerII; =
No®...® N; and imll; CimlIl;_1 on Jiee are also satisfied. O

Note that we use the notation Kj;(t) for the continuation on J of the
space No(t) @ ... D N;(t); the latter is well-defined only on the regular set

Treg-

Remark 4.1. Assumptions P1-P3 accommodate not only type A but also
type B singular points, in contrast to the framework presented in [196].
The working assumptions there can be roughly described as requiring the
individual spaces N;(t) to admit a continuation through the singular points,
retaining the transversality and smoothness properties (b)-(c) on page 40.
This means that the projectors P;(t) (or equivalently Q;(t) = I — P;(t)) can
be continued through the singularity in an admissible manner, making it
possible to work with the products Py(t) - - - P;(¢t) which satisfy Assumption
P3 above. As proved in Proposition 4.2 of [196], the assumptions there rule
out the existence of B-singular points. The key idea is that the admissibility
condition reads @;Q); = 0 for ¢ > j, and relies upon the transversality
condition (Nog @ ...® N;—1) N N; = {0}; trying to force Q;Q; = 0 through
a type B singular point yields an unbounded projector and therefore rules
out the P-based matrix chain construction. The setting here considered,
based on II-projectors, does not display this limitation: the II-projectors
may admit a continuation through the singular points in situations in which
the P-projectors do not.

The importance of Assumption P3 relies on the fact that, together with
Assumptions P1 and P2, allows one to build the chain {G;} in this singular
context according to the rules specified in (2.50), that is, by setting My =
I —Tly, Gy = Go + BoMo, M; =11;—1 — 1I;, and

B; = (Bi,1 — GiDi(DHiDi)/D)Hifl, Gi+1 = G; + B; M;. (48)
Moreover, this construction makes it possible to adapt the decoupling dis-
cussed in Chapter 2 to singular problems, as detailed in Theorem 4.3 below.
Note that this construction particularizes to a tractability chain at regular
points.
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This framework excludes index changes, as proved below.

Proposition 4.2. Under Assumptions P1-P3, all regular points of the
DAE (4.3) have the same tractability index v.

Proof. The result follows from the fact that the projectors Iy, ..., IL,;,—1
define a tractability chain on Jrs. At regular points, the projectors FP;
along N; = kerG; are well-defined by Theorem 2.2, and satisfy im P; =
kerIl;_q @ imII; (cf. (2.51)). The assumed continuity on II; comprises a
constant dimension hypothesis on its kernel and image; in turn, this implies
a constant rank condition on F; in Jreg and hence on Gy, since F; projects
along ker GG;. This means that the nonsingular mapping G; defining the
index will be reached at the same step on the whole of Jieg. O

4.2.2.2  Decoupling

Theorem 2.3 characterizes the solutions of a regular linear DAE in terms of
an explicit inherent ODE. We show below that Assumptions P1-P3 make
it possible to describe the behavior of singular linear DAEs by means of an
implicit inherent ODE (cf. (4.10)). The leading coefficient of this scalarly
implicit ODE, which somehow captures the singular behavior of the DAE,
does not vanish at regular points and therefore the inherent ODE amounts
locally (i.e. on regular subintervals) to an explicit problem. For the analysis
of singular ODEs such as (4.10) the reader is referred to [71, 127, 300].

Within Theorem 4.3, the matrix chain construction follows (4.8). Ac-
cording to Proposition 4.2, this chain results in a matrix mapping G, (t)
which is nonsingular on Jreg, with 0 < v < m. We denote w,(t) =
det G, (t), and let AdjG, be the adjoint of G,, namely the transpose of
the matrix of cofactors of G, (also called the adjugate matrix, cf. [137]).
In the sequel we remove explicit dependences on t, and assume that the
excitation ¢ is smooth enough as to permit all the involved differentiations
(cf. Remark 2.9 on page 53).

Theorem 4.3. Under Assumptions P1-P3, a given mapping
z € CH(Z,R™) = {z € C(Z,R™) / Dz € C'(Z,R™)}
solves (4.3) in a subinterval T C J if and only if it can be written as
r=D u+uv,_14+...+ v+ v, (4.9)
where u € CY(Z,R™) is a solution of the scalarly implicit inherent ODE
wyt' — w, (DI, 1D~ ) u+ DI,_1AdjG, BD u = DII,_;AdjG,q (4.10)
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lying on the locally invariant space im DII,,_1 D™, whereas the solution com-
ponents vy verify

v—1 v—1

wZﬁk = KD u+ Z Nk] D’UJ Z ./\/lk]vj—kﬁkq (4.11)
j=k+1 j=k+2

Jork=v—1, , 0, wzthvaCD(I R™) for k >0 and vo € C(Z,R™).

Setting Ql = AdJG BiM; and P; = w,I —Q; for 0 < i < v —1, the
coefficients of (4.11) are continuous on J and read

Ky = MyPyy1 -+ P,_1AdjG, B
+My(w,Pyyy - P,y —wt 1D~ (DII,_D~)'D

Nij = wy I My Py1 - Pj_1Q;D™

j—1
My = My, < > Wi ey Pa(Qi— H)) D~ (DM;D™)'D

i=k+1
Li = MpPeyr - P,_1AdjG,,
where the products pk;+1 .- }51 amount to the identity I wheneverl < k—+1.

Once the working hypotheses depicted in Assumptions P1-P3 have been
figured out, the proof of this result follows in a natural way. The key idea
is that the decoupling presented in Theorem 2.3 is valid within Z N Jreg
and can be rewritten in scalarly implicit form via the identity det G, - I =
AdjG, - G,. We will make repeated use of the fact that any continuous
mapping vanishing on a dense subset of a given interval actually vanishes
on the whole interval.

Proof of Theorem 4.3. Let x € CL(Z,R™) be a solution of (4.3) in
7 C J. Since x(t) solves (4.3) on Z, the components u = Dz and vy, = My,
kE=v—1, ..., 0, satisfy on Z N Jreg the relations depicted in (2.68) and
(2.69). Multiplying (2.68) by w, we immediately get that (4.10) holds on
I N Jreg; since all involved operators are continuous, and ZN J;e, is dense in
7, this relation remains valid on Z. The same reasoning makes it possible to
derive (4.11) via the multiplication of (2.69) by wy ™ kfork=v—1,...,0.
Remark that Q; = AdjG, B;M; and P; = w, I — Q; are continuous on the
whole of J and, at regular points, the projectors @Q;, P; are well-defined
and verify w,Q; = Qi, w,P; = P;. Usmg these identities together with
w,G;' = AdjG,, the expressions for Ky, ./\fkj, MkJ and £, are obtained
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in a straightforward manner from the ones depicted for K, Nyj, My; and
L. in Theorem 2.3.
Note that u = Dx, as well as Dvy = DMz = DM D~ Dx for k =

v—1, ..., 1, arein C'(Z,R"); again, we have implicitly used the fact that
the identity M D™D = MIly = Mj, holds on Z N Jyee and therefore on Z.
The space im DII,,_1 D~ = im DII,_; is invariant for the scalarly im-

plicit ODE (4.10) since y = (I — DII,_1 D~ )u satisfies the homogeneous
equation

Wl/[y/ + (DHu—lD_)/y] =0

on Z. Taking into account that w, # 0 on a dense set, we derive that
y' + (DII,_1 D~ )y = 0 on Z, and therefore a vanishing initial condition for
y, which owes to u = DII,_1 D™ u, has as unique solution the trivial one on
the whole Z.

On the other hand, assuming that u € C%(Z,R") together with
Vy—1, -y v1 € CHL(Z,R™) and vy € C(Z,R™) satisfy the relations de-
picted in (4.10)-(4.11), we can parallelize the proof of Theorem 2.3 to show
that * = D u+v,—1 + ... + vo € CH(Z,R™). Additionally, the iden-
tity A(Dz)' + Bx — g = 0 holds on the dense (in Z) set Z N Jyeg; this
is due to the fact that the decoupling (4.10)-(4.11) amounts to the one
in Theorem 2.3 at regular points. Now, since the map A(Dz) + Bz —q
is continuous, A(Dz)" + Bx — ¢ = 0 remains true on Z, and therefore
=D u+v,-1+...+ v is a solution of the properly stated DAE (4.3)
in CHL(Z,R™), thus completing the proof. a

Remark 4.2. The stronger requirements within the A-framework of [196],
referred to in Remark 4.1, make it possible to derive a decoupling with a
singular coefficient w, (that is, without increasing exponents) in front of
the algebraic components vy; cf. (4.11). Find details in Theorem 4.3 of
[196]. In general, the chance to reduce further the exponents of w, within
(4.10)-(4.11) is an open question.

4.2.2.3 Campbell’s example and harmless singularities

As detailed above, Assumptions P1-P3 allow for the construction of a ma-
trix chain for singular linear DAEs and for the characterization of their
behavior in terms of the decoupling discussed in Theorem 4.3. The leading
coefficient w, (t) = det G, (¢) within (4.10)-(4.11) will vanish if and only
if G, is singular; remember that v is given by Proposition 4.2. It might
be conjectured that a singular point t* should always result in a singular
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matrix G, (t*) but this is not true, as shown by example (4.12) below. We
will say that t* is a harmiless singular point for (4.3) if Assumptions P1-P3
hold and the resulting matrix mapping G, (¢) is nonsingular at ¢*.

The following DAE is considered, with ¢(t) = 0, in [40] (p. 120):

100
00 t]a+z=q). (4.12)
000

This equation can be written as

100 100
00t 000 ])z| +z=q(t), (4.13)
000 001
4
100 100
A=|oo0t|,D=|000]|, Bo=B=1. (4.14)
00O 001

The point t* = 0 is a type 0 singularity since A(t) has a rank drop there.
The space ker A(t) admits however the smooth continuation

0
X(t)=span || 1
0

and Assumption P2 is easily checked to hold. The space Ko(t) equals X (t).
Set Go = AD = A and D~ = R =1l = D, the latter given in (4.14). This
yields

000 100
My=I-1lp=(010), G =Gy+ByMy=|01 ¢
000 000
The matrix (G; has constant rank, with
0
Ni(t) =span || =t | |,
1

yielding the following continuation of the space No(t) ® N1 (t):

0 0
Ki(t)=span || 1], |0
0 1
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Straightforward computations lead to
100 100
ILi=1000],Gy=(011
000 001

The set of regular points is R — {0}, meeting Assumption P1. The DAE
has tractability index two at regular points. Assumption P3 can also be
checked to hold with IIy, II; defined above and Il = II;. The fact that
Assumptions P1-P3 hold on R supports the construction of the matrix chain
on the whole working interval and, in particular, at the origin.

Since the matrix G5 is nonsingular at the origin, this point is a harmless
singularity. We show below, for illustrative purposes, how the decoupling
in Theorem 2.3 (which applies here because of the harmless nature of the
singularity) describes the solutions of the DAE; note, however, that in this
case the solutions can be directly computed from (4.12). Solutions can be
easily checked to be given by

ul (t) 0 0
r=D"u+uv +vy = 0 + 0 + | @2(t) —tgz(t)
0 q3(t) 0

provided that w;(t) comes from the inherent ODE which, on the invariant
space

im DII; D™ = span 0 ,

reads u}] + u1 = ¢1(t).

The full characterization of harmless singularities is an open problem.
Certainly, type v-A singular points can never be harmless, v being the
index of the DAE in Jg under Assumptions P1-P3 (cf. Proposition 4.2).
As shown in Proposition 4.4 of [196], type (v — 1)-A singularities cannot be
harmless, either. This implies in particular that the harmless phenomenon
is specific to higher (> 2) index contexts. Remark, incidentally, that the
index of (4.12) is two on R — {0}.

Finally, the reader is referred to [196, 197] for the discussion of other
examples involving singularities of linear DAEs with properly stated leading
term.
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4.3 Singularities of standard form linear time-varying DAEs

The analysis of singular points of properly stated DAEs performed above
can be applied to the standard form problem

At () + E@)x(t) = q(t), te J, (4.15)

as detailed in this Section. In (4.15), A(t), E(t) € C(J,R™*™) and ¢(t) €
C(J,R™), with J C R an open interval. Smoothness assumptions on A(t)
and E(t) will be discussed later and, as in Section 4.2, the excitation ¢(t) is
assumed to be smooth enough as to admit all the involved differentiations
(cf. Remark 2.9 on page 53).

Roughly speaking, the idea will be to reformulate (4.15) in the prop-
erly stated form (4.16) below, and then apply the taxonomy and results
of Section 4.2. Note that the set Jg of regular points of (4.15) is well-
defined and independent of choice of the projector P in (4.16); this is a
direct consequence of Proposition 2.7 (p. 76).

4.3.1 Classification

Definition 4.2 is not applicable to the standard form DAE (4.15) at level 0
since the notion of a type 0 singular point there is crucially based on the
properly stated form of the problem. Incidentally, we define below type 0
singularities for (4.15) as those for which a local proper statement is not
feasible.

Definition 4.3. A point t* € J — Jrcg is said to be a singular point of type
0 for (4.15) if ker A(t) does not admit a C'! basis on any open subinterval
I CJ witht* eT.

Remark 4.3. If A(t) is in C!, then t* is a singular point of type 0 if and
only if A(t) has a rank drop at ¢*; cf. Remark 2.1 on page 36.

Singular points which are not type 0 belong to some open interval where
ker A(t) is in C! and hence admit locally a proper statement of the form
(2.142), i.e.

A)(P(t)z(t)) + B(t)z(t) = q(t), (4.16)

where P(t) is a C! projector along ker A(t), and B(t) = E(t) — A(t)P'(t).
Type k singular points, with k& > 1, can be now defined in terms of
(4.16) following Definition 4.2.
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Definition 4.4. A point t* € J — Jreg Which is not type 0 is said to be a
singular point of type k-A or k-B, k > 1, for (4.15), if it has type k-A or
k-B, respectively, for (4.16).

Around a k-singular point, there exists a subinterval where the DAE is
nice up to level k—1 (cf. Definition 4.2). This notion comprises a smoothness
requirement on DII; D~ for ¢ < k — 1, so that smoothness assumptions are
implicit in Definition 4.4. As in Theorem 2.4, the standard form of the
DAE makes this smoothness requirement amount to a C! condition on the
characteristic spaces No @ ... D N;.

Proposition 4.3. The notions introduced in Definition 4.4 do not depend
on the specific choice of P(t) in (4.16).

Proof. This result parallelizes, in the singular setting, Proposition 2.7;
the proof of the latter shows in turn that Theorem 4.6 in [189] applies. In
the proof of item (i) within that Theorem, it is shown that the matrices
G; and G; arising from different choices P, P of the C projector along
ker A(t) verify a relation of the form G; = G F; for a given nonsingular
factor F;. This shows that the notion of a k-A singular point does not
depend on the choice of P. Additionally, due to the form of F; one can
check, proceeding as in the proof of Theorem 4.1, that an eventual non-
trivial intersection (No @ ...® Ni_1) N Nj occurs simultaneously for P and
P, which proves that k-B singularities are also independent of the actual
choice of this projector. O

The concepts introduced in Definition 4.4 are also independent of later
choices of the projectors and invariant with respect to time-varying coordi-
nate changes and nonsingular rescaling, according to Theorem 4.1. Addi-
tionally, the taxonomy depicted above accounts for all the singularities in
sufficiently smooth standard form problems, as stated below.

Theorem 4.4. Let A(t) € C™(J,R™*™), E(t) € C™ Y(J,R™™) in
(4.15). Then every singular point is of type 0, k-A, or k-B, with 1 < k < 'm.

Proof. 1If a given singular point is not type 0, then P(t) = D(t) can
be taken from C™, so that B = E — AP’ is in C™~!. The hypotheses of
Theorem 4.2 then hold for (4.16) and the result follows in a straightforward
manner. g
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4.3.2 Decoupling

In a neighborhood of a k-singular point with £ > 1, a matrix chain can be
constructed for (4.15) up to the k-th step as in Section 2.3, that is, via the
relations Go = A, B =B =FE — AP, G1 = Gy + ByMy, and
Bl' = (Bi—l — GlHOH;)Hl_l (417&)
Gi+1 = G; + B;M; (4.17b)
for 1 <i < k — 1. Here, Iy equals P, whereas II; is a C' projector along
the space No&...® N; verifying imII; C imIl;_q, with M; = II;_; —II;. In
particular, IT; can be chosen as the orthogonal projector along No@®...® N;,
provided that P = Il is orthogonal. The characteristic spaces No@®...® N;
are in C' and allow for such a C'! choice of 1I;.

Such a k-singularity will be defined either by a rank drop in G or by
the loss of transversality of N = ker G}, with respect to Ng & ... ® Ng_1.
This precludes the construction of the matrix chain beyond this step in
the terms assumed in Chapter 2. However, as a particularization of the
ideas introduced in Section 4.2, if the space No @ ... ® N} admits a C'-
continuation through a k-singular point, the construction of the chain and
a singular decoupling will still be feasible. Notably, this single requirement
comprises (at step k) all the conditions stated in Assumption P3 (p. 147).

Theorem 4.5. The reformulation (4.16) of the standard form DAFE (4.15)
is feasible and meets Assumptions P1-P3 on pages 146-147 if

(1) the set Jreg of regular points is dense in J;
(ii) there exists a C'-space X (t) such that X (t) = ker A(t) on Jreg; and
(iii) the space No(t) @ ...® N;(t) admits a C-continuation K;(t) on J, for
i=1, ..., m—1.
If these requirements hold, then
r € Cp(Z,R™) = {2z € C(Z,R™) / Pxr € C*(Z,R™)}
solves (4.16) in a subinterval T C J if and only if it can be written as

r=u+v,_1+...+ v+ g, (4.18)
where u € C1(Z,R™) is a solution of the scalarly implicit inherent ODE
wyt! —w I, _ju+11,_1AdjG, Bu =11,_1Adj G,q (4.19)

lying on the locally invariant space imII,,_1, and the components vy verify
v—1 v—1
wZ_kvk = —l@kD_u + Z ./\71@]‘1); + Z /\;lkjvj + ﬁkq (4.20)
j=k+1 j=k+2



4.8. Singularities of standard form linear time-varying DAEs 157

fork=v—1, ..., 0, with vy € CHZ,R™) for k > 0 and vy € C(Z,R™).
With Qr, = Adj G, BixMy, Py = w,I — Qy, the coefficients of (4.20) read

K = MyPyy1---P,_1AdjGy B + My, (wyPyy1--- Py —wl FDIT,_,

Nij = wl I MpPyga -+ P Q;

j—1
My = My, ( > Wi ey Pa(Qi— Pz)) o M;

=kt 1
Ly = MyPyi1---P,_1AdjG,,

where the products pk;+1 .- }51 amount to the identity I wheneverl < k+1.

Proof. Assumption P1 is explicitly stated in (i). Let P be the orthogonal
projector along the space X (t), which is in C! because so it is X (). Since
the identity AP = A holds on the dense subset J¢g, it remains true on the
whole of 7. This means that X (¢) C ker A(¢) for all ¢ € Jreg and also that
the reformulation (4.16) is feasible in this context; the identity D(t) = P(t)
shows that Assumption P2 holds for (4.16). Assumption P3 is trivially met
via Proposition 4.1.

On the other hand, the characterization of solutions via (4.18), (4.19)
and (4.20) follows from Theorem 4.3 exactly as Theorem 2.5 is derived from
Theorem 2.3. O

Remark 4.4. Once the existence of the C*-space X (t) (supporting the in-
troduction of P(t)) is assumed, the space Ny(t) = ker Go(t) = ker A(t)P(t)
trivially equals ker A(t) in standard form problems; this means that, a pos-
teriori, the assumption on X (¢) in (ii) can be reformulated as the existence
of a C'-continuation Ky (t) (namely, X (t)) of Ny(t), akin to the statement
in (iii) for ¢ > 1.

As in Section 4.2 the meaning of v in Theorem 4.5 emanates from Propo-

sition 4.2, and the identities No® ... ® N; =Nog® ... & N,_1, II; =11,
must be understood for v < ¢ <m — 1.

4.3.3 Analytic problems

Analytic, standard form problems virtually fill the scope of other ap-
proaches to singular linear time-varying DAEs: see [139, 225] for related
discussions in the context of the strangeness and geometric indices, re-
spectively. The above-presented projector framework does not display this
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restriction. We show below that it applies in particular to standard form,
analytic linear DAEs, so that it covers in particular the set of problems
considered in these references. For analogous results involving analytic,
properly stated DAEs the reader is referred to [197].

In the proof of Theorem 4.6 below we will make repeated use of the fol-
lowing property: an analytic matrix-valued map defined on an open interval
J has constant rank except on a discrete set (i.e. a set composed of isolated
points) S which does not have accumulation points in J. Additionally, the
orthogonal projectors along its kernel and along its image are analytic on
J — S and can be extended as analytic maps on the whole interval J (see
Lemma 2.2 in [225]). This relies on the well-known property that zeros of
non-trivial analytic maps are isolated (see e.g. [78]).

We will also use the property ker ANker B = ker (ATA+BTB) for any two
matrices A, B having the same order, and use implicitly the terminological
abuse Ny(t) = ker A(¢) supported on Remark 4.4.

Theorem 4.6. If A(t), E(t) in the standard form DAE (4.15) are analytic
on J and the reqular set Jrcg is non-empty, then J.eg 1s actually dense in
J, and the spaces

No(t) @ ... ® Ni(t)

admit an analytic continuation K;(t) on the whole of J fori=10,...,m—1.
In this situation, the solution characterization described in Theorem 4.5
applies, all the operators within (4.19)-(4.20) being analytic.

Proof. Let P be the analytic continuation to J of the orthogonal pro-
jector along ker A at maximal rank points. Denoting by 7y the set of type
0 singular points, we then have that the set of nice at level 0 points J — Jy
is dense in J. As in Theorem 4.5, the reformulation (4.16) is supported on
the fact that A = AP (or, equivalently, A(I — P) = 0) holds on the whole
of J. Set then D=R =P, Go=AP = A, By=B=FE — AP, Tl = P
and My = I —IIy. The time-varying space Ko(t) = ker P(t) = kerIIp(t) is
an analytic continuation of Ny(t) = ker A(t) = ker Go(t).

The analytic matrix mapping G; = Gg + BgMjy meets rank deficiencies
on a set of isolated points; its intersection with J — Jy defines the set
J1a of type 1-A singular points. Write N1 = ker G;. From the absence of
accumulation points in J for both Jy and J14 it follows that J — (JoUJ1a)
is dense in J.

Now, ker (II{ Iy + G1G1) = ker (Il + G G1) equals the intersection
Ny N N7 except maybe at type 0 and type 1-A singular points. We have
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used the fact that orthogonal projectors are symmetric and then ITJ Iy =
TpIly = Iy. Therefore, excluding types 0 and 1-A, the intersection NoN Ny
is trivial if and only if the analytic matrix map I + GTG; has maximal
rank: since the regular set is non-empty, this maximal rank is met at some
point and hence on the whole interval except again on a discrete set without
accumulation points in J. Its intersection with J — (Jo U J1a) defines the
set of singular points of type 1-B and, again, the set of nice at level 1 points
J — (JoU Jia U JiB) is dense in J.

Additionally, note that the orthogonal projector (Q; onto N; at nice at
level 1 points can be extended as an analytic function on the whole interval.
Since I —1Ilj is, at nice at level 0 points, the orthogonal projector onto Ny,
we can express at nice at level 1 points:

No @ Ny = (Ng- N Ni-)* = (ker (I — o) (I — Ig) + Q1Q1)) ™"
= (ker (I =TI+ Q1))* = im (I — Iy + Q1),

where again we have used the fact that orthogonal projectors are symmetric.
This means that, at nice at level 1 points, the direct sum Ng & N; can
be expressed as the image space of the analytic matrix-valued mapping
I —TIy+Q1; therefore, there exists an analytic matrix map II; which defines
the orthogonal projector along Ny ® N; at nice at level 1 points. The time-
varying set K1(t) = kerII;(¢) then provides an analytic continuation of
N()(t) @ Nl(t) on j

Set then M1 = HO — Hl, B1 = (B() — G1H0H’1)H0, GQ = G1 + BlMl
and proceed analogously in order to show that singular points defined by
rank deficiencies on G and by the condition ker (IT; + G1G2) # {0} define
a discrete set without accumulation points in 7, and that there exists an
analytic continuation of the orthogonal projector Iy along (Ng@® N1)® Ny =
im (I — II; 4+ Q) and thereby an analytic continuation K5(t) of the space
No(t) ® N1(t) ® Na(t).

The proof is completed by repeating the procedure up to the step in
which a nonsingular G, is met at some point. This must happen on a dense
subset of J and the density of Jieg follows. Finally, the fact that Theorem
4.5 applies, as well as the analyticity of the operators within (4.19)-(4.20),
are straightforward. O

Note that the assumption that the regular set is non-empty cannot be
removed from Theorem 4.6 since, for instance, in a constant coefficient DAE
defined by a singular matrix pencil all points in 7 would be singular.
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4.4 Singularities of autonomous quasilinear DAEs

Let us drive our attention back to the quasilinear DAE (3.13), that is,

Al = f(@), (4.21)
where A(z) € C®° (W, R™*™) and f(z) € C*°(Wy, R™); the set Wy is open
in R™. As in Chapter 3, the smoothness requirement can be easily relaxed
to work in C* settings with finite &, and we will occasionally do so.

A seminal reference in this context is the paper [219] by P. Rabier.
Broadly speaking, this paper characterizes the behavior of quasilinear ODEs
near generic singularities, specifically those which would be later identified
with impasse points. Here and in the sequel we are using the expression
‘quasilinear ODE’ to mean problems of the form (4.21) in which A(x) is
nonsingular on a dense subset of Wy, the term singularity denoting in this
case the set of points with singular A(x). Later developments in this set-
ting can be found in [165, 166, 202, 203, 236, 240, 254, 276, 277, 309];
cf. subsection 4.4.1.

Singular problems have also been addressed in the context of semiex-
plicit index one DAEs [22, 23, 48, 61, 62, 173, 174, 233, 236, 249, 288];
regarding parametrized systems and, in particular, singularity-induced bi-
furcations see [19-21, 241, 243, 246, 275, 296-298, 308]. Singular bifur-
cations in higher index Hessenberg DAEs are studied in [242]. Note that
the term ‘index’ must be used with care in singular cases; cf. Remark 4.11
(p. 178). We will not tackle singular semiexplicit index one DAEs in as
much detail as quasilinear ODEs for the reasons discussed below, although
some additional remarks on singular semiexplicit index one problems can
be found in subsection 4.4.5.

Notably, Chua and Deng [61, 62] studied impasse points in semiexplicit
index one equations almost simultaneously to the above-mentioned charac-
terization of the same phenomenon in quasilinear ODEs by Rabier. Only
later, within the joint work of Rabier and Rheinboldt [222, 223], the rela-
tion between both settings would become clear; the local behavior of a broad
family of “singular” quasilinear DAEs, including in particular semiexplicit
index one systems, can be characterized in terms of a reduced quasilinear
ODE, in the same way as regular DAEs can be locally reduced to an ex-
plicit ODE. This idea will be the leitmotiv of the present Section, where
we show that the notion of a singular quasilinear DAE can be extended in
a way which, allowing for a quasilinear ODE reduction, spreads the scope
of [222, 223]. The working scenario which allows for this is detailed in
subsection 4.4.3 and compiled in Theorem 4.11 (p. 178).
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Beyond quasilinear ODEs and semiexplicit index one DAEs, a general
singularity notion for autonomous quasilinear DAEs is hard to find in the
literature. The analysis of singular phenomena in quasilinear DAEs with
arbitrary index virtually amounts to the above-mentioned papers of Ra-
bier and Rheinboldt [222, 223]; see also Chapter 7 of [228]. The singular
framework of [222, 223, 228] assumes however that the algebraic condi-
tions supporting the reduction process hold at every reduction step, as
detailed in 3.4.1. The procedure of Rabier and Rheinboldt ends up with
the quasilinear ODE (3.19), in which the leading matrix A, (u) may be
singular at some points. This approach accounts for impasse phenomena
which, roughly speaking, arise only in the last reduction step; in the au-
thors’ terms, their approach does not accommodate features that affect the
validity of the reduction procedure. Hence no general singularity notion,
apart from the one underlying those last-step singular points, is presented
either in [222, 223, 228]. The k-singularity notion introduced in 4.4.2 will
accommodate, in an invariant manner, singular points arising at any step.

Another type of singular phenomena not included in the framework of
Rabier and Rheinboldt stems from the global constant rank condition G1
(p. 95) imposed on the sets W,. There may well exist points satisfying the
condition f(z) € imA(z)|r,w,_, with a rank deficiency in A(z)|r, w,_,-
As acknowledged in Remark 26.2 of [228], the impasse framework of Rabier
and Rheinboldt suffice to ascertain that A, (u(t)) is invertible in (3.19) if
z(t) = p(u(t)) solves the original DAE (4.21); the trajectories (4.36) and
(4.37) for the DAE (4.35), or those depicted in (4.62) for the example (4.61)
in 4.4.6.2, will show that this singularity-crossing behavior is therefore out of
the scope of their framework. The inner singularity concept here introduced
for points in Wy, — W, will account for this type of phenomena. The
taxonomy of singularities presented in this work will also define as boundary
singularities the points in Wi — W, generalizing an idea already used in
[228] (Section 42).

The key aspect of singular DAEs is the fact that the failure of the
regularity conditions before the last reduction step will typically preclude
a smooth structure on the sets W;, since around a k-singularity they may,
for ¢ > k, no longer coincide with W;®. The framework discussed in 4.4.3
will introduce milder assumptions which make it possible to replace, locally
around a k-singularity, the sequence (3.44) by another one of the form

Wo DWW D .. OWS DWW D...DW, = Wiy (4.22)

(cf. (4.48)), the new sets W; being manifolds and allowing for a reduction
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of the problem to a quasilinear ODE. As detailed in Theorem 4.11, the local
dimensions of the manifolds in (4.22) will be now defined by the sequence

M=Tg>T1>...>TK > Tl > ... > Ty =Tyl (4.23)

Finally, singular DAEs raise the question of the extent to which these
problems actually define new dynamic phenomena, not with respect to ex-
plicit ODEs but regarding the quasilinear ODE context. The broad scope
of the working hypotheses in subsection 4.4.3 somehow answers this in the
negative, in the sense that quasilinear ODEs capture the main dynamic
phenomena expected for singular DAEs. In particular, in 4.4.4 we show
how to lift the taxonomy of noncritical singularities discussed in subsection
4.4.1 to singular quasilinear DAEs, regardless of the index.

This way, we show that the already-mentioned analogy between im-
passe points in quasilinear ODEs and DAEs [61, 62, 219, 222, 223] ex-
tends to other phenomena associated with K, I and I'K singularities [277].
The main idea underlying these results is that different problems concern-
ing singularity-crossing phenomena, multiplicity of solutions, bifurcations
in parameterized systems, etc., need not be addressed in the DAE con-
text but can be driven to the quasilinear ODE setting. Additionally,
this may help to bridge the gap between several theories which, using
different terminologies, actually describe the same dynamic phenomena
[21-23, 166, 236, 241, 243, 277, 296, 298|.

4.4.1 Quasilinear ODEs and impasse phenomena

As indicated above, the term ‘quasilinear ODE’ will be used to mean prob-
lems of the form (4.21) in which the index zero set Win40 is dense in W.
We will also use this idea in a local way. In the quasilinear ODE context,
a point x* is often called regular for (4.21) if it is index zero, that is, if
A(zx*) is nonsingular; this is consistent with the terminology introduced
in Chapter 3, since the condition that W40 is dense in Wy implies that
Wres — WindO.

Within the quasilinear ODE literature, the point z* is usually said to be
a singularity if A(x*) is singular, this notion being implicitly supported on
the fact that z* is in the closure of the regular set by the density hypothesis
mentioned above. To avoid later ambiguities we will refer below to these
points as 0-singularities, anticipating a notion which will be defined in
general in subsection 4.4.2. Nevertheless, ‘0-singularity’ can be thought of
as a synonym for ‘singularity’ throughout subsection 4.4.1.
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4.4.1.1 Noncritical singularities

Definition 4.5. A point 2* € W} is said to be a noncritical 0-singularity
of (4.21) if

det A(z*) =0, (det A)'(z*) # 0. (4.24)

The noncritical condition at x* implies that the set of rank-deficient points
is a hypersurface locally around z*, and also that dimker A(z*) = 1, i.e.,
rk A(z*) = m — 1 (cf. for instance Proposition 2.1 in [219]). Noncritical
singularities are termed regular impasse points in [277]. We prefer to retain
the original name introduced in [219] and, for reasons detailed later, to
reserve the term ‘impasse point’ in this setting for singularities satisfying
conditions (4.25) and (4.26) below.

4.4.1.2 Impasse points

Definition 4.6. A noncritical 0-singularity =* is said to be an impasse
point for (4.21) if

f(@*) ¢ im A(z™) (4.25)
and

(det A)'(z*)v # 0 for v € ker A(z*) — {0}. (4.26)

The condition depicted in (4.26), comprises in particular the noncritical one
at a singular point x*. Tt means that ker A(z*) is transversal to the singular
set {x € Wy / det A(z) = 0} at z*. If 2* is a noncritical singularity, or
under the milder requirement rk A(z*) = m—1, the transversality condition
(4.26) can be equivalently formulated (see e.g. Lemma 39.2 in [228]) as

(A'(z*)v)v ¢ im A(z*) for v € ker A(z*) — {0}. (4.27)

In this situation a pair of trajectories are known to collapse at z* in (ei-
ther backward or forward) finite time with infinite speed, hence displaying
a true impasse behavior in the sense already used in circuit theory [61, 62]:
see Theorem 4.7 below. It is worth emphasizing at this stage that im-
passe points can also be displayed in index one and higher index contexts;
Definition 4.13 on p. 180 will account for these cases.

This trajectory behavior at impasse points can be explained in terms of
the system obtained after multiplying (4.21) by the adjoint matrix Adj A(x),
i.e. the transposed matrix of cofactors of A(z). This yields (cf. [219])

det A(z)z’ = Adj A(z) f(x), (4.28)
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where we have used the property AdjA- A = det A-I. Note that (4.28)
becomes useless for DAEs in which A(z) is everywhere singular.
With the notation

g(x) = Adj A(z) f(x), (4.29a)
w(x) = det A(x), (4.29b)

and making the dependence on ¢ explicit for later clarity, (4.28) reads

w(x(t))z'(t) = g(=(t)). (4.30)

System (4.30) depicts exactly the same trajectory behavior as (4.21) on
Wind0 Tn turn, a time reparametrization converts trajectories of

' (s) = g(2(s)) (4.31)

on Wind0 into those of (4.30). Indeed, let #(s) be a solution of (4.31)
satisfying 7(s) € Wind0 for s € (sg, s1), with s9 < 0 < s;. Define

£ = y(s) = /0 (@ (). (4.32)

The condition Z(s) € W40 for all s implies that w(Z(s)) = det A(Z(s))
does not change sign in (sg,s1) and then ~ is a diffeomorphism of (sg, s1)
onto some interval (to,%1). If w > 0, v(s) is increasing and this transforma-
tion preserves orientation, whereas if w < 0 then 7(s) is decreasing and the
orientation is reversed. In any case, z(t) = Z(y~1(¢)) solves (4.30), since

_dx dy~! (v '®) _ g(=(t)
-1

i, _g@
=20 O 0= 05070 T w@n)

the orientation of trajectories being reversed if w < 0.

As shown below, this idea can be adapted in order to characterize the
local behavior of (4.21) at impasse points, thereby simplifying the original
proof of Theorem 4.1 in [219]. We make use of the fact that the condition
f(z*) ¢ im A(x) in (4.25) is equivalent to g(z*) = AdjA(x*)f(x*) # 0,
because of the identities AdjA - A = 0 and rkAdjA = 1 holding under
rk A = m — 1. Note also that A - Adj A = 0 supports reformulating (4.26)
as

: ) _
x'(t) i

(det A)'(z*)g(z*) # 0, (4.33)

since g(z*) = AdjA(z*)f(z*) € ker A(z*) — {0}. The fact that (4.33)
implies in particular that g(z*) # 0 makes the condition in (4.33) actually
equivalent to (4.25)-(4.26) at a singular point.
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Theorem 4.7. Let A, f in (4.21) be in C'. Assume that a given noncritical
0-singularity x* is an impasse point, and write g(x) = Adj A(z) f(z). Then
there exists a 0 > 0 such that (4.21) has two distinct solutions

(a) in CH((0,6), W) N C°([0,6), Wy) if (det A) (z*)g(z*) > 0, or
(b) in C((—6,0), Wo) N CO((—6,0], Wp) if (det A) (x*)g(z*) < 0,

with 2(0) = x*, whose derivatives blow up at t = 0.

Proof. 1In both cases, there exists a sufficiently small « > 0 such that
(4.31) has a solution #(s) in C1((—a, @), Wp) with Z(0) = z*; « is assumed
to be diminished further if required below.

Under item (a), consider the restrictions v; and 72 of the function de-
fined in (4.32) to the subintervals (—a,0) and (0, ), respectively. The
condition (det A)'(x*)g(z*) > 0 makes it possible to assume that « is small
enough as to guarantee that w = det A verifies w(z(s)) > 0if s € (0, ) and
w(z(s)) < 0if s € (—,0); therefore, v; maps (—c,0) onto a subinterval
(0,d1) for some §; > 0, and 2 maps (0, @) onto (0,d2) with d2 > 0 as well.
Set § = min{d1,d2} and, for t € (0, 9),

Both mappings are easily checked to be solutions of (4.21) in C*((0, §), Wp).
Furthermore, for ¢ = 1,2 we have

lim z(t) = #(0) = a*,
Jim zi(t) = 2(0) ==

so that x;(0) = 2* extends both solutions to C°([0,§), Wy). Finally,

lim [l = lim & _
t—0+ t—0+ |w(x(t))]
since g(z*) # 0, w(z*) = 0.

The proof for item (b) proceeds in an entirely analogous manner; it is
only worth detailing that now + in (4.32) maps both subintervals (—c,0)
and (0, ) onto certain subintervals (47, 0) and (d5,0) with 6] < 0, 65 < 0;
the corresponding trajectories of (4.21) are defined for negative ¢ and meet
the singularity in forward time. |

Both solutions in Theorem 4.7 actually belong to C*((0,), Wp), with
ke {2,3,...,00},if A and f are in C*.
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A simple instance of this behavior is given by the ODEs
2xa’ = +1, (4.34)
displaying the pair of solutions
=+t e C%((0,00),R) N CY([0, ), R)
for the “4” case, and
x = +v/—t € C®((—00,0),R) N C°((—o0,0],R)
for the “—” sign in (4.34).

Definition 4.7. A noncritical 0-singularity is called a backward or a forward
impasse point if (det A)'(z*)g(z*) > 0 or < 0, respectively.

The reason for this terminology should be clear from Theorem 4.7:
two trajectories emanate from (resp. terminate at) a backward (resp. for-
ward) impasse point with infinite speed; cf. (4.34). By the condition
(det A)' (z*)g(z*) # 0, when m > 2 both solutions are transversal to the
singular set. Backward and forward impasse points are called inaccessible
and accessible, respectively, in [223, 228]. Local normal forms for quasilin-
ear ODEs near impasse points are discussed in [202, 236, 277, 309].

4.4.1.3 Image singularities and singularity crossing phenomena

Although the local behavior at impasse points is the generic one at singu-
larities of quasilinear ODEs, these systems may experience other singular
phenomena.

Definition 4.8. A noncritical O-singularity x* is called an I singularity for
(4.21) if f(a*) € im A(z*) and (det A)'(z*)v # 0 for v € ker A(x*) — {0}.

The term ‘I singularity’ is taken from [277], I coming from ‘image’. These
singular points are characterized by the failure of (4.25), and correspond to
the so-called pseudoequilibrium points in the semiexplicit index one context
of [296-298]. This correspondence will be further examined in subsections
4.4.4 and 4.4.5. These points may accommodate a variety of dynamic phe-
nomena, which includes the existence of smooth trajectories crossing the
singular set, non-uniqueness of solutions, the presence of equilibria on the
singular manifold, or different bifurcations in parameterized problems; see
[19-23, 166, 173, 241-243, 246, 249, 276, 277, 296-298, 308-310] and
references therein.
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The above-mentioned singularity-crossing phenomenon, as well as the
non-uniqueness of solutions at certain singular points, can be illustrated by
the simple example defined on R? by

(x+y) =z (4.352)

y = —1. (4.35Db)

The singular set is defined by the straight line x + y = 0, which is entirely
composed of noncritical 0-singularities. Singularities with y = —x > 0 are
forward impasse points, whereas those verifying y = —x < 0 are backward

impasse points. An I singularity is located at the origin, and the reader
can easily check that actually two solutions cross smoothly the singular set
at this point, namely

z(t) =0, yt) = -, (4.36)
and

x(t) = 2t, y(t) = —t. (4.37)

The behavior of (4.35) around the origin actually reflects a more general
property which can also be explained in terms of the system (4.31). For
(4.35) this system reads

=z (4.38a)

Yy =—x—y. (4.38b)
The straight line x = 0 comprises a one-dimensional stable manifold (see
for instance Section IX.6 of [127] or pp. 264-269 of [3]) for (4.38). This
invariant manifold accommodates the two trajectories x = 0, y = e~* and
z =0, y = —e~! which converge to the origin. By a suitable adaptation
of the time reparametrization depicted in (4.32), it is possible to show that
both trajectories can be smoothly joined at the origin to yield the solution
(4.36) of the original DAE (4.35). This solution crosses the singularity
through the origin in finite time; note that the orientation is reversed for
the trajectory on x = 0, y < 0 since w(z,y) = x +y < 0 there. This
property does not rely on the linear structure of (4.38): see details in [173].
An analogous reasoning applies to the unstable manifold x + 2y = 0 of
(4.38), yielding the second smooth solution (4.37) which crosses as well the
singularity through the origin in finite time.

Normal forms for I singularities are discussed in [203, 277]. A more
detailed analysis of the flow of singular DAEs near I singularities can be
found in [23]; note that the results are stated there for semiexplicit index
one problems and the terminology is different. Different results concerning
singular equilibria, which are particular instances of I singularities, can be
found in [22, 240, 245, 249, 254] and references therein.



168 Singularities

4414 K and IK singularities

Finally, the lack of transversality of ker A(z*) and the singular set defines
K and I K singularities.

Definition 4.9. Let z* be a noncritical 0-singularity of (4.21) verifying
(det A) (z*)v =0 for all v € ker A(z*). Then z* is called a K singularity if
f(x*) ¢ im A(x*) or an I K singularity if, on the contrary, f(x*) € im A(x™*).

This terminology is also taken from [277], K coming from ‘kernel’. These
singular points, characterized by the failure of (4.26), are essentially the
analog in the quasilinear ODE context of the so-called semi-singular points
discussed for semiexplicit DAEs in [296]; cf. subsection 4.4.5. Related nor-
mal forms can be found in [236, 277).

4.4.1.5 Invariance

The framework introduced in subsections 4.4.2 and 4.4.3 will allow us to
drive systematically the dynamical study of singularities in DAEs to the
quasilinear ODE setting. The key step in this regard will be to lift the
notions defined above to singular quasilinear DAEs with arbitrary index, as
detailed in 4.4.4. In particular, the invariance of the corresponding notions
for DAEs (cf. subsection 4.4.4) will be based upon the following invariance
result in the index zero context.

Theorem 4.8. The notions introduced for quasilinear ODFEs in Definitions
4.5 - 4.9 are invariant with respect to the local equivalence relation of Def-
inition 3.6.

This result follows in a straightforward manner from the local equivalence
notion introduced in Definition 3.6 (p. 112). Details are left to the reader.

4.4.2 Singular points of quasilinear DAEs

We turn now the attention to the quasilinear DAE (4.21), driving the anal-
ysis beyond the index zero scope of subsection 4.4.1.

4.4.2.1 0-singular points

The noncritical 0-singularities of Definition 4.5 are particular instances of
the below-introduced 0-singular points. Recall that W; was defined in
(3.14) as {x € Wy / f(x) € imA(x)}, whereas F : Wy x R™ — R™
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reads F(x,p) = A(z)p — f(x) in (3.15). By W; we mean the closure of W

in Wy; later on, for k > 1 Wj41 will stand for the closure of Wy 1 in W.

Definition 4.10. A point z* € Wy is called an inner 0-singularity for
(4.21) if * € Wy and

(a) either A(z) does not have constant rank in any neighborhood of z*, or
(b) F is not a submersion at (z*,p*), for some p* verifying A(xz*)p* =

fz®).
The point z* € Wy is called a boundary 0-singularity if * € Wi — Wi.

*

Finally, * is said to be a 0-singularity if it is either an inner or a

boundary 0-singularity.

Inner 0-singularities as defined above capture the failure of assumptions
R1 or R2 in Definition 3.2 (p. 98). The noncritical I and T K singularities
arising in Definitions 4.8 and 4.9 are particular cases of inner O-singularities,
whereas impasse points and K singularities in Definitions 4.6 and 4.9 are
instances of boundary 0O-singularities.

Nevertheless, the reader should at this stage avoid identifying the “0”
in the 0-singularity notion introduced above with the index zero setting
of 4.4.1; in this regard see also Remark 4.8 on p. 172. As detailed below,
the integer prefix k£ > 0 in the k-singularity notion refers to the number of
feasible reduction steps before a singularity shows up, and 0-singularities
may well be displayed in an index one context (see e.g. (4.39) below or the
cases tackled in 4.4.6.4 and 4.4.6.5) as well as in higher index problems.
In these settings, inner O-singularities correspond to points of W; where a
one-step local reduction (3.26) is not feasible, at least in the terms stated
in Theorem 3.1. This reflects the idea discussed in Section 4.1, according
to which singular points of DAEs are those where the algebraic conditions
supporting the reduction fail. Actually, around inner 0-singularities the set
W1 will typically lack a local manifold structure, precluding the application
of the results discussed in [228, 236].

Note also that classifying a singularity as an impasse point or as an I,
K, or IK singular point will be independent of the reduction step in which
the singularity arises: cf. in this direction subsection 4.4.4.

Remark 4.5. Our analysis of inner singular points will be restricted to
cases in which it is the constant rank condition in (a) within Definition 4.10
the one that fails. But certainly the failure of the submersion condition may
be as well responsible for an inner singularity, as stated in (b). Just as a
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sample, in the DAE

¥ =z (4.39a)
Yy =—y (4.39b)
0 =22 + 2y + 222, (4.39¢)

the double cone (4.39¢) yields an inner singularity at the origin, where the
submersion condition fails. Indeed, F' is a submersion if and only if so it
is g(z,y,2) = 22 + 2y + 222; the failure of this condition is then due to
the vanishing of ¢’ at the origin. The local dynamical behavior of (4.39)
around the origin is analyzed in [249].

It is worth mentioning at this point that, under the constant rank as-
sumption in (a), according to Lemma 3.1 the submersion condition in (b)
does not depend on the choice of p*. This holds for semiexplicit systems
such as (4.39) but also for the general quasilinear DAE (4.21)

Analytic desingularization methods [56], which are beyond the scope
of this book, might provide a valuable tool for the systematic analysis of
singularities arising from the failure of the submersion condition in item
(b) of Definition 4.10. See also [290] for related results in the polynomial
setting.

4.4.2.2  k-singular points

If x* € W7 is a O-regular point of (4.21) with m > 71 > 0, it may well happen
that £ = @] (z*) be a O-singular point for the local reduction (3.26).
Iteratively, this idea supports the following definition of a k-singularity.

Definition 4.11. A point z* € Wy is said to be an inner or a boundary
k-singularity for the DAE (4.21), with & > 1, if it is (k — 1)-regular with
rr, > 0and ¢* = (p10---0p;) "t (x*) is an inner or a boundary 0-singularity,
respectively, for the k-th reduction (3.35).

The point z* is said to be a k-singularity if it is either an inner or a
boundary k-singularity.

The term k-singular point is a synonym for ‘k-singularity’, whereas a
singular point or a singularity is any k-singularity with k& > 0. Singular
points of quasilinear DAEs are here defined in a way which accommodates
in particular singularities of quasilinear ODEs, singular points of semiex-
plicit index one DAESs, and also the “last-step” singularities of Rabier and
Rheinboldt (cf. Sections 41 and 42 in [228]); indeed, the impasse points
within W, — W, 4 considered by Rabier and Rheinboldt can be shown to
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be boundary v-singularities, whereas singular points in W, — W, would
yield boundary (v — 1)-singularities.

Theorem 4.9. The notions of an inner and a boundary k-singularity do
not depend on the choice of the reduction pairs (P1,¢1), ..., (P, pr) leading
to the k-th reduction (3.35). Moreover, these notions are invariant with
respect to the local equivalence relation of Definition 3.6.

Proof. We already know from subsection 3.4.5 that any two k-th local
reductions around (k —1)-regular points of two locally equivalent DAEs (or,
in particular, of a given DAE) are locally equivalent. The claims for inner
singularities then follow in a straightforward manner from items (i), (ii)
and (iii) of Lemma 3.2 (p. 113). The statements for boundary singularities
are due to the relation W{ N U, = ¢(W} N U,) which follows from item (i)
of Lemma 3.2 and the fact that ¢ in that Lemma is a diffeomorphism. O

Remark 4.6. The reader can check that x* is an inner or boundary k-
singularity for the original DAE (4.21) if and only if it is an inner or
boundary (k — i)-singularity, respectively, for an i-th local reduction of
(4.21), with 1 <i <k —1.

It remains to figure out conditions under which the local behavior
around singular points of quasilinear DAEs with arbitrary index can be
characterized; the mere notion of an index in singular settings is still im-
precise. These issues are addressed below.

4.4.3 A reduction framework for singular problems

We introduce here rather general working assumptions under which the re-
duction procedure of Chapter 3 can be adapted in order to accommodate
singular problems. Although among singularities only inner ones may ad-
mit smooth solutions, these working assumptions hold also at boundary
singularities, which may display for instance impasse phenomena.

4.4.3.1 Working hypotheses

Assumption S1 below is aimed to cover cases in which the constant rank
assumption R1 in Definition 3.2 (page 98) fails after the k-th reduction
step, that is, on Ax(C) (cf. (3.35)), k = 0 standing for rank deficiencies in
the matrix A(z). This can be the case for both inner and boundary k-
singularities. Assumption S1 describes situation very often found in prac-
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tice in which, despite the rank deficiency, im Ax(¢) admits a smooth con-
tinuation (sometimes called an ‘extension’) Li(¢) on a neighborhood of the
singularity, satisfying the identity L (¢) = im Ax({) on some dense subset
of that neighborhood.

By an r-dimensional C*-space L(x) defined on an open set U C R™
(with m > 2; see Remark 2.1 on p. 36 for m = 1) we mean below an
z-dependent linear space which, for every z* € U, is spanned on some
neighborhood of x* by r basis mappings depending smoothly on x; this
defines an r-dimensional vector bundle structure on | J, ., {z} x L(z) (cf.
e.g. [1]). Note that, if A(x) has constant rank on U, then im A(z) (as well
as ker A(x)) is a C*°-space on U; see, in this regard, Proposition 3.4.18(ii)
in [1].

Assumption S1. Let z* be a k-singularity for (4.21), with k > 0, and
consider the k-th local reduction Ay (¢)¢" = fx(C) displayed in (3.35). Write
x* = pr0---0pk(C*) . There exists an open neighborhood U, CQ CR™ of
¢* and, for some Trp41 < Tk, an Tip41-dimensional C*-space Li(C) defined
on Uy, such that im A (¢) = Li(C) on some dense subset of Uy.

It is not difficult to check that the imposed density condition implies
that the continuation Lj is unique. In Remark 4.9 below we show that
the verification of this Assumption does not depend on the choice of the
reduction sequence leading to (Ag, fr). Note also that, for later consistency,
we allow 7,41 to vanish.

Remark 4.7. It may happen in particular that 741 = 75: in this case
Assumption S1 expresses that Ay, is nonsingular on a dense subset of Uy,
since L (¢) = R™ meets the requirements. We may speak in this situation
of a “last-step” singularity. This is essentially the context considered by
Rabier and Rheinboldt in [222, 223, 228]. There is no need for further
reduction of the DAE, and Theorem 4.11 will apply. This is a particular
instance of a singular index k problem, cf. Remark 4.11 on p. 178.

Remark 4.8. If £ = 0 we assume ( =z, Qo = Wy, 1o = m, Ag = A
and fo = f. If additionally Assumption S1 is met with 71 = m we are
led to a singular index zero problem. This is the case for the noncritical
singularities of quasilinear ODEs discussed in subsection 4.4.1, since (4.24)
implies that A(z) is singular only on a local hypersurface around z* and
then Assumption S1 holds with Lo(z) = R™.
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If 741 < 7k, from the structure of Li({) there must exist an open
neighborhood Uy C Uy, of ¢* € QO € R™ and a smooth, maximal rank
matrix-valued map Hj(¢) € R~k with ker Hy(¢) = Li(¢) on Uy,
so that v € Ly(¢) if and only if Hy(()v = 0 for ¢ € Uy. Note that, if z*
is an inner k-singular point, the set Vi11 = {¢C € Qi / fx(¢) € im Ax(¢)}
defined in (3.37) cannot be guaranteed to admit a local parametrization
near ¢*, in the terms holding at k-regular points. Near (inner or boundary)
k-singularities we will work instead with the set

Virr = {C € Uk / fr(Q) € Li(()}
={Ce U / Hu()fr(¢) = 0} € ,

which not even locally can be identified with Vji41. But in the setting
defined by Assumption S1, we have

(4.40)

Vier1 N Uk C Vs N Uk - Vk+1- (4.41)

Indeed, by the density hypothesis stated in Assumption S1 we have

1InAk(<) - Lk(C) = keer(Q for all ¢ € Uk, and then Vi1 N Uk - Vk+1

The relations (4.41) then follow from the fact that Vk+1 is closed in Uy.
Define, for later use,

Wii1 =10 0p(Vig1),

the obvious analog of (4.41) holding for Wiy1, Wiy1 and Wiyi. The
set Wi41 can be checked to be independent of the actual choice of the
parametrizations @1, ..., @g; cf. Remark 4.10 on page 178. Moreover,
defining Ly (¢) = im A(¢) locally around k-regular points, the set Wiy
constructed this way is locally coincident with Wy41. Similar remarks hold
for the later defined sets Wi, with i > k + 2.

The relation depicted in (4.41) suggests that V41 may also accommo-
date a reduction around boundary k-singularities. Under Assumption S2
below, Vk+1 will admit a local 71-dimensional parametrization; note that
for inner k-singularities the maximal rank condition in Assumption S2 will
hold under the analog of the submersion condition R2 (p. 98) arising in the
regular context, as stated in Proposition 4.4.

Assumption S2. Let z* = pj 00 ¢ (C*) be a k- singularity for (4.21),
with k > 0. If Assumption S1 holds with Try1 < 7y, let Uk - Uk C Q. be
an open neighborhood of ¢* such that Hy, € C°°(Uy, RUs=T+1)%"%) yerifies
ker Hy(¢) = Li(¢) V¢ € Ug. Then Hy(C)fx(C) is a submersion at C*.



174 Singularities

Assumption S2 becomes unnecessary if 7x11 = i for the reasons indi-
cated in Remark 4.7. It is also worth mentioning that the maximal rank
condition stated in Assumption S2 can be proved independent of the specific
choice of Hy, as long as it satisfies ker Hy = L.

As stated above, Assumption S2 applies to both inner and boundary k-
singular points. Inner ones verify (* € Vi1, and hence they admit solutions
p* to Ax(C*)p* — fr(¢*) = 0: Assumption S2 then holds if the submersion
condition in item R2 of Definition 3.2 is met in the current context, as
acknowledged below. Denote by Fj the mapping 2 x R™ — R"* given by

Fr(¢,p) = Ax(Q)p — fr(C).

Proposition 4.4. Let x* be an inner k-singularity for (4.21). If Assump-
tion S1 is met with Tp41 < 7k, and Fy is a submersion at (¢*,p*) for some
p* satisfying Ax(C*)p* = fi(C*), then Assumption S2 holds.

The proof of this result parallelizes exactly the one showing that (ii)
implies (i) in Lemma 3.1, since Hy(¢{)Ax(¢) = 0 still holds in the present
setting because of the relation im Ay (¢) C Lx(¢) = ker Hy({) following from
Assumption S1. Details are therefore omitted.

Remark 4.9. The verification of Assumptions S1 and S2 for a k-singular
point with & > 1 does not depend on the choice of the reduction sequence
(P1,¢1), -.., (Px,¢k) leading to the k-th local reduction (3.35). This is
a consequence of Proposition 3.3 together with the fact that the condi-
tions arising in Assumptions S1 and S2 are invariant with respect to local
equivalence. Indeed, if A;(¢)¢’ = fx(¢) and Bg(s)s’ = gi(s) are locally
equivalent via Ej, ¢, and Ly 4(¢) is a continuation of im Ax(¢) in the
terms of Assumption S1, then Ly (<) = Ei(<)(Lk,q(Pr(s))) is a continua-
tion of im By (<) = im Ej(¢) Ar(¢r(<)) @) (¢): this means that if Assumption
S1 holds for (Ag, fx), then it holds for the locally equivalent DAE (B, gi)-
Also, if Assumption S2 is met for Hy o(C), then it is routine to check that
it holds for Hy 4(s) = Hy,a(d%(s)) E; (<)

4.4.3.2  Local reduction of singular quasilinear DAFEs

Theorem 4.10 below, which generalizes the one-step local reduction of The-
orem 3.1 to singular points as long as they meet Assumptions S1 and S2,
is the key result for the extension of the reduction framework to singular
problems.
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Theorem 4.10. Let * = @1 0 -+ 0 pi(C*) be a k-singularity for (4.21)
satisfying Assumptions S1 and S2 with 0 < Fry1 < ri. Then there exists
an open neighborhood Uy C U C Q CR™ of (* such that

(i) Vk+1 N Uk admits an Ti41-dimensional parametrization ¢ = Qry1(n)
with surjective Pry1 : Qg1 — Vk;+1 NUy;

(ii) there exists a C™ matriz-valued map Pyt : Uy — R71X7% yerifying
that PkH(C) |Lk(<) yields an isomorphism Ly (¢) — R™+1 for all ¢ €
Ug.

For any such @ii1, Pey1, C(t) is a solution of the k-th reduction
A" = fe(Q), C€Q CR™ (4.42)

within Uy if and only if ((t) € Vigy for all t and n(t) = cﬁ,;il(((t)) s a
solution of

A (' = frpa (), m € Qpr SR (4.43)

with
Apy1(n) = Prgr (Grs1(0) Ak (Bra1 () Bhia (), (4.44a)
Fra1(n) = Prog1 (Grrr () i (@rgr () (4.44b)

Proof. The existence of the smooth parametrization @41 follows from
(4.40) together with Assumption S2, whereas that of I3k+1 is due to the
smooth structure of Li(¢) in Assumption S1.

Assume that ((t) solves (4.42). Then fr({(t)) € imAx({(t)), that
is, ((t) € Vig1 and thus ((t) € Viy1 for all t by (4.41). This means
that n(t) is well-defined by ((¢t) = @r+1(n(t)): premultiplying (4.42) by
Pri1(Pre1(n(t))) and inserting ((¢) = Grr1(n(t)), ¢'(t) = Grqq (0(£))n' (1)
in the resulting equation, we obtain (4.43).

Conversely, the assumption that (4.43) holds can be written as

Prr1(@r+1(1) Ak (Bra1()Bry 1 (M0 = Proy1 (@1 (0)) fr(@rr1(n))

or, in terms of ¢ = @r4+1(n),

Pii1(Q AR ()¢ = Prs1(Q) fi(Q)- (4.45)

If we show that A, (()¢" € Li(C), fr(C) € Li(C), the identity (4.45) would
yield (4.42) due to the isomorphism Pyy1(C) |Le(o) @ Lu(¢) — R7e+1. In-
deed, the relation A, ()¢’ € L () holds trivially due to im A (¢) C L ((),
whereas ¢ = @1 1(n) € Vi1 means that fi,(¢) € Li(¢) by (4.40). O
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As it should be expected, local equivalence is preserved by this reduc-
tion, as detailed below. By a singular (k+ 1)-reduction we mean the reduc-
tion (4.43) derived from (4.21) via (4.42) in Theorem 4.10. Note however
that the key reduction step here is the one from (4.42) to (4.43).

Proposition 4.5. Any two singular (k+ 1)-reductions of locally equivalent
quasilinear DAFEs around k-singularities satisfying Assumptions S1 and S2
are locally equivalent.

In particular, any two singular (k + 1)-reductions of a quasilinear DAE
around a k-singularity satisfying Assumptions S1 and S2 are locally equiv-
alent.

Proof. Note that k-singularities are (k — 1)-regular points. From the
results of Chapter 3 we know that any two k-steps regular reductions, say
Ar(O)¢ = fr(¢) and Bi(s)s’ = gi(s), of locally equivalent DAEs are locally
equivalent. See also Remark 4.9.

Now, let Apy1(n)7' = frp1(n) and Bryi(v)v' = Gry1(v) be derived
from Ay (C)¢" = fr(¢) and By(s)s" = gk(s) via certain reduction operators
P(¢), ¢ = ¢(n) and Q(c), < = ¥(v), respectively, as in Theorem 4.10. For
the sake of notational 51mphc1ty we use P, @, Q and 9 instead of Pk+1,
Dk-+1, Qk+1 and ¢k+1~ By VkJr1 and VkJr1 we denote the Vk+1 sets defined
for (A, fr) and (Byg, gi) according to (4.40).

As in Proposition 3.3 (page 114), the diffeomorphism n = ¢r4+1(v) is
given by ry1 = P togy O¢ for it to be well-defined we only need to check
that Vk+1 is mapped onto Vk+1 via ¢5. But the condition gx(s) € Lis(s)
defining V)2, | reads Ej (<) fi(¢r(s)) € im Eg(s ‘kaa(%(g)), which amounts
to fi(¢) € Li,a(¢) with ¢ = ¢ (), that is, ( = ¢x(s) € Vi&, ;.

Parallelizing again Proposition 3.3, let IS(C) be a C'°° matrix-valued
map such that P(QP(C) |kaa(<) =id |Lk,a(C)~ Together with the property
im Ax(¢) C Lg,q(¢), this yields

P(1($(0))) P(3(91+1 () Ak (§(dr41(v))) = Ap(dn (2 (v))).

Similarly 25 (6(0))) (@141 () fi(@(S101(0))) = filn((v))) since
or(6(v)) € V., and then fu(@x($(v))) € Lia(6r(t(v))). Letting

Ey11(v) = Q(d(0) Ex (4 (v)) P (d(v))),

we finally derive Bii1(v) = Ek;Jrl(U)Ak+1(¢k+1(l}))¢;€+l(v) and gr41(v) =
Eiy1(0) fi1(dr41(v)), as required. O
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In the setting defined by Theorem 4.10, a one-step singular reduction is
again suitable for assessment for the reduction (4.43). Define

Vire = {n€ Qi1 / frra(n) € imApi ()} C Quyr C R (4.46)
Wio=010--0pro@ri1(Viis) C Wk—i—l- (4.47)

The superscript s keeps track of the fact that a singularity has shown up
at some step, allowing us to distinguish the sets V;° from the V; ones con-
structed around regular points, although (3.37) and (4.46) are formally
identical.

Let n* € Qi1 be defined by the relation z* = @1 0 -+ 0 g 0 Pr41(n*).
If n* € V7, we may check again if Assumptions S1 and S2 hold (replacing
kby k+1, Ay by Apyq, etc.) for the reduced problem (4.43), that is, if
there exists an 7;4o-dimensional continuation Lgy1(n) of im Akﬂ(n) and,

when 719 < g1, if a matrix-valued map Hy41(n) verifying ker Hy11(n) =
Liy1(n) forn € Uj+1 makes Hy 1 fri1 a submersion at n*. These proper-
ties are again independent of the reduction operators, i.e., if Assumptions
S1 and S2 hold at step k+2 for a given choice of @1 and 151@+1 in Theorem
4.10, then they hold for any other choice of these reduction operators, and
the same is true in subsequent steps; this is a consequence of Remark 4.9
and Proposition 4.5.
If these assumptions are met, then

Virz = {n € U1 / frs1(n) € Lis1(n)}
={n € Uks1 /| Hep1(0) fer1(n) = 0} € Qepr

as well as
Wite = 10000 @ri1(Viga) € Wi

will admit local 74 o-dimensional C'*° structures, a local reduction in terms
of AHQ, fk+2 will be possible following Theorem 4.10, and the procedure
can be performed one-step further. Note that in particular Ay, ; may well
have constant rank, as in the example considered in 4.4.6.3. In this case,
the (k + 2)-th reduction step would essentially be a regular one, and the
singularity may not have an effect beyond that step.

This way, instead of the sequence of manifolds (3.44) constructed in the
regular setting, we build up a sequence of the form

WoDWiBD. .. OWB D W1 D...0 W, =W, (4.48)

the local stabilization after the v-th step holding in the setting of Theorem
4.11 below. The importance of this construction stems from the fact that
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Wi+1 and later on W;, , and subsequent sets may fail to have a C*° struc-
ture near an inner k-singularity, whereas Wy.1, Wiy2, etc., display a local
C® structure, allowing for a local reduction of the DAE. These manifolds
comprise in addition the closures W41, W, ,, etc., and therefore may also
accommodate boundary singularities.

Remark 4.10. The sets V~Vk+1, e, W, Wiio.--, W do not depend
on the choice of the sequence of reduction pairs (P, ¢1), ..., (Pk,¢k),
(Pe+1, Pk41), ---5 (P, @y). Indeed, the independence of the W; mani-

folds follows from the local property Vk“H = Qﬁk(ka’H) arising in the proof
of Proposition 4.5, whereas that of the W7 sets only requires item (i) of
Lemma 3.2.

The repeated application of the one-step singular reduction in Theorem
4.10 yields the following analog of Theorem 3.2; the meaning of U paral-
lelizes the one explained there. In the particular case k = v, the symbols
Ty, fl,,, fl, and W, below must be replaced by r,, A,, f, and W,. Since
no singular reduction is required for these last-step singular points (cf. Re-
mark 4.7 on p. 172), in this situation Theorem 4.11 virtually amounts to
the statement about (3.40) within Theorem 3.2, consistently with the fact
that the setting of Rabier and Rheinboldt discussed in [228] accommodates
last-step singularities.

Theorem 4.11. Let «* € Wy be a k-singularity for (4.21), k > 0. Suppose
that Assumptions S1 and S2 hold in steps k+1, k+2,..., v of the singular
reduction process described above with

M=710g>"r1>...>"L > Thp1 > Thpa > ... > T, >0, (4.49)
and that Assumption S1 is met in step v+ 1 with 7, = 7,11. Let

A, (uy = f,(u), ueQ, CR™ (4.50)
be a v-th step reduction of (4.21) given by a sequence of reduction pairs
(P17 @1)7 sty (ka QO]@), (Pk-‘rl? @k-i-l)v sty (PIM @V) on a neighborhood Ql/

of " = (100 0 Pry1 0+ 05,) L (a"). )
Then x(t) is a solution of (4.21) within U if and only if x(t) € W, for

all t and u(t) = (g1 0-- 0o @riio---0@,) L(x(t)) solves (4.50).

Remark 4.11. The requirement that Assumption S1 holds in the last step
with 7, = 7,41 > 0 amounts to saying that A, (or Ay if v = k) is non-
singular on some dense subset of U, C Q,. This means that points in this
dense subset are regular with index v. We speak of a k-singularity z* as
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a singular index v point when the hypotheses of this Theorem hold, but
also when Assumptions S1 and S2 are met in steps k+ 1, k+2,..., v with
m=1rg>...>7Tg > Tgy1 > ... > 7, = 0. In these situations the DAE
(4.21) can be locally thought of as a singular index v problem.

The difference between Theorem 4.11 and the regular index v statement
within Theorem 3.2 is that now fll,(u*) will be typically (although not
always, as it happens at the below-defined harmless singularities) a singular
matrix. This may be due to a rank deficiency arising at any reduction step,
not necessarily at the last one. Theorem 4.11 hence drives the local analysis
of a broad family of singular quasilinear DAEs not to the context of explicit
ODEs, but to the quasilinear ODE setting discussed in subsection 4.4.1, as
we aimed to. Note finally that any two v-th step singular reductions of
the form (4.50) of a given DAE are locally equivalent, by an inductive
application of Proposition 4.5.

4.4.4 Dynamical aspects

Theorem 3.2 in Chapter 3 accounts for the fact that the local dynamical
behavior of quasilinear DAEs near regular points can be described in terms
of an explicit ODE. Theorem 4.11 can be seen as its counterpart in the
singular setting, showing that the dynamics near singular points verifying
Assumptions S1 and S2 is described by a quasilinear ODE, namely the
reduction (4.50). Thereby Theorem 4.11 opens a way to lift the taxon-
omy of singularities of quasilinear ODEs described in Definitions 4.5-4.9 to
quasilinear DAEs with arbitrary index. As indicated in subsection 4.4.1,
different types of singularities in quasilinear ODEs account for different dy-
namic phenomena, which can be now systematically addressed in the DAE
setting.

Note first that the rank deficiencies defining singular points of DAEs
do not necessarily yield a singularity in the quasilinear ODE reduction.
As for linear time-varying problems, the notion of a harmless singularity
accommodates this behavior.

Definition 4.12. A k-singularity x* of (4.21), k > 0, is said to be harmless
either if the hypotheses of Theorem 4.11 hold and A, (u*) is nonsingular,
with u* = (p10---0pRoPrii0---0p,) H(x*), or if Assumptions S1 and S2
holdinsteps k+1, ..., vwithm=ro>...>7rg >7p41 >...>7, =0.



180 Singularities

From Theorem 4.11 it follows that the local behavior around a harmless
singularity is entirely analogous to the one near a regular point with index
v. Instances of harmless singular points can be found in 4.4.6.3 and 4.4.6.6
below.

Definition 4.13. Let «* € Wy be a k-singularity of the quasilinear DAE
(4.21), with k > 0, for which the hypotheses of Theorem 4.11 hold. Write
W= P10+ 0 pp 0 Prar 00 By) L"),

If A, (u*) is singular, z* is said to be a noncritical, backward or forward
impasse, I, K or IK singularity if so is u* for the singular reduction (4.50).

It is worth indicating that, in noncritical cases, if the hypotheses of
Theorem 4.11 hold up to step v, then Assumption S1 is automatically met
in step v+ 1 with 7, = 7,11, since det A, will only vanish in a hypersurface
around the singular point.

Theorem 4.12. The notions of a harmless, noncritical, backward or for-
ward impasse, I, K, and IK singularity of a quasilinear DAE do not de-
pend on the specific choice of the reduction pairs (Pi,¢1), -, (Pi, k),
(ﬁk’-i-la (ﬁk’-i-l)v RS (PV, (151/)

Moreover, these concepts are invariant with respect to the local equiva-
lence relation of Definition 3.6.

The proof of this result can be directly derived from the correspond-
ing property for quasilinear ODEs stated in Theorem 4.8, using the fact
that singular reductions of locally equivalent DAEs are locally equivalent
according to Proposition 4.5.

Definition 4.13, via Theorem 4.11, extends several dynamic notions from
the theory of quasilinear ODEs to singular DAEs. Thereby, different dy-
namical phenomena involving impasse points, singularity-crossing phenom-
ena, multiplicity of solutions, etc., need not be studied in the differential-
algebraic setting but can instead be systematically driven to the somehow
simpler context of quasilinear ODEs. Note that rich and seemingly different
theories, directed to different structural forms but with the same underlying
dynamic phenomena, have been developed in parallel in the last decades;
besides [61, 62] and [219], compare e.g. [21-23, 241, 243, 296-298] with
[236] or [166, 277, 309].

The chance to describe the behavior of autonomous singular DAEs
in terms of quasilinear ODEs in the working scenario of subsection 4.4.3
suggests that new dynamical phenomena for singular problems should be
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sought in two contexts. The first one is defined by systems undergoing rank
changes and for which Assumption S1 does not hold. Note that the den-
sity hypothesis within it excludes DAEs displaying index changes from the
present framework. The second context is defined by the failing of Assump-
tion S2 and, in particular, by inner singularities for which the submersion
condition in Proposition 4.4 is not met; cf. Remark 4.5 on page 169.

4.4.5 Singular semiexplicit index one DAEs

When dealing with singular DAEs, depending on the structural form of the
problem one certainly needs to compute the specific algebraic conditions
which characterize the notions described in Definition 4.13. We undertake
here this task for semiexplicit DAEs

v = h(y,z) (4.51a)
0=g(y,2), (4.51b)
with h € C®(Wy,R"), g € C°(Wy,RP), and Wy open in R" P,

As indicated in 3.4.6.1, (y,z) € Wy is O-regular if g(y,z) = 0 and g is a

submersion at (y, z), that is,

tkg'(y,z) = p. (4.52)
The failure of this submersion condition defines (inner) 0O-singularities of
(4.51), as it happens e.g. at the origin for the DAE (4.39) (cf. Remark 4.5,
p. 169).

Let (y*, 2*) be a 0-regular point. We know from Proposition 3.5 (p. 119)
that (y*, 2*) is regular with index one if and only if g, (y*, 2*) is nonsingular.
Assume in the sequel that g.(y*, z*) is singular in order to characterize, in
terms of h and ¢ in (4.51), the notions introduced in Definition 4.13.

In this regard, since g is a submersion at (y*, 2*) we may split the (y, z)
coordinates as

Y= (Y1, -y Yr, Yitls -« Yr), 2= (21, -y Zr, Zitl, ---» Zp),

9 g Z

in a way such that the derivative (g5 ¢z) is nonsingular at (y
assumed w.l.o.g. that the ¢y and Zz variables are the last ones within y and z,
respectively. Applying the implicit function theorem we may then describe
the set g = 0 locally around (y*, z*) by means of certain relations of the

form

|

*

,2%), having

(4.53a)
(4.53b)

IS
(I
< S
[\v] -
—~
NP
W
— —
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This yields the local r-dimensional parametrization

u = (u1,uz) — @(ur,u2) = (w1, 91 (ur, uz)), (uz, ¥2(u1, uz)))

of the manifold W1 = {(y,2) € Wy / g(y,z) = 0}; here u; and ug are -
and 7-dimensional, respectively, with # + 7 = r. Set u* = ¢~ 1(y*, 2*).

Via P = (I 0), the corresponding reduction Ay (u)u’ = f1(u) of (4.51)
reads

(¢1u1 51,1@) ¢1u2(217uQ)) (Z:;) = h(p(u1,u2)). (4.54)

We know from Proposition 3.5 that Aj(u) (and thereby 11, (u)) is
nonsingular if and only if so it is g.(¢(w)); mind that 1, (u) and o(u)
stand, with notational abuse, for 1, (u1,u2) and @(u1,uz2), respectively.
For later use, it is anyway of interest to assess this property directly in
terms of (4.54). Proceeding as in 3.4.7.2, via the implicit function theorem

the coefficient matrix
I 0
Ai(u) = "
= (4 ) )

can be checked to be the Schur complement (cf. Lemma 3.3 on page 127)
of the submatrix (g gz) in

I 0 0 O
Gu=|(0 0 I 0],
95 9z 9y 9z

the derivatives being evaluated at ¢(u). This implies that ¢y, (u) is non-

singular if and only if so it is (gz(¢(u)) gz(v(u))), i.e., g.(p(u)).
Furthermore, from (3.87) it follows that det G = det(gy gz) - det A1, and
therefore

det A1 (u) = a(u) det g.(¢(u)) (4.55)

around u*, o(u) being a non-vanishing scalar factor.
Now, if g, is singular at (y*, 2*) = p(u*), then the noncritical condition
(det A1) (u*) # 0 yields, in terms of the original coordinates, the maximal
=p+1 (4.56)

rank requirement
!
rk ((de‘;/g ) )
(y*,2*)

Indeed, from (4.55) and the fact that det A;(u*) = det g.(¢(u*)) = 0 we
have (det A1) (u*) = a(u*)(det g.) (p(u*))¢’'(u*). The non-vanishing of
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(det A7) (u*) is then equivalent to that of (det g,)"(p(u*))¢’(u*), which in
turn yields (4.56) since im ¢’ (u*) spans T,y W1 = ker g/ (p(u*)).

Therefore, (y*,2z*) is a noncritical 1-singular point of the semiexplicit
DAE (4.51) if and only if g(y*, 2*) = 0, det g, (y*, 2*) = 0 and (4.56) holds.
Note that (4.52) follows from (4.56). Also, using just (det g,)'(y*,2*) # 0
from (4.56) we conclude that it must be rkg,(y*,2*) =p — 1.

Analogously, the condition (det A1)’ (u*)v # 0 for v € ker Ay (u*) — {0}
reads

(det g).(y*, z")v # 0 for v € kerg,(y*,z") — {0}. (4.57)

This is due to the fact that the condition depicted in (4.57) is equivalent
to ker g, (y*, 2*) N ker (det g,).(y*, z2*) = {0}; now, the existence of a non-
vanishing vector v within ker (det A1)’ (u*) N ker A1 (u*) would be equiv-
alent to that of a non-vanishing ¥ = ¢'(u*)v € Ty «)W1 belonging to
ker (det g.)' (p(u*)) Nker A with A =block-diag(Z,,0,), that is

gy (Y™, 2") g:(y*, 2%)
T € ker | (detg.)y(y*,2") (detg.).(y*,z*) | — {0},
I, 0

which would yield ker g, (y*, 2*) Nker (det g,) . (y*, z*) # {0}.
As we did in (4.27), the requirement stated in (4.57) can be rewritten
as

(92:(y", 2")v)v ¢ im g, (y*, 2¥) for v € ker g, (y*, 2*) — {0}.

In turn, the condition fi(u*) ¢ im A;(u*) is proved equivalent to

gy(y" 2 )h(y", 27) ¢ img=(y", 27). (4.58)
This is a consequence of the fact that g(¢(u*)) = 0 yields f(¢(u*)) € im A,
and then fi(u*) ¢ im A;(u*) can be equivalently rewritten as f(p(u*)) ¢
im Ap'(u*) = im Alr,,.,w,. The identity T,(,-)W1 = ker g’ (¢(u*)) readily
yields (4.58).
From these relations it follows that a noncritical 1-singularity (y*, z*) is
an impasse point of (4.51) if both (4.57) and (4.58) hold. The reader can
check that, moreover, it is a backward or a forward impasse point if

—(det g.).(y", 2*)Adj g-(y", 2") gy (v", 2" )h(y*,2*) >0 or <0, (4.59)

respectively.

The conditions characterizing (y*, z*) as a K, I or IK 1-singular point
can also be trivially derived from (4.57) and (4.58): a noncritical 1-singular
point (y*,z*) is a K singularity if (4.58) is met but (4.57) does not hold;
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these singularities are semi-singular points in [296]. Analogously, it will be
an I singularity if (4.57) is met but (4.58) fails to hold, corresponding to
a pseudoequilibrium point in [296]. Finally, I K singularities are defined by
the simultaneous failing of (4.57) and (4.58). Note also that a noncritical
1-singularity will be a boundary (resp. inner) singularity if and only if the
image condition (4.58) holds (resp. does not hold).

Akin to the analysis of singularities in semiexplicit index one DAESs here
performed, it may be of interest to compute the conditions characterizing
different types of noncritical singularities in other structural forms, for in-
stance in Hessenberg systems. This task, which should be guided by the
specific forms of the differential-algebraic models arising in applications, is
left to the reader.

4.4.6 FExzamples
4.4.6.1 Impasse points: A simple instance

A simple example of an impasse point in an index one context is given by

y =+l (4.60a)

0=y— 2% (4.60b)

with (y,2) € Wy = R2. Since the derivative g, of g(y, z) = y — 2? reads

—2z, the origin accommodates the unique singularity of the problem within
the parabola defined by (4.60b). We have det g, = —2z and
=2,

/ —
rk ((det,gz) ) — 1k ((1) 22>
g (0,0) —#%/10,0)

so that the origin is a noncritical 1-singularity, according to (4.56). Using
the identities (detg,). = —2 # 0 and g,h = £1 # 0, it follows from (4.57)
and (4.58) that (0,0) is an impasse point. Additionally Adjg.(0,0) = (1)
and then (4.59) reads
—(det g2)-(0,0)Adjg2(0,0)gy(0,0)h(0,0) = £2.
Therefore, the “+” (resp. “—") sign in (4.60a) makes the origin a backward
(resp. forward) impasse point. This explains that the pair of trajectories
y =t, 2=Vt t>0
emanate from the origin with infinite speed (in 2’(t)) for the “+” case in
(4.60a), whereas the two solutions
y=—t, z=v—t, t<0
terminate at the origin for the “—” case, with infinite speed in 2/(¢) as well.
Note, incidentally, that a singular reduction of (4.60) is defined by (4.34).
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4.4.6.2 Singularity crossing in a singular index one problem

Let us further probe some of the ideas discussed in subsection 4.4.5 by
means of the example

=y (4.61a)
y =1 (4.61Db)
0=uzx—y>+2° (4.61c¢)

where (z,y,2) denote the Euclidean coordinates in Wy = R3. The set
W1 is defined by the hyperbolic paraboloid (4.61c). The leading matrix
has constant rank r; = 2, and g(z,y,2) = x — y? + 22 is a submersion
on the whole of Wy. Therefore, all points in W; are 0-regular, a global
parametrization of the paraboloid being given by (x,y,2) = ¢1(y,2) =

(y? — 22, y, 2). Letting
010
h= (—1 2y 0)’

the corresponding reduction can be easily checked to read

10 v\ (1
(02:)(%)-()
In these coordinates, we have Vo = {(y,2) € R? / z # 0} U {(0,0)} and
hence Wy = {(x,y,2) € R® / o =y% — 22, 2 # 0} U{(0,0,0)}. The matrix
A1(y, z) has rank 2 on V5 — {(0,0)} but rank 1 at (0,0); this implies that
points satisfying x = y? — 22, z # 0 are regular with index one, consistently
with the condition det g, = 2z # 0 if z # 0.

In turn, the origin (0,0,0) € R3 is an inner l-singular point for the
original DAE (4.61) which, furthermore, is an I singularity. The punctured
parabola = y2, y # 0, z = 0 defines the set W5 — W5 of boundary 1-
singularities, which can be easily checked to be backward or forward impasse
points if y > 0 or y < 0, respectively, by the conditions discussed in subsec-
tion 4.4.5. Note that Assumption S1 holds globally with L;(y, z) = R? and
Fg = 2 = 71, so that all points in the parabola z = 32, z = 0 are singular
with index one.

This example is also of interest for comparative purposes with the frame-
work of Rabier and Rheinboldt. The failing of the constant rank assumption
at the I singularity located at the origin avoids (4.61) from being index one
in the sense of [228]. Actually, the exclusion of inner singularities of the
impasse framework of [228] precludes the description of singularity cross-
ing phenomena. In this example, it can be easily checked that a pair of
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solutions cross smoothly the singular set through the origin, namely
r=12/2, y=t, z = £t/V2. (4.62)

Along these solutions the matrix Aj(y, z) undergoes a rank deficiency at
the origin, in contrast to the results holding in the framework of [228] and
referred to at the beginning of Section 4.4 (cf. page 161).

4.4.6.3 Singular reduction

The example discussed below illustrates how the manifolds W; make it
possible to overcome the absence of a smooth structure on W;. This may
be due to rank deficiencies in the leading matrix of the problem, either
of (4.21) or of subsequent reductions. In particular, as already pointed
out, inner singularities arising before the last reduction step may have a
dramatic effect in the framework of Rabier and Rheinboldt due to the loss
of a smooth manifold structure on the sets W;.
With this aim, consider the DAE

7 = alx,y, 2) (4.63a)
xy =z (4.63Db)
0=y (4.63¢)

on Wy = R3, a being a smooth function Wy — R. Now the set W, reads
{(z,y,2) € Wo / ¢ # 0, y = 0} U{(0,0,0)}, and the leading matrix
undergoes a rank deficiency at x = 0. In particular, the origin is an inner
O-singularity, whereas points of the form (0,0, z) with z # 0 are boundary
O-singularities. Note that there is no way to apply the framework of [228]
neither globally nor locally around the origin since W; does not have a
manifold structure.

Assumptions S1 and S2 (as well as Proposition 4.4 at the origin) can be
checked to hold at the fist step with Lo = R? x {0} and 7, = 2, W, being
given by y = 0. Setting P, = (I 0), the corresponding singular reduction
in (z,z) coordinates is defined by

8 _(10)
1 0 0

e
fn
—~
&
N—

|
7N
O =
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that is, 2’ = a(,0,2), 0 = z. Now Vi = Vo = {(z,2) € R? / z = 0}, the
matrix A; having constant rank 7o = 1. The second-step reduction yields
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finally 2’ = «(z,0,0) with 73 = 1 = 7. Points (x,0,0) with  # 0 are
regular with index two, whereas the origin is a (harmless) singular point
with index two in the sense specified in Remark 4.11. The rank deficiency
at the origin does not have any effect beyond the first reduction step.

In the original setting, W5 = Wo = {(z,y,2) € Wy / y = 0, z = 0}
comprises the solutions of the DAE (4.63), which behaves as an index two
problem with a regular flow on Ws.

4.4.6.4 Semi-implicit DAEs
Quasilinear DAEs of the form

B(z)x' = h(x) (4.64a)

with B : Wy — R™*0+2) b Wy — R”, g : Wy — RP sufficiently smooth
and Wy open in R"™P are sometimes called semi-implicit and have been
considered by several authors, cf. [236, 238, 304]. In particular, the family
of DAEs

Cly,z)y’ = h(y,2) (4.65a)
0 =gy, 2), (4.65b)

will be used in the sequel to illustrate some phenomena not displayed in
the semiexplicit context of 4.4.5, 4.4.6.1 and 4.4.6.2. Mind that (4.63) in
4.4.6.3 actually has the form depicted in (4.65). For the DAE (4.65) we
assume that C € C°(Wy,R"™*"), h € C*°(Wy,R") and g € C*°(Wp, RP).
We will restrict the attention to cases in which det C(y, z) is a submer-
sion on the set of points 3 where C(y, 2) is singular; this implies that X
is a smooth codimension one submanifold of Wj. Furthermore, g will be
assumed to be a submersion on Wi = {(y,z) € Wy / g(y, z) = 0}, thereby
making this set a smooth r-dimensional manifold. The notation W, for the
above-introduced set will be justified later. We will additionally suppose

that
/
e ((de;lC) )

whenever (y,z) € ¥; = ¥ N W;. This means that ¥ and W; intersect
transversally, and then

Y1 ={(y,2) € Wy / g(y,2) =0, det C(y, 2) = 0}

(y,2)
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is a codimension one submanifold of Wy. In particular this makes
Wi =31 ={(y,2) € Wy / g(y,2z) =0, det C(y,z) # 0} (4.66)

dense in Wl.
In this setting we have

Wi ={(y,2) € Wo / g(y,2) =0, h(y,z) € imC(y, 2)} (4.67)

whereas, by the working assumptions, the set W;°® of 0-regular points can
be easily checked to coincide with Wy — %4 (cf. (4.66)). Inner O-singular
points are given by ¢(y,z) = 0, h(y,z) € imC(y, z) and det C(y,z) = 0.

Additionally, because of the fact that W3 — X; = Wi*® C W is dense in
W1, which is closed in Wy, we have

W, = W, (4.68)

meaning that the set W, — W, of boundary 0O-singular points is defined by
9(y,2) =0, h(y, 2) € iImC(y, 2).

Assumption S1 holds globally with Lo(y,z) = R" x {0}. This fact
supports the above-introduced notation Wi for the set g = 0. Moreover,
setting H = (0 I, ) the product H(y,z)f(y,z) arising in Assumption S2
amounts to ¢g(y, z), and therefore this Assumption holds by the above-stated
submersion hypothesis on g.

Hence, a singular reduction can be locally performed around any 0-
singularity in Wi. Let g(y*,z*) = 0 and, allowed by the fact that g is
a submersion, assume as in subsection 4.4.5 that the matrix of partial
derivatives (gy gz) is nonsingular at (y*, z*) for certain variables g, Z, say

¥ = Yrt1s -5 Yr), 2 = (2rg1, ..., 2p). Write the remaining variables
as § = (y1, .-, Y#), 2 = (21, ..., zr). Applying the implicit function
theorem to g = 0 around (y*, z*) write, as in (4.53),

Y= wl (yv 2)

z = ¢2 (yv 2)7

which yields a local parametrization of the manifold W, of the form
(ur,u2) = @(ur,uz) = ((u1,¥1(ur, uz)), (uz, Y2(u1,uz))). Inserting these
relations into (4.65) and using P = (Ir O) we are led to the singular
reduction

Clotunua) (, ) (1) = ot ). (409)

Y1y, (w1, u2) P, (w1, u) )\ uh

Now, the leading matrix of (4.69) is nonsingular at a given (u1,uz) if
and only if so are both C(p(u1,uz2)) and 91, (u1,us), and this can be
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proved in turn equivalent to the nonsingularity of C(y, z) and g, (y, z), with
(y,2z) = ¢(u1,uz). Mind that, in particular, rank deficiencies in g, yield
1-singularities of the differential-algebraic equation (4.65). The important
point is that the reduction (4.69) can be performed in a way which accom-
modates both types of singular points; indeed, the leading matrix of the
reduced equation reflects the singularities which arise in the original setting
of the problem, i.e. in the matrix C(y, z), but also after the first reduction
step, that is, in g,(y, 2).

Remark 4.12. The transversality assumption on the intersection of ¥ and
W1 is generic. It implies in particular that W; = Wy, as depicted in (4.68),
meaning that in this setting the singular reduction process is accommodated
on the closure of W7 which is hereby guaranteed to have a smooth manifold
structure. In spite of this genericity, it is of interest to examine some cases
in which (4.68) does not hold: see, specifically, the example considered in
4.4.6.6 below.

4.4.6.5 A DAFE with 0- and 1-singularities

A simple illustration of the discussion above is given by the following mod-
ification of (4.61):

(x+2)2 =y (4.70a)
y =1 (4.70b)
0=ua—y>+ 2% (4.70¢)

defined on Wy = R3. Points (z,y,z) € Wy for which z + z = 0, z =
y? — 22 are now 0-singularities. The working assumptions of 4.4.6.4 hold in
particular for this example, and a singular reduction is globally defined by

=y’ —z>and P = (I 0), yielding

CEEOE DO

The leading matrix of (4.71) is singular if y? — 22 + 2z = 0, points which
correspond to the above-mentioned 0-singularities, but also if z = 0; the
latter correspond to l-singular points in the parabola z = y2, z = 0. This
way the singularities of the leading matrix in (4.71) capture both 0- and
1-singular points of the original problem (4.70).
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4.4.6.6 The differentiation-perturbation example of Campbell and Gear
Consider finally the DAE

n N (Z:) + (Z) =0, (4.72)

where y = (y1, ..., Ym—1) € R™71 2 € R, and N is an index m nilpotent
matrix in lower-triangular Jordan form. System (4.72) was constructed by
Campbell and Gear in [45] in order to illustrate that the perturbation index
[121, 122] may exceed the differentiation index by an arbitrarily large quan-
tity. The reader can think e.g. of the two- and three-dimensional instances
of (4.72), which read

y1=0
yiyp +2 =0
and
y1=10
1y, +y2 =0
Y1y + 2 =0,

respectively. These singular equations have the semi-implicit form depicted
in (4.65) with det C(y, 2) = y7"~" and g(y, z) = y1, but in this case both sets
Y ={(y,2) €R™ / det C(y,2) = 0} and W1 = {(y,2) € R™ / g(y,z) = 0}
are defined by the condition y; = 0; therefore ¥ and W; do not intersect
transversally, not even in the case m = 2 which makes det C(y, z) a sub-
mersion. Note that W; in (4.67) amounts to the origin and (4.68) does not
hold.

However, this problem also falls in the working setting of subsection
4.4.3. Indeed, Assumptions S1 (with Lo = R™~1 x {0}, #; = m—1) and S2
are met in the first reduction step. A singular reduction is globally defined
on W, by the parametrization (0,%s, ..., Ym—1,2). The reduced equation
reads ¥y = ... = ym—1 = 2z = 0, so that 79 = 0 and the origin is a harmless
singularity which accommodates the unique solution of the DAE.
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Semistate models of electrical circuits
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Chapter 5

Nodal analysis

A major problem in electrical circuit analysis is how to set up the net-
work equations. When time-varying and/or nonlinear effects are present,
time-domain models replace those based on Laplace transforms or Fourier
analysis, very common in the study of linear time-invariant circuits.

In the time-domain setting, much attention has been directed to the
formulation of state space models based on explicit ODEs. This framework
allows for the application of many analytical and numerical tools coming
from the ODE context and dynamical systems theory. The systematic ap-
proach to state space circuit modeling emanates from the work of Bashkow,
Bryant and other researchers in the late 1950s and early 1960s [18, 35, 36],
and several issues on this topic have been the object of continuous inter-
est since then; cf. [13, 32, 60, 63, 66, 128, 145, 164, 206, 235, 273, 274].
Note that this is just a sample of a huge amount of related literature.

However, the state space approach to circuit modeling displays some
important limitations. For several circuit configurations an explicit state
space equation may not exist, not even locally. Additionally, when state
space descriptions do exist, their formulation may be hardly automatable.
The latter is extremely important from the computational point of view,
specially in very large scale integration systems. These limitations have
led, in the last decades, to the formulation of semistate [82, 210] mod-
els, which use larger sets of network variables allowing some redundancy
between them. Semistate models are currently framed in the differential-
algebraic context.

The benefits of the semistate approach to circuit modeling can be
roughly described along two directions. The first one concerns the au-
tomatic generation of circuit models. Modern schemes used to set up
network equations are based on a differential-algebraic formalism; this

193
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is the case of Modified Nodal Analysis (MNA) [135], used in different
circuit simulation programs such as SPICE (in its different versions) or
TITAN [85, 87, 112-114, 198, 292, 293]. In the numerical simulation of
circuit dynamics, a key aspect is the computation and monitorization
of the index of these differential-algebraic models, a problem which has
attracted much recent attention; see specifically [87, 292, 293], but also
[84, 113, 114, 194, 234, 248, 253].

The second advantageous feature of the semistate framework is given
by its chance to accommodate, in a comprehensive manner, different but
tightly interrelated families of circuit models. A difference between model
families is made by the set of semistate variables that they use. In particu-
lar, nodal methods are characterized by the use of node potentials as the fun-
damental model variables, in addition to some branch variables. This fam-
ily includes the above-mentioned Modified Nodal Analysis, but also other
techniques such as Node Tableau Analysis (NTA) [63, 66, 113, 114, 117]
or Augmented Nodal Analysis (ANA) [84, 164, 248, 253]. The present
Chapter presents a comprehensive discussion of different nodal methods,
addressing several interrelations between NTA, ANA and MNA, together
with an analysis of their indices; this analysis will include in particular some
results involving non-passive circuits, out of the scope of [87, 292, 293].

Not only the formulation and analysis of nodal methods profit from
the differential-algebraic framework. Other issues can be tackled advan-
tageously in the DAE context; these include the above-mentioned state
formulation problem and other related modeling issues, the analysis of sin-
gularities [61, 62, 233, 236], which in particular accommodate situations
in which explicit ODE models do not exist, as well as qualitative studies
[244, 252]. For reasons detailed later, these aspects will be better addressed
through the models considered in Chapter 6. Although not considered in
this book, loop and mesh analyses can also be framed naturally in the
differential-algebraic context.

This Chapter is structured as follows: Section 5.1 presents a rather de-
tailed background on graphs and electrical circuit theory. In particular,
we detail the circuit families which will be considered throughout. A de-
scription of the differential-algebraic models resulting from nodal analysis
methods can be found in Section 5.2; these include the above-mentioned
NTA, ANA and MNA schemes. The rest of the Chapter is focused on index
characterizations for these DAEs. In Section 5.3 we introduce the tools for
index analysis, including the tractability index notion for the quasilinear
DAEs arising from nodal methods. Note incidentally that, from the DAE
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point of view, this Chapter illustrates the use of projector techniques in in-
dex analyses, whereas Chapter 6 will focus on reduction methods. Section
5.4 provides index characterizations for nodal models of passive circuits,
whereas Section 5.5 illustrates how tree-based techniques provide a way to
extend these results to non-passive systems. Several examples are discussed
within Sections 5.4 and 5.5.

5.1 Background on graphs and electrical circuits

In this Section we compile some prerequisites for the circuit analyses per-
formed in the rest of the book. We begin with a survey, in subsection
5.1.1, of elementary concepts coming from the theory of graphs and di-
graphs. As detailed later, the link between graphs and electrical circuits
comes from the fact that every lumped circuit composed of two-terminal
elements naturally has an associated graph, which results from identify-
ing circuit branches and nodes with graph edges and vertices, respectively.
Topological properties in circuit theory will be those which can be examined
in terms of this graph, retaining only the electric (resistive, capacitive, etc.)
nature of every branch; see 5.1.2.1 in this regard.

In subsection 5.1.2 we compile elementary aspects of circuit theory and
detail the circuit devices allowed in later analyses. The attention will be re-
stricted to lumped circuits in which the spatial dimensions do not play a role,
in contrast to distributed systems where spatial variables must be taken into
account; cf. [2, 25, 111, 264, 293] for partial differential-algebraic equa-
tions (PDAESs) modeling distributed systems. We will accommodate fully-
coupled and nonlinear capacitive, inductive and resistive elements. For
simplicity these elements will be assumed to be time-invariant. Also, for
the sake of brevity we will focus on so-called conventional circuit mod-
els, which do not use the charge in capacitors or the flux in inductors as
semistate variables; this will require global voltage- and current-control as-
sumptions on capacitors and inductors, respectively. Many results can be
extended to charge-oriented models (see [87, 253, 292]).

When the so-called incremental capacitance, inductance and conduc-
tance matrices are positive definite these devices will be called passive; in
Section 5.5 we will also consider non-passive problems which remove this
definiteness requirement. In order to emphasize the mathematical aspects
of our analysis, the circuits here analyzed will exclude some devices which
would introduce several technical complexities without making a real dif-
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ference from the DAE point of view. This is the case of controlled sources;
the reader is referred in particular to [87] for a detailed index analysis of
MNA models including controlled sources. It is worth remarking, in any
case, that many of our results can be extended to a broad family of circuits
including controlled sources, along the lines discussed in subsection 6.2.6 for
branch-oriented methods. Note also that the term ‘active’ (vs. ‘non-passive’
above) is usually reserved for circuits including controlled sources.

5.1.1 Graphs and digraphs

We refer the reader to [4, 5, 26, 89] for detailed introductions to graph
theory. In particular, the proof of the properties compiled here can be found
in these references. Many books on circuit theory (e.g. [13, 58, 63, 66]) also
include some background on digraphs.

5.1.1.1 Graphs, digraphs, subgraphs

A directed graph or digraph is a triple (V, E,«), where V # () and F are
finite sets, and a« : E — V x V. The elements of E are called edges
and will correspond to the branches of an electrical circuit, whereas the
elements of V' are vertices which stand for the nodes of the circuit. Denoting
ale) = (ar(e),az(e)) € V x V, we say that e is directed from v; = ay(e) to
vy = aa(e), and call v1 and vy the initial and final vertices of e, respectively;
both are called the terminal vertices of e. The edge e is also said to be
incident with both vy and vs.

If we disregard directions in the edges we are led to a graph, which can
be formally defined as a triple (V, E,~) with V and E as above but where ~
maps F into V x V/~; here ~ stands for the equivalence relation in V' x V
according to which (v1,v2) ~ (vi,v}) if either v;1 = v} and vo = v}, or
vy = v and vy = v]. Thereby, in a graph the image through 7 of a given
edge is an unordered pair or vertices and we say that the edge is incident
with these terminal vertices. Letting 7 : V x V' — V x V/~ stand for the
canonical projection, the underlying graph of a given digraph (V, E, «) is
defined as (V, E,~v) with v = m o a. Unless otherwise stated, the notions
which are defined below for graphs must be understood to hold also for
digraphs by applying them to the underlying graph.

Either for digraphs or graphs, note that we do not define an edge as a
(ordered or unordered) pair of vertices, as it is done in many texts, since
this rules out the description of multiple edges connecting the same pair
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of vertices. This situation is often met in circuit theory, e.g. when two
branches are connected in parallel. The definitions above also accommodate
the presence of self-loops both in digraphs and graphs, that is, of edges for
which both terminal vertices coincide. These self-loops have no interest in
circuit theory and will need to be excluded when representing a digraph via
the incidence matrix.

A graph (V',E’,7") is said to be a subgraph of (V,E,~) if V! C V,
E’' C E and +'(e) = 7y(e) for any e € E’. By assuming that (V', E’,~') is a
graph, we are implicitly requiring that the incident vertices with any edge of
E’ are in V'. For a digraph, a directed subgraph is additionally assumed to
inherit the direction of the edges; this means that the definition for digraphs
is exactly the same as the one above provided that + is replaced by a. Note
that the removal of an arbitrary set of edges of a given (directed) graph
results in a (directed) subgraph.

5.1.1.2 Loops, cutsets

Within a given graph, a path connecting two vertices vy and v; is a sequence
(vo,e1,v1,...,vi-1,€1,v;) in which the edge e; is incident with the vertices
vi—1 and v; for 1 < ¢ < [. A path is said to be closed if v9 = v;. A
closed path with [ > 1 in which e; # e; and v; #vj for 1 <i < j <lis
called a loop. We will normally use this term to mean just the set of edges
{e1,...,e;}. Note that a parallel connection of two branches in a circuit
defines a loop. Self-loops (vg, e1,v0) are allowed in the definition above, but
since they will be precluded in later discussions we may understand from
now on that [ > 2.

A graph is said to be connected if for every pair of vertices there exists
a path connecting them. A connected component is a maximal connected
subgraph of a given graph. A subset K of the set of edges of a connected
graph is a cutset if the removal of K results in a disconnected graph, and it
is minimal with respect to this property, that is, the removal of any proper
subset of K does not disconnect the graph.

5.1.1.3 Trees

Given a connected graph, a tree is a connected subgraph which contains all
vertices and has no loops. Again, we shall often use this term to refer just
to the set of edges within a given tree. In graph theory a tree is sometimes
defined just as a connected subgraph without loops; when this is the case,
the additional requirement that a given tree contains all vertices makes it
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a spanning tree. According to our definition, which is very often adopted
in circuit theory, a ‘tree’ is implicitly assumed to be a ‘spanning tree’. In
a graph which is not connected, the choice of a tree in every connected
component defines a forest.

Once a tree has been chosen in a given connected graph, the edges in
the tree are called twigs, whereas the remaining ones are called links or
chords. The set of links defines a cotree. If the (connected) graph has n
vertices and b edges, any tree defines n — 1 twigs and b — n + 1 links; in a
forest, the numbers of twigs and links are n — k and b—n+ k, respectively, k
standing for the number of connected components. Note that because of the
notion of a tree there cannot exist any loop just defined by twigs; similarly,
the links may not include any cutset, since the set of twigs connects the
whole graph and therefore no removal of any set of links may result in a
disconnected graph. More is true, as displayed in the following statement.
See also 5.1.1.8 below.

Lemma 5.1. Let J, K be disjoint subsets of the set of edges of a given
connected graph. Then there exists a tree which contains all edges from J
and no edge from K if and only if J has no loops and K has no cutsets.

5.1.1.4 Incidence matriz

Assume that the vertices and edges in a given digraph are numbered, so
that V and F can be written as {1,...,n} and {1,..., b}, respectively. We
assume in the sequel that b > 1 and that the digraph has no self-loops, so
that n > 2.

The incidence between edges and vertices can be described in terms of
the so-called incidence matriz A = (a;;) € R"*®, where

1 if edge j leaves vertex i
a;; = ¢ —1 if edge j enters vertex i
0 if edge j is not incident with vertex i.

Equivalently, a;; = 1 (resp. —1) if and only if aq(j) =@ (resp. aa(j) = 9),
the other entries in the j-th column being null.

The results stated in Lemmas 5.2-5.4 below are well-known and widely
used in the context of nodal analysis methods for circuits [87, 292, 293]; for
the sake of brevity we therefore omit their proofs. In any case they follow
from elementary properties of digraph theory: see for instance Chapter 3
in [5] or Chapters 6 and 7 in [89].
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Lemma 5.2. If n and k stand for the number of vertices and connected
components of a digraph, then tk A =n — k. In particular, for a connected
digraph it istk A =n — 1.

The quantity r = n — k is called the rank of the digraph. In a connected
digraph, any n — 1 rows of the incidence matrix A are linearly independent;
the removal of any row of A yields a so-called reduced incidence matriz
A e R=1Dxb_ From the point of view of circuit theory, this corresponds to
the choice of a reference node. See (5.60) on p. 227 for an example. With
terminological abuse, we will sometimes refer to A simply as the incidence
matrix, A being then termed the complete or non-reduced incidence matrix.

At several points we will need to check if a given subset of branches
K within an electrical circuit contains a loop or a cutset. This can be
performed in terms of the reduced incidence matrix via Lemmas 5.3 and
5.4 below. In these statements, if K is a subset of the set of edges of a
connected digraph G, we denote by Ax (resp. Ag_k) the submatrix of A
formed by the columns corresponding to edges in K (resp. not in K).

Lemma 5.3. A subset K of the set of edges of a connected digraph G does
not contain loops if and only if Ak has full column rank.

Lemma 5.4. A subset K of the set of edges of a connected digraph G does
not contain cutsets if and only if Ag_xk has full row rank.

Equivalently, the absence of loops within the set K is characterized by
Agy = 0=y =0, and the absence of cutsets yields 2" Ag_r = 0=z = 0.

Now, if T is a tree in a connected digraph, Ap is an (n — 1) x (n — 1)
matrix and, since T" contains no loops, it has full column rank and therefore
is nonsingular. It is not difficult to prove the stronger statement depicted
below (cf. Section 2.2 in [13]).

Lemma 5.5. Let K be a set of n—1 edges of a connected digraph. Then Ak
is monsingular if and only if K defines a tree. In this case, det Ax = £1.

5.1.1.5  Loop matrix

The definition of the loop matrix associated with a digraph requires intro-
ducing previously the notion of an orientation in a loop. With the nota-
tion used in 5.1.1.2, if a given loop is defined by the vertex-edge sequence
(vo,e1,v1,...,v-1,€1,v;) With v; = vg, one of the two possible orientations
is defined by the sequence (vg, e1,v1, ..., v—1, €1, v;) itself and the other one
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by (v, e, vi—1,...,v1,€1,vp); this is not ambiguous, i.e., both orientations
are actually different since self-loops are excluded and therefore [ > 2. Fur-
thermore, if the loop is orientated according (for instance) to the sequence
(vo,e1,v1,...,v-1,€,v;), we say that the edge e; has the same orienta-
tion as the loop if e; is directed from v;_; towards v;, and that it has the
opposite orientation if it leaves v; and enters v;_;.
Given an orientation in every loop, the loop matriz is then defined as

B = (bij), with

1 if edge j is in loop i with the same orientation

bij = ¢ —1 if edge j is in loop ¢ with the opposite orientation
0 if edge j is not in loop 3.

Lemma 5.6. In a digraph with n vertices and k connected components,
rk B = b—n+k. In particular, for a connected digraph it istk B =b—n-+1.

The quantity s = b—n+k defines the cyclomatic number of the digraph.
For a connected digraph, a submatrix B € RO=7tDxb of B with full row
rank will be called a reduced loop matriz. Sometimes, with terminological
abuse we will refer to this matrix simply as a ‘loop matrix’. For later use
note that, since the rows of any two reduced loop matrices B, B span the
same space, it follows that the relation B = M, B holds for some nonsingular
matrix M.

The following analogs of Lemmas 5.3 and 5.4 will be useful in Chapter
6. They can be actually derived from the above-mentioned Lemmas, as will
be shown below.

Lemma 5.7. A subset K of the set of edges of a connected digraph G does
not contain cutsets if and only if Bx has full column rank.

Lemma 5.8. A subset K of the set of edges of a connected digraph G does
not contain loops if and only if Bg_k has full row rank.

For the sake of completeness, and regarding the property depicted in
Lemma 5.5, it is worth mentioning that a set K of b —n + 1 edges of a
given connected digraph yields a nonsingular submatrix By if and only if
the edges in K define a cotree (see 3.21 in [5]). We will not make specific
use of this property, though.

5.1.1.6  Cutset matriz

Finally, the cutset matriz Q = (gi;) of a connected digraph is defined as
detailed below; note that we restrict the definition to connected digraphs
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only for simplicity. The removal of any cutset in a connected digraph results
in a digraph with two connected components, to be denoted by Cy and Cs.
We can define two different orientations in this cutset, say from C1 to Co
or from Csy to Cy. Given an edge in the cutset, one terminal vertex must
be in C7 and the other one in Cy. Assume e.g. that the cutset is oriented
from C; to Ca; an edge of the cutset is then said to have the same (resp.
opposite) orientation as the cutset if the initial vertex of this edge is in Cy
(resp. Cs). The cutset matrix Q = (g;;) is then defined by

1 if edge j is in cutset ¢ with the same orientation
¢;; = § —1 if edge j is in cutset ¢ with the opposite orientation
0 if edge j is not in cutset i.

The rank of Q can be proved to be n—1 for a connected digraph; again, n—1
linearly independent rows of Q define a reduced cutset matriz Q € R("=1xb,

5.1.1.7 Relations among digraph matrices

The proof of the following result can be found e.g. in [89] (Section 7.4).

Lemma 5.9. If the columns of the reduced incidence, cutset, and loop ma-
trices A, Q, B of a connected digraph are arranged according to the same
order of edges, then BAT = BQT = 0.

From this statement and the conditions tk A =rk@Q =n—1,rk B = b—n+1
it follows that im AT = im Q" = ker B, and im BT = ker A = ker@. In
particular, the rows of A and those of  span the same subspace of R?; this
means that a relation of the form @ = MyA holds for a nonsingular matrix
My. Lemma 5.9 actually expresses an orthogonality relation between this
so-called cut space im QT and the cycle space im BT spanned by the rows
of B; see [26] for details in this regard.

Proof of Lemmas 5.7 and 5.8. Lemma 5.9 makes it easy to derive
the results stated in Lemmas 5.7 and 5.8 from the corresponding properties
stated in terms of the incidence matrix in Lemmas 5.3 and 5.4. According
to Lemma 5.3, the absence of loops within K will be characterized by the

property
Agy=0=y =0, (5.1)
whereas, following Lemma 5.4, for the absence of cutsets we will use

tTAg gk =0=2=0. (5.2)
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Assume first that, as stated in Lemma 5.7, K does not contain cutsets.
Suppose that Bg does not have full column rank, i.e., that there exists a
non-vanishing v for which Bxv = 0. It would then follow that the vector
(v,0) belongs to ker(Byx Bg_x) = ker B = im AT, so that v = ALz and
0 = Al_gx for some . From (5.2) we derive the relation z = 0 and
thereby the contradiction v = 0.

Conversely, suppose that Bg has full column rank, and assume that
2T Ag_k = 0. Premultiplying the relation Ax B} + Ag,KBg_K = 0 by
xT we obtain 2T A B]. = 0 which, by the full column rank of B, implies
2" A = 0. This identity, together with 2T Ag_x = 0 and the fact that A
has full row rank, implies that = 0, so that (5.2) is met; this shows that
K cannot contain cutsets.

The proof of Lemma 5.8 proceeds analogously. Assume first that K does
not contain loops, so that (5.1) holds, and that w' Bg_ = 0. The relation
Br AL + Bg,KAE_K = 0 then yields w' Bx A}, = 0 and, from (5.1), we
obtain w' Bg = 0. Together with wTBg,K = 0 this leads to w' B = 0, and
the maximal row rank of B implies that w = 0. It then follows that Bg_x
has full row rank.

Finally, let us assume that Bg_ has full row rank but K does include
a loop. This means that there exists a non-vanishing y with Axy = 0, and
then the vector (y,0) belongs to ker A = im BT. Hence there must exist a
vector w such that y = Bf-w and 0 = B}, w. The full row rank of Bg_x
yields w = 0 and this in turn implies y = 0, against the hypothesis that y
does not vanish. O

5.1.1.8 Fundamental loops and cutsets and their associated matrices

An important role will be played in Chapter 6 by certain loops and cutsets
constructed from a given tree.

Lemma 5.10. Assume that a tree has been chosen in a given connected
graph. Then every link defines a unique loop together with some twigs, and
every twig defines a unique cutset together with some links.

Indeed (see e.g. [63]), given a link there must exist a unique path in the tree
connecting its incident vertices; the link together with this path defines a
loop. In turn, given a twig, its removal defines two connected components
in the tree. Take the (maybe empty) set of links which connect both compo-
nents; the twig together with these links defines a cutset. The loops (resp.
cutsets) defined in this manner from the links (resp. twigs) associated with
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the tree are sometimes called fundamental loops (resp. cutsets). Examples
can be found on page 261.

Now, given a tree in a connected digraph, if we orientate every funda-
mental cutset and loop in a way such that it gets the same orientation as
its defining twig or link, respectively, then @ and B take the form

Q= (I, —F") (5.3a)
B=(F 1I,), (5.3b)

for a certain matrix F' € R%*". We are using the notations r = n — 1 and
s =b—mn+1 for the rank and the cyclomatic number, respectively. In (5.3),
the first » = n — 1 columns of both matrices are assumed to be associated
with the twigs, whereas the last s = b—n + 1 ones correspond to the links;
the submatrices I, and I then reflect the fact that exactly one twig (resp.
link) enters each fundamental cutset (resp. loop), having additionally the
same orientation as this cutset (resp. loop). The submatrices —FT and F'
can be written in this form because of the relation QBT = 0 stated in
Lemma 5.9.

The form depicted for @ in (5.3a) shows that the fundamental cutsets
defined by a tree (or, more precisely, the corresponding vectors in R®) are
linearly independent. The same happens with the fundamental loops, in
the light of the expression given for B in (5.3b). The matrices Q and B
constructed this way will be called the fundamental matrices associated
with the tree.

5.1.2 Elementary aspects of circuit theory

An electrical circuit will be considered here as a set of interconnected
branches, each one accommodating a two-terminal circuit element and be-
ing incident with two (distinct) modes. Branches are interconnected by
having (or, more precisely, being incident with) at least one node in com-
mon. Identifying branches and nodes with edges and vertices, a graph can
be naturally associated with the circuit.

Every circuit branch has two associated variables: the branch current
¢ and woltage v. When accommodating a so-called reactive element (a ca-
pacitor or an inductor), the branch has an additional variable, namely, the
charge q for capacitors or the fluz ¢ for inductors. Every branch is given an
orientation which defines a reference direction for the current; thereby, if a
branch incident with ny, no is directed away from the node n; towards the
node no then a current of, say, +1 mA means that this current flows out
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of my into ngy, whereas —1 mA stands for 1 mA flowing out of ng into ny.
These orientations also induce a voltage reference direction in every circuit
branch, so that a voltage of +5 (resp. —5) mV in the above-mentioned
branch indicates that the electric potential at n; is 5 mV larger (resp.
smaller) than the one at na. These reference directions make it possible to
associate a digraph with a given circuit.

The equations governing circuit dynamics combine the graph-theoretic
relations among currents and among voltages given by Kirchhoff laws with
the electromagnetic relations characterizing circuit devices. As detailed
below, Kirchhoff laws result in linear algebraic relations involving branch
currents and voltages, whereas the electromagnetic relations include differ-
ential equations at reactive elements, namely capacitors and inductors, and
algebraic (non-differential), possibly nonlinear relations coming from the
devices’ characteristics. The mixed nature of these equations explains the
role of the DAE formalism in circuit modeling.

The reader without a background on electrical circuit theory may profit
from taking a look at the examples discussed in Sections 5.4 and 5.5 while
reading this material.

5.1.2.1 Topological aspects

We will focus our attention on connected circuits, denoting by b and n the
number of branches and nodes, respectively. We assume that b > 1, and
since self-loops are excluded, this yields n > 2. Nontrivial problems require
b > 2. The circuit will contain b, resistors, b. capacitors, b; inductors, b,
independent voltage sources, and b; independent current sources, so that
by+bc+bi+b,+b; = b. We use the subscripts u and j for voltage and current
sources to avoid confusion with branch voltages and currents, denoted by v
and 7. Some of these quantities may of course vanish, meaning that there
are no devices of the corresponding type. The characteristic equations of
each type of circuit element are presented in 5.1.2.2 below.

Topological properties of a given circuit are those which can be assessed
just in terms of the circuit graph and the electric nature of every branch, dis-
regarding the specific characteristic equations of each circuit device. These
topological aspects are often addressed for restricted circuit families; for in-
stance, Theorems 5.1 and 5.2 in Section 5.4 will provide topological index
characterizations of NTA, ANA and MNA models for passive circuits.

Kirchhoff laws. Kirchhoff’s current law (KCL) states that the sum of
the currents leaving any circuit node is zero. This must be understood
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as follows: if the current in branch k is denoted by i; and this branch is
directed away from (resp. towards) a given node, then the current leaving
this node is iy, (resp. —ix). Using the reduced incidence matrix A introduced
in 5.1.1.4, this law can be then checked to read

Ai = 0. (5.4)

Here i = (ir, ic, 41, u, 1;) € R® is the vector of branch currents, the sub-
scripts 7, ¢, [, u and j standing as above for resistors, capacitors, inductors,
voltage sources and current sources, respectively. If the reduced incidence
matrix A is split accordingly as A = (A, A. A; A, A;), (5.4) reads

Aty + Agie + Apiy + Ayiy + Ajij =0. (55)

Note that e.g. A, € R("»~Uxbr is the submatrix of A corresponding to
resistor branches and all circuit nodes: this subgraph need not be connected
and may well have isolated nodes.

Kirchhoff’s current law can also be expressed in terms of any reduced
cutset matrix as

Qi = 0. (5.6)

Indeed, as indicated in 5.1.1.7, the fact that the rows of any reduced cutset
matrix span the same space as the rows of a reduced incidence matrix yields
a relation of the form QQ = My A for some nonsingular matrix M. Equation
(5.6) then follows from the premultiplication of (5.4) by M.

In turn, Kirchhofl’s voltage law (KVL) states that the sum of the voltage
drops along the branches of any loop is zero. In this statement, provided
that an orientation is defined in every loop and denoting by v, the voltage
in branch k, the corresponding voltage drop must be understood as vy if
branch k has the same orientation as the loop, and —vy otherwise. In terms
of the loop matrix, this can be expressed as

Bv =0, (5.7)

where v = (vy, Ve, Vi, Uy, V;) € R® denotes the vector of branch voltages.
Splitting the matrix B as (B, B. B; By, Bj), (5.7) reads

B,v, + Beve + Bjuy + By, + Bjv; = 0. (5.8)

Nodal analysis methods will be based on an alternative statement of
Kirchhoff’s voltage law. In a connected circuit with n nodes, we will denote
by e € R*! the vector of potentials of all nodes except for the reference
one. The potential at the reference node is conventionally assumed to van-
ish. Node potentials are then unambiguously defined from branch voltages
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because of Kirchhoff’s voltage law; indeed, the potential at any node can
be defined as the sum of the voltage drops along some (hence any, because
of KVL) path to the reference node. It is not difficult to check that this
makes it possible to recast Kirchhoff’s voltage law as

v=ATe. (5.9)

Loops, cutsets and trees in electrical circuits. In the topological
index analysis of different circuit models, certain loops and cutsets will
play an important role. A VC-loop will be a loop formed exclusively by
voltage sources and/or capacitors; an example can be found in Figure 5.2
(p. 229). Note that C-loops and V-loops, composed only of capacitors or
voltage sources, respectively, are particular cases of a VC-loop. Similarly,
an IL-cutset will be a cutset formed exclusively by current sources and/or
inductors (cf. Figure 5.3 on p. 231), L-cutsets and I-cutsets being particu-
lar instances. Other configurations such as VL-loops, IC-cutsets, etc., are
defined analogously.

In the light of Lemmas 5.3 and 5.4, a circuit does not include any VC-
loop if and only if the matrix (4. A,) has full column rank, and it does
not include IL-cutsets if and only if (A, A. A,) has full row rank. A
simultaneous characterization of both conditions is also possible in terms
of trees via Lemma 5.1, as stated below. A proper tree [18] in a connected
circuit is a tree which contains all voltage sources and all capacitors as well
as (possibly) some resistors, but neither current sources nor inductors.

Proposition 5.1. A given connected circuit has neither VC-loops nor IL-
cutsets if and only if it contains a proper tree.

All circuits will be hereafter assumed to be well-posed, meaning that
they have neither V-loops nor I-cutsets; in the opposite case, the circuit
is said to be ill-posed. A well-posed circuit need not have a proper tree,
since it may certainly contain VC-loops (with at least one capacitor) and/or
IL-cutsets (with at least one inductor). An important role will be played
instead by the so-called normal trees introduced below [35, 36, 145].

A normal tree in a connected circuit is a tree which contains all volt-
age sources, no current sources, as many capacitors as possible and as few
inductors as possible; it may also include some resistors. Note that this
concept is well-defined, as shown in [32] (see Theorem 2 there), and that
a well-posed circuit always contains at least one normal tree. In the ab-
sence of VC-loops and IL-cutsets, normal trees amount to the above-defined
proper ones. By contrast, when VC-loops and/or IL-cutsets are present in
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a well-posed circuit, normal trees are not proper. In this case, the number
of capacitors in a normal tree is b, — x., where z. stands for the number
of excess or link capacitors and equals the number of linearly independent
VC-loops (including in particular C-loops); this linear independence notion
relies on the description of loops as vectors of R?, as in 5.1.1.5. Analogously,
the number x; of excess or twig inductors in a normal tree equals the num-
ber of linearly independent IL-cutsets (including L-cutsets). Moreover, in
a normal tree the fundamental loop defined by each link capacitor only in-
volves twig capacitors and voltage sources and, similarly, the fundamental
cutset defined by each twig inductor only has link inductors and current
sources; cf. Theorem 3 in [32].

5.1.2.2  Clircuit elements: dynamic relations and device characteristics

The different variables appearing in the below-considered circuit devices will
be denoted as follows. The vector (g, ve, i.) € RP x Rb x R will stand
for capacitors charges, voltages and currents; (¢, vy, i;) € R% x R x R
for inductors fluxes, voltages and currents; (v,., 4,.) € R x R for resistors
voltages and currents; (vy, i,) € RP x RP for the voltages and currents
in voltage source branches; and (v;, i;) € R% x R% for the voltages and
currents in the branches accommodating current sources.

Capacitors. The electromagnetic relations governing capacitors are de-
fined by the differential equation

q =ic (5.10)
relating charges and currents, together with the characteristic
9c(q, ve) =0. (5.11)

In the latter, g. € C*(R% x R’ R%) represents the capacitors’ constitutive
relations.

The fully implicit equation (5.11) defines a general form for time-
invariant capacitors. In particular, it may accommodate coupling effects;
capacitors are said to be uncoupled when, for 1 < k < b,, the k-th relation
in (5.11) has the form g, (g, ,v,) = 0, that is, it involves only the charge
and the voltage in the k-th capacitor.

Equation (5.11) does not comprise any assumption on the existence of
a controlling variable for capacitors. A simplifying assumption which will
be made in the sequel is that capacitors are globally voltage-controlled, i.e.
that (5.11) has the form

q = 7e(ve) (5.12)
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for a C' mapping v.. Defining the incremental capacitance matriz as
C(ve) = 7v.(ve), the relation (5.10) reads

C(Uc)vé = i, (513)

which comprises both the differential and the characteristic equations for
capacitors.

In some cases, voltage- or charge-controlled descriptions of a capacitor
only exist locally. In particular, if the matrix of partial derivatives %—gqc
nonsingular at some (¢*,v}) satisfying (5.11), a voltage-controlled descrip-
tion such as (5.12) exists locally around (¢*,v¥) by the implicit function

is

theorem.

When the capacitors are linear and voltage-controlled, (5.12) can be
written as ¢ = Cv., where C' € R?*% is the capacitance matriz. In uncou-
pled linear cases, the capacitance matrix is diagonal.

Inductors. Analogously, inductors are characterized by the differential
relation

¢ = (5.14)
between magnetic fluxes and voltages, together with

gi(9, i) =0, (5.15)

where g; € CH(RY x R% RY). Coupling effects may be displayed also in
this context.

For the sake of simplicity, unless otherwise stated inductors will be
assumed to be globally current-controlled by a C! relation of the form

¢ = y(ir). (5.16)

The incremental inductance matriz is L(i;) = /(%) and, in this setting,
(5.14) reads

L(il)i; = . (5.17)

In some cases, current-controlled descriptions such as (5.16) will only exist
locally. This is the case for instance in the Josephson junction. This device
is composed of two superconductors separated by an oxide barrier [63]; it is
characterized by the differential relation ¢’ = v together with a current-flux
characteristic

1 = Iysinko.
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Here, Iy > 0 is a device parameter, whereas k = 4we/h, ¢ and h standing
for the electron charge and Planck’s constant, respectively. The Josephson
junction is an example of a nonlinear inductor.

In the linear case, (5.16) amounts to ¢ = Li;, L € R"*% denoting the
inductance matriz. In this context, if the inductance matrix is symmetric,
its j-th diagonal entry is called the self-inductance of the j-th inductor,
whereas the (j, k)-th entry (with j # k) is the mutual inductance of the
j-th and k-th inductors. Certainly, the inductance matrix L is diagonal in
the absence of coupling effects.

Resistors. We will use the term ‘resistor’ in a broad sense which accom-
modates any device characterized by an algebraic (non-differential) relation
between its branch voltage and current. This includes not only linear resis-
tors governed by Ohm’s law but also diodes, for instance, whose i-v char-
acteristic are typically defined by Shockley’s equation i = ig(e?/v — 1) for
certain real constants iy, vg. We will assume resistors to be time-invariant.
Coupling effects will be accommodated by letting the set of resistors be
defined by a relation of the form

9r(Vr, i) = 0, (5.18)

with g, € C1(Rb" x RP Rbr).
An instance of a pair of coupled resistors is given by a gyrator [63],
defined by the linear relation

(2)-(5o) ()

where k € R is called the gyration conductance. Analogously, an ideal
transformer is defined by

(=50 ()

where n € R is the turns ratio [63]. Controlled sources in which the con-
trolling elements are resistors currents or voltages also fall in this setting.

In most cases, resistors will be assumed to be voltage-controlled through
a C' mapping v,: Rb> — R®r; this means that resistors currents and volt-
ages will be related by

i = Y (vp). (5.19)
In this case, the incremental conductance matriz reads

G(vr) = . (vr). (5.20)
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In the linear setting, the voltage-controlled description (5.19) amounts to
i = Gu,, where GG stands for the conductance matriz.
The current-controlled counterpart is defined by a relation of the form

Uy = p(lr); (521)

with incremental resistance matrix R(i,) = p/(i,). In the uncoupled linear
case, the resistance matrix R is a diagonal one, its entries modeling the
individual resistances Ry defined by Ohm’s law v,, = Riir,, k=1,...,b,.
Note finally that, when the conductance and resistance matrices are both
well-defined (maybe in an incremental sense) and nonsingular, they are
inverse to each other.

Voltage and current sources. Finally, in independent voltage sources
the branch voltages are driven by a mapping of the form

Uy = Us(1) (5.22)
and, analogously, for independent current sources we have
i; =14(1). (5.23)

Both ve: J — R% and is: J — RY% are explicit functions of time defined
on some working interval J C R, and will correspond to the excitation
terms in the equations. When they are constant we speak of DC' sources.

As indicated on page 206, well-posed circuits are those which have nei-
ther V-loops nor I-cutsets. Now it becomes clear that Kirchhoft’s voltage
law applied to a loop of voltage sources would result in a link between a
priori independent time mappings, leading generically to an inconsistency.
Similar considerations apply to I-cutsets; its exclusion can be understood as
a consistency requirement for Kirchhoff’s current law. Actually, as shown
in Proposition 1 of [248], a V-loop or an I-cutset yields a singular matrix
pencil in the Augmented Nodal Analysis models of linear time-invariant
circuits discussed later; the same property may be easily shown to hold for
Node Tableau Analysis and Modified Nodal Analysis.

Although excluded in most later analyses, controlled sources are defined
by mappings of the form v, = g,(v,) for controlled voltage sources, and
i; = g;(v, 1) for controlled current sources. These general expressions allow
all branch variables in the circuit to control a given source, and may even
result in an implicit form if the k-th component of g, or g; actually depends
on the k-th component of v,, or ¢;, respectively. It is often assumed that each
source is controlled by just one type of variable, that is, either by branch
voltages or by branch currents. In this setting, controlled sources can be
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classified into voltage-controlled voltage sources (VCVSS), current-controlled
voltage sources (CCVSs), voltage-controlled current sources (VCCSs) and
current-controlled current sources (CCCSs). When the controlling element
is a resistor or a set of resistors, controlled sources together with their
controlling devices may also be modeled as coupled resistors. See subsection
6.2.6 for additional remarks concerning circuits with controlled sources.

A short circuit, which is a branch with vanishing voltage v = 0, may
be modeled by a DC voltage source with vanishing voltage, whereas an
open circuit, for which i = 0, can be seen as a DC current source with null
current. Note that short and open circuits may be alternatively modeled
by current- and voltage-controlled linear resistors with vanishing resistance
and conductance, respectively.

Reciprocity and passivity. Symmetric capacitance or inductance ma-
trices will be said to describe reciprocal devices [60]. At this point the reader
should however be aware of the fact that the term ‘reciprocal network’ is
usually reserved for linear circuits with uncoupled resistors and capacitors,
symmetrically coupled inductors, and ideal transformers [37, 63].

Positive definite (resp. semidefinite) capacitance, inductance or conduc-
tance matrices yield strictly passive (resp. passive) elements [60]; positive
definiteness (resp. semidefiniteness) of an m X m matrix M means that
u"Mu > 0 (resp. > 0) for any v € R™ — {0}. Mind that in this defi-
nition we do not assume M to be symmetric. For nonlinear circuits, the
local counterpart of these passivity notions are naturally defined in terms
of incremental matrices to yield strictly locally passive and locally passive
devices; more precisely, the set of capacitors, inductors or resistors is said
to be strictly locally (resp. locally) passive on a given region € if the con-
dition uT M (z)u > 0 (resp. > 0) holds for all u € R™ — {0} and all z € €,
M (z) standing for the incremental capacitance, inductance or conductance
matrix, respectively. With terminological abuse, we will often use ‘passive’
to mean ‘strictly locally passive’. Additional remarks on strictly locally
passive devices can be found in subsection 6.2.2.

We will call the set of capacitors, inductors or resistors non-passive when
this positive definiteness assumption does not hold. A circuit is non-passive
if any one of these three groups of devices is non-passive. This term will
be used most of the times in a local sense. Note that ‘active’ is not a
synonym for ‘non-passive’ since an active circuit is usually understood as
one including controlled sources.



212 Nodal analysis

5.2 Formulation of nodal models

The distinct feature of nodal analysis methods is the use of node poten-
tials as some of the model variables. Broadly speaking, branch voltages
will be written in terms of node potentials via the expression v = ATe de-
picted in (5.9) for Kirchhoff’s voltage law. This makes it possible to write
also the current of voltage-controlled devices in terms of node potentials.
The chance to handle automatically the topological information in terms
of the incidence matrix via (5.9) and the equation Ai = 0 (cf. (5.4)) makes
these methods well-suited for simulation purposes; in particular, Modified
Nodal Analysis (MNA) is actually used in many modern circuit simulation
programs, because its compact form allows for efficient numerical compu-
tations. Index analyses for MNA models can be found in [87, 292, 293].

However, the term nodal analysis refers to a broad set of techniques,
including MNA but also those based on Node Tableau Analysis (NTA) and
Augmented Nodal Analysis (ANA), which use different sets of semistate
variables. We present in this Section the differential-algebraic models re-
sulting from all these techniques; their indices will be analyzed in Sections
5.4 and 5.5. Examples can be found at the end of those Sections.

Special attention will be paid to ANA systems. These models have
received less attention than tableau or MNA equations, but certainly have
a theoretical importance. On the one hand, at least in passive settings
these models preserve the tractability index of tableau equations and can be
therefore seen as the result of eliminating somehow “superfluous” variables
from NTA, actually via a Schur reduction. On the other hand, keeping
capacitor voltages and currents as model variables (in contrast to MNA)
makes it possible to link these models with state formulations in terms
of capacitor voltages and inductor currents; for instance, the state space
model of [164] can be seen as a reduction of ANA systems, as shown in
[253]. Note also that the semiexplicit form of ANA makes these models
easier to handle than MNA-based ones.

For brevity, we will restrict the attention to problems with current-
controlled inductors and voltage-controlled resistors and capacitors, yield-
ing conventional models. So-called charge-oriented and hybrid models,
which use also capacitor charges and inductor fluxes as semistate variables,
display several similarities with conventional systems [113, 114, 253, 292].
To simplify later analyses the sources will be assumed to be independent,
although many results can be extended to a broad class of circuits with con-
trolled sources, as it is done in subsection 6.2.6 for branch-oriented methods.
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5.2.1 Node Tableau Analysis

The node tableau approach to circuit analysis can be traced back to [117].
See also [63, 66, 112-114, 253]. It is characterized by the use of node
potentials and all branch voltages and currents as model variables; as in-
dicated in [117], basic to this approach “is the concept of a tableau which
includes all network information in a nonreduced form.” Later-considered
models such as those arising in MNA and ANA can be seen as reductions of
the Node Tableau Analysis (NTA) equations. This approach usually yields
very large, sparse systems.

Under the voltage-control assumption on capacitors and resistors stated
n (5.12) and (5.19), and the current-control one (5.16) for inductors, the
relations introduced in subsection 5.1.2 yield the NTA model

CZ%(vc) = . (5.24a)
iﬁl(ll) = (5.24Db)
0 =i, —y(v) (5.24c)
0 = v, —vs(t) (5.24d)
0 =i, —ig(t) (5.24e)
0= Ai (5.24f)
0=uv—ATe. (5.24g)

Using the incremental capacitance and inductance matrices, and expanding
i = (ir, U, s tu, 45), v = (Vr, VI, Ve, Uy, v;) in (5.24f) and (5.24g), the
node tableau equations (5.24) read

C(ve vl = ie (5.25a)
L(i1)i, = vy (5.25b)
0 =i — v (vr) (5.25¢)

0 = vy — vs(t) (5.25d)
0=1; —i(t) (5.25e)

0= A, + Ayiy + Acic + Auin + Aji; (5.25f)
0=v,—Ale (5.25g)
0=u —Ale (5.25h)
0=uv.—Ale (5.251)
0=uv,—Ale (5.25))
0=uv; — Afe, (5.25Kk)
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which can be trivially rewritten as a semiexplicit DAE if C(v.) and L(i;)
in (5.25a) and (5.25b) are nonsingular.

5.2.2 Augmented Nodal Analysis

Several variables can be eliminated from the tableau equations (5.24) or
(5.25) without substantially affecting the structure of the model. Via the
substitutions detailed below, (5.24) can be rewritten as

d
5, lc\Vce c 2
ikt (ve) =i (5.26a)

d .

E’Yl(ll) = Ale (5.26b)
0= Ay (ATe) + Apig + Acie + Ayin, + Ajis(t)  (5.26¢)
0=uv.—Ale (5.26d)
0=w,(t)— Ale (5.26¢)

or, in terms of the incremental reactive matrices, as

C(”C)Ué =ic )
L(iy)i; = Al e )
0= Apyr(Afe) + Ayip + Acie + Ayin, + Ajis(t)  (5.27¢)
0=uv.—Ale (5.27d)

0 = wvy(t) — Ale. (5.27¢)

In the NTA system (5.25), resistive currents and voltages have been elim-
inated using (5.25¢) and (5.25g). Inductive voltages are substituted by
means of (5.25h), whereas voltage and current variables in the correspond-
ing sources have been eliminated using (5.25d) and (5.25¢). Finally, (5.25k)
can be considered as an output equation giving the voltages in current
source branches and may therefore be removed from the model. System
(5.26), or equivalently (5.27), defines the Augmented Nodal Analysis (ANA)
model; see [84, 164, 248, 253].

Again, if the matrices C(v.) and L(¢;) in (5.27a) and (5.27b) are non-
singular, this system can be rewritten in semiexplicit form; in this case, the
transition from the tableau equations (5.25) to the ANA model (5.27) can
be seen as a Schur reduction of semiexplicit DAEs.
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5.2.3 Modified Nodal Analysis

The currents and voltages in capacitive branches can be removed from
(5.26) using (5.26a) and (5.26d). This yields the Modified Nodal Analysis
(MNA) model

Ac%Wc(A—cre) = —AT'YT(AIG) — Ayl — Ay — Ajis(t) (528&)
d .

g i) = Ale (5.28b)

0 =v,(t) — Ale. (5.28¢)

The seminal reference for this approach is the paper [135]. This method has
attracted much attention in the differential-algebraic context; see specifi-
cally [85, 87, 112-114, 194, 292, 293]. System (5.28) can also be written,
in terms of the incremental capacitance and inductance matrices, as

AC(ATe)Ale = — Ay (Ale) — Ajip — Ayiy, — Ajig(1) (5.29a)
L(iy)i; = Al e (5.29b)
0 = v,(t) — Ale. (5.29¢)

The coefficient in front of €’ in (5.29a) is called the nodal capacitance
matriz. This matrix will be typically singular; indeed, from Lemma 5.5 (p.
199) it follows that the existence of at least one capacitive tree would be
necessary for it to be nonsingular (cf. in this regard also subsections 5.4.2
and 5.5.2). This precludes a semiexplicit form for MNA systems which, on
the other hand, usually display a more compact form than ANA models
due to the absence of capacitive branch variables.

Remark 5.1. A key aspect in later analyses will be defined by the re-
quirement that the nodal capacitance matrix verifies tk A.CAT = 1k A,
pointwise or, equivalently, that ker A.CA! = ker AT. This condition will
be satisfied in the two settings considered in Sections 5.4 and 5.5. Indeed,
for the coupled problems with positive definite C' analyzed in Section 5.4,
premultiplying the relation A.CATw = 0 by w" we obtain w' A.CATw =0
and, from the definiteness of C, it follows that Alw = 0, so that indeed
ker A.CA] = ker AT. In the uncoupled, non-passive problems considered
in Section 5.5, this identity will be characterized by the condition (5.85) in
Lemma 5.14 (see p. 245).
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5.3 Index analysis: Fundamentals

Projector methods based on the tractability index have been proved in the
last decade to be a valuable tool for the analysis of differential-algebraic
models of electrical circuits [85, 87, 190, 198, 292, 293]. We present in
this Section the index notion which will be used in later analyses, restricting
the attention to the structural forms displayed by nodal equations. More
details can be found in [190, 193, 293] and, specially, in the forthcoming
title [157].

5.3.1 Structural form of nodal models

The nodal models (5.24), (5.26) and (5.28) discussed above have the form
E(d(z)) = f(z) +q(t), (5.30)
which is a quasilinear (time-invariant) analog of the properly stated linear
DAE (2.3) considered in Chapter 2. In (5.30), E € R™*" is a constant
matrix, whereas d € Ct(Wy,R"), f € CY(Wy,R™) and ¢ € C(J,R™); Wy
is open in R™ and J C R is an open interval. The semistate space Wy, as
well as its dimension m, will be different for each analysis method, whereas
the dimension r of the space where the map d(z) takes values will equal
the number of reactances in all schemes, that is, 7 = b. + b; in all cases.

Tableau Analysis

For the NTA system (5.24) the semistate dimension is m = 2b+n — 1, since
the semistate vector is defined by x = (v, i, €) € R?**"~1; recall that b and
n stand for the number of circuit branches and nodes, respectively. The
leading term E(d(x))’ of these tableau equations is given by

1. 0
E=101], dxz)= (%@c)), (5.31)
00 Y (i1)
I. and I; denoting the identity matrices of sizes b, and b;, whereas
le 0
U 0
ir — VTr (Ur) 0
fla) = Uy ;o) = | —vus(t) |- (5.32)
i —is(t)
—Ai

v—ATe 0
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w_»

Mind that we have inserted a
convenience.

sign in the sixth entry of f(z) for later

Augmented Nodal Analysis

The ANA equations (5.26) have the same structure as the NTA model.
Indeed, E and d(x) have the form depicted in (5.31), the only difference
relying on the smaller size of the vanishing blocks in the last rows of E.
The semistate vector is x = (v, ic, €, i}, 14,), With semistate dimension
m = 2b.+ b+ b, +n—1, and

ic 0
Afe 0
f(x) = _AT’YT(A;re) — Ay — Acic — Ay |, Q(t) = _Ajis(t) ) (5'33)
Ve — AI@ 0
—ATe vs(t)
the “—” sign in the third entry of f and ¢ being also aimed at later conve-

nience.

Modified Nodal Analysis

Finally, for the MNA system (5.28) the semistate dimension is given by
m = b;+b,+n—1. The semistate vector now reads x = (e, i, i,), whereas

A. 0 T
E=| 01 da = <%(‘(4,c)€)), (5.34)
00 AU
and
_ATVT(A;I‘—e) - Alil - Aulu _Ajis(t)
flz)= Ale , q(t) = 0 . (5.35)
—Aje vs(t)

Leading terms

From the C! assumption on d(z), which holds for all nodal models because
of the C* requirement on ~, and v; in (5.12) and (5.16), respectively, and
denoting by D the Jacobian matrix d,, if we restrict the attention to C*!

solutions we can write (d(z))’ = D(z)a’, equation (5.30) taking the form

A(@)a’ = f(x) +q(t), (5.36)
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with A(x) = ED(xz). The leading matrix A(x) in (5.36) should not be
confused with the incidence matrix A. Equation (5.36) accommodates the
forms (5.25) and (5.27) for NTA and ANA, for which

C(ve) 0 O
_(C(v.) 0 0 B ]
p0= (7 16y o) 4= 0 w0 o) e

with different sizes in the last null blocks of the tableau and augmented
models. Assuming that the incremental capacitance and inductance ma-
trices C(v.), L(i;) are nonsingular, we have im D(z) = R” and, together
with the fact that the matrix E defined in (5.31) verifies ker E = {0}, this
yields the identity ker F @ im D(x) = R" and makes the leading term of the
DAE properly stated in the sense specified in [190, 293]. Note also that the
nonsingularity of C(v.), L(4;) makes ker A(z) constant.
The form (5.36) also accounts for the MNA system (5.29), with

AT AC(ATHAT 0 0
D(z) = (C(ACO )AT L?u) 8) Alz) = 8 LE)il) 8 . (5.38)

In this case, the property ker E@im D(z) = R” (the matrix E being defined
in (5.34)) will rely on the identity rk A. = rk A.C(AJe)A] holding in the
problems considered in this Chapter (cf. Remark 5.1, p. 215). Indeed, from
the relation tk A, = 1k A.C(Ale) Al we derive ker A.Nim C(ATe)AT = {0}
and rkC'(ATe)A] = 1k A., so that R% = ker A. @ im C(A]e)Al. Together
with the nonsingularity of L(i;), this yields ker F @ im D(z) = R". Note
that also in this setting ker A(z) = ker AT x {0} x Rb« is constant.

5.3.2 On the tractability index of quasilinear DAEs

A detailed discussion concerning the tractability index for properly stated
nonlinear DAESs, together with solvability results supported on it, can be
found in [157]. We just compile here, from [190, 293], the notions of a
tractability index zero, one and two quasilinear DAE, aimed at the analysis
of nodal circuit models. For the sake of simplicity we restrict the attention
to C! solutions and therefore direct the index notions below to the DAE
(5.36), which accounts for the nodal models (5.25), (5.27) and (5.29), as
explained in subsection 5.3.1. In (5.36), we assume that A € C(Wy, R™*™),
f € C*(Wp,R™) and ¢ € C(J,R™), Wy being an open subset of R™ and
J C R an open interval.
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As a cautionary remark, it is worth indicating that the matrices A; ()
and As(z) in (5.39) and (5.40) below will extend the construction carried
out for linear constant coefficient problems in Chapter 2 (see specifically
(2.21) on page 34), under the requirement that A(x) and A;(z) have con-
stant kernel and constant rank, respectively. Note however that the notion
of an index v DAE introduced in [157, 190, 293] is a more general one, not
restricted to problems with v < 2, and that the general tractability index
definition is more involved; in other words, the reader should not try to
parallelize the linear constant coefficient case, as we will do here, in the
definition of index v > 3 quasilinear problems, since the simplifications al-
lowing one to use the expressions (5.39) and (5.40) are only valid for v < 2;
find details in this regard in [190, 293].

The DAE (5.36) will be said to have tractability index zero on Wy if
A(z) is nonsingular for all z € Wy. Even though index zero problems can
be displayed in MNA models (cf. item (1) in Theorems 5.2 and 5.4), they
are somehow exceptional in nodal analysis. Therefore, assume in the sequel
that A(z) is everywhere singular.

As shown in subsection 5.3.1, in the circuit models here considered the
kernel of the leading matrix A(x) is constant. In this situation we may
write B(z) = — f'(z) (cf. [190, 293]) and, letting Qo be a constant projector
onto ker A(x), state the tractability index one condition for (5.36) as the
nonsingularity of

Ai(x) = A(z) + B(x)Qo (5.39)
on the open set Wy.

Let us now focus on cases displaying a singular matrix A;(x). Suppose
that A;(z) has constant rank on Wy and, furthermore, that there exists
a continuous projector Q1(z) onto ker A;(z) defined on the whole of Wj.
Letting Bi(xz) = B(z)FPy, with Py = I — Qo, the tractability index two
notion on Wy can be formulated as the nonsingularity of the matrix

AQ(J?) = A (QL‘) + B4 (ZC)Ql(QL‘) (540)
for all € Wy; see specifically Remark A.18 in [293].

5.4 Index analysis: Passive circuits
The above-introduced notions make it possible to characterize the index

of the DAEs (5.25), (5.27) and (5.29), modeling nodal analysis methods.
Following the seminal ideas of [292], the goal is to analyze the index in
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topological terms (cf. 5.1.2.1) or, more precisely, in terms of the existence
or absence of certain types of loops and cutsets.

A key aspect in this regard is to figure out conditions on the incremental
conductance, capacitance and inductance matrices which allow for such a
topological characterization. As detailed in this Section, strict local passiv-
ity assumptions on these devices (that is, positive definiteness assumptions
on the corresponding incremental matrices) support a topological index
characterization in all cases. Depending on the model, these passivity re-
quirements can be partially relaxed; for instance, the index one topological
characterization of NTA and ANA stated in Theorem 5.1 only requires
nonsingular reactances, whereas the corresponding index one statement for
MNA in Theorem 5.2 is based on the use of positive definite capacitance.
The positive definiteness requirements will be relaxed further in Section
5.5. Full coupling within all these devices is allowed in this Section.

5.4.1 Tableau equations and Augmented Nodal Analysis

Recall that a circuit is well-posed if it does not include V-loops nor I-
cutsets. To simplify notation, C' and L stand below for the incremental
matrices C(v.) and L(4;), whereas G stands for 7/.(v,.) and v.(Ale) in the
Node Tableau Analysis and Augmented Nodal Analysis models (5.25) and
(5.27), respectively; note that v, is one of the variables eliminated from
NTA, via v, = Ale, in the Schur reduction which leads to ANA.

The nonsingularity and definiteness conditions on the incremental ma-
trices are assumed to hold pointwise. From a mathematical point of view
positive definiteness assumptions, describing strictly locally passive devices,
might be replaced everywhere by negative definiteness ones, although this
has no practical meaning in circuit theory.

Theorem 5.1. Consider a well-posed, connected circuit with nonsingular
capacitance and inductance matrices C, L, and positive definite conduc-
tance matriz G.

(1) The Node Tableau Analysis (NTA) equations (5.25) and the Augmented
Nodal Analysis (ANA) system (5.27) have tractability index one if and
only if the circuit has neither VC-loops nor IL-cutsets.

(2) Assuming additionally that the matrices C and L are positive definite,
the ezistence of VC-loops and/or IL-cutsets makes the above-mentioned
DAEs (5.25) and (5.27) index two.
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Proof. Let us fist prove both assertions for the Augmented Nodal Anal-
ysis model (5.27). Ordering the semistate variables as v, i, €, i¢, iy, from
subsection 5.3.1 we have

cC 0000 0 0 0 —-I 0
0 L0OO0OO 0 0 —-A 0 0
A=|00000]|, B= 0 A A.GAT A, A,
00000 -1 0 Al 0 0
00000 00 A 0 0

Note that B stands for the derivative — f/, the mapping f(x) being defined

in (5.33). From the nonsingularity of C' and L, we can take

0000

Qo = (5.41)

3

0
0
0
0

o O O
o O O
O N O
~N o O

000011
which yields for the matrix A; introduced in (5.39) the expression

co 0 -1 0
0L —-A 0 0
Ay =A+BQy=|0 0 AGAT A. A, |. (5.42)
00 AT 0 0
00 AT 0 0

Since C' and L are nonsingular, the matrix A; in (5.42) is nonsingular if
and only if so it is

AGAT A, A,

Ji = AT 0 0 |. (5.43)
AT 0 0
This nonsingularity condition holds if and only if the homogeneous linear
system
AGATw+ Ay + Ayz =0 (5.44a)
ATw =0 (5.44b)
Alw =0 (5.44c)

only has the zero solution. Premultiply (5.44a) by w' and use (5.44b) and
(5.44c) to derive w'A,GATw = 0 which, because of the positive definiteness
on (G, implies

Alw = 0. (5.45)
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This reduces (5.44a) to
Ay + Az = 0. (5.46)

The existence of a non-vanishing solution holds simultaneously for (5.44)
and for (5.44b), (5.44c), (5.45), (5.46) altogether. Following Lemmas 5.3
and 5.4, the index one condition in the ANA model (5.27) is then equivalent
to the absence of VC-loops and IL-cutsets in the circuit; indeed, a non-
vanishing vector (y, z) satisfying (5.46) indicates the existence of a VC-loop,
whereas a non-trivial solution w of (5.44b), (5.44c) and (5.45) expresses the
existence of an IL-cutset. This completes the proof of item (1) for the ANA
model (5.27).

Assume now that there exists at least one VC-loop or IL-cutset. From
the positive definiteness of GG, proceeding as above it is easy to check that
ker A; is defined by the vectors (p, ¢, w,y, z) which satisfy

p=C"1y (5.47a)
g=L"1'Alw (5.47b)
w € ker (4, A, AU)T (5.47¢)
(y,2) € ker (A, Ay). (5.47d)

The expressions depicted in (5.47) imply that the dimension of ker 4; is
constant, so that A; has constant rank in the whole semistate space.

We show below that, under the assumed positive definiteness on C' and L
in item (2) and the exclusion of V-loops and I-cutsets in well-posed circuits,
the ANA system (5.27) is actually index two. To achieve this we need to
prove that there exists a globally defined, continuous projector Q1 onto
ker A; making the matrix As = A; + B1Q1 in (5.40) nonsingular, with

0 00 0O

0 00 0O

By =BF, = 0 A4 0 0O
-1 0 0 0 0

0 00 0O

provided that Py = I — Q.
Let Q be a projector onto ker (4, A. A,)", and Q a projector onto
ker (A. A,). Splitting the latter as

A 6:211 6:212
Q= <Q21 Q22> ’ (5.48)
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a globally defined projector onto ker A; is
00 0 C7'Qu C7'Qu

0 0 L7'AfQ 0 0
Q=100 Q 0 0 : (5.49)

0 0 0 C?H le

0 0 0 Q21 Q22
Some elementary computations lead to

C 0 0 -1 0

0 L —A] 0 0
Ap=A1+BiQ1=|0 0 AGAT + AL TA]Q A, Ay

00 Al ~C7'Q11 —C Q12

00 AT 0 0

and, since C and L are nonsingular, the invertibility of A5 relies on that of
the matrix

ATGAI + AlLflA;rQ A, A,
Jo = AT —07'Q11 —C7 Q12 | - (5.50)
AT 0 0

In order to prove the nonsingularity of Js we only need to show that the
unique solution to

AGATw + AIL7YATQu + Acy + Ayz = 0 (5.51a)
AI’LU — C_lélly — C_1Q122 =0 (551b)
Alw =0 (5.51c)

is the trivial one. Since Q is a projector onto ker (A. A,,), we have ACQH =
—Aqul and Achg = _AUQQQ. Using these identities and (5.51c), the
premultiplication of (5.51b) by w'A.C leads to wTA.CATw = 0 which, by
the positive definiteness of C, yields

Alw =0, (5.52)
and transforms (5.51b) into

Quy + Qr2z = 0. (5.53)

On the other hand, @ being a projector onto ker (A, A. A,)T implies
that QTA, = QTA. = QT A, = 0. Multiplying (5.51a) by w'QT then yields
w'QTA; L AT Quw = 0, and this in turn leads to

AlQuw =0 (5.54)
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in virtue of the positive definiteness of L, which implies that of L='. There-
fore, (5.51a) reads
AGATw+ Ay + Ayz = 0. (5.55)
Together with (5.51c) and (5.52), the premultiplication of (5.55) by w'
yields wTATGAIw =0, and then
ATw =0, (5.56)
because of the positive definiteness of G. Equation (5.55) can be then
simplified to
Ay +Ayz =0, (5.57)
showing that (y, z) € ker (A, A,). This means that y = Qu1y + Q127 and,
according to (5.53), y = 0. Additionally, (5.57) can be simplified to A,z =0
and, due to the absence of V-loops in well-posed circuits, Lemma 5.3 implies
that z = 0.
Finally, (5.51c), (5.52) and (5.56) show that w € ker (A, A. A,)T, which
implies Quw = w. This transforms (5.54) into
Alw = 0. (5.58)
Equations (5.51¢), (5.52), (5.56) and (5.58), together with the assumed
exclusion of I-cutsets and Lemma 5.4, yield w = 0. Together with y = 0,
z = 0, this shows that indeed (5.51) only has the trivial solution, meaning
that Ay is nonsingular and, therefore, that the ANA system (5.27) has
tractability index two under the assumptions stated in item (2).

The statements for the tableau equations (5.25) are proved in a similar
manner, and hence several details can be omitted. Ordering now the semis-
tate variables as v, i, €, ic, tu, Ui, Vj, br, Uy, 5, Ur, and taking the constant
projector Qo as in (5.41) with the obvious modifications in the dimensions,
the matrix A1 = A+ BQo (cf. (5.39)) can be checked to read

C00-I000UO0UO0 00
0L O 0 0-IT0O0O0 0 0
000 0 0 0O0-I00 G
000 0 0 00 O0-I0 0
000 0 0 000 O0-I0
Ai=[00 0 A4 A, 0 0 A, 0 A; 0 |, (5.59)
00AT 0 0 0 0 0 0 0 —J
00A 0 0-I0 00 0 O
00AT 0 0 00 0 0 0 0
00AT 0 0 0 0 0—-I 0 0
00AT 0 0 0-1 0 0 0 0
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where G now stands for 4/ (v,). Mind that B = —f’ comes from the map
f(x) defined in (5.32). Since G is positive definite, proceeding as above the
nonsingularity of A; can be proved equivalent to the absence of VC-loops
and IL-cutsets. The index one claim in item (1) for NTA follows.

Assuming now that there is at least one VC-loop or IL-cutset, the matrix
Ajp in (5.59) can be checked to have constant rank and to admit

00 0 C'QuC'Qi, 000000
0 0 L7'ATQ 0 0 000O0TO0O
00 Q 0 0 000O0TO0O
00 0 On Qi 000 0 0 0
00 0 o1 )2 0 0 00 0 0
Q=00 AQ 0 0 000O0O0O
00 AlQ 0 0 000O0TO0O
0 0 0 0 0 000O0O0O
0 0 0 0 0 000O0O0O
0 0 0 0 0 0000O0O0O
0 0 0 0 0 000O0O0O

as a globally defined projector onto ker A;; as above, Q and Q are projectors
onto ker (4, A, A,)T and ker (4. A,), respectively. The matrix Ay reads

C 0 0 -1 0 000 00 0
0L 0 0 0 -I 00 0 0 0
00 0 0 0 0 0-I0 0 G
00 0 0 0 00 0-I0 0
00 0 0 0 00 0 0-10
Ay = 00 AlL_lA;rQ A, A, 0 0 A, O Aj 0
00 AT 0 0 00 0 0 0-J
00 Al 0 0 —-I 00 0 0 0
00 AT —C'Qu-C"'Qi2 0 0 0 0 0 0
00 AT 0 0 00 0-I0 0
00 AT 0 0 0-I 0 0 0

The nonsingularity of this matrix is easily seen equivalent, via a Schur
reduction, to that of

C 0 0 -1 0

0 L —AT 0 0

0 0 ALT'ATQ + A,GAT A, A, ,
00 AI —071Q11 —071Q12
00 AT 0 0
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which has been proved above to be nonsingular under positive definiteness
assumptions on G, C and L. This completes the proof of the index two
assertion in item (2) for the node tableau system (5.25). O

Remark 5.2. Some readers might try to derive the tractability index char-
acterization above for NTA from that of ANA, which is a Schur reduction
of the tableau equations, somehow parallelizing the result stated in Propo-
sition 3.7 (p. 128) for reduction methods. However, for nonlinear problems
this is not possible in the tractability index framework, for the reasons
indicated below.

In the terms of Proposition 3.7, the results can be transferred from the
Schur reduction to the original DAE only on the manifold go = 0. This is
acceptable in the context of reduction methods for semiexplicit DAEs be-
cause, roughly, the geometric index is only defined at points which satisfy
the constraints. In contrast, the tractability index is based on continuous
projectors which are assumed to be defined on the whole semistate space.
Note, incidentally, that Theorem 5.1 is stated globally. Broadly speaking,
the verification of certain working assumptions on the semistate space of
ANA does not imply that they hold in the (higher dimensional) semistate
space of NTA. This idea obstructs the extension of Proposition 3.7 to the
tractability index framework in nonlinear cases. Not even locally is it pos-
sibly to guarantee that certain constant (not maximal) rank assumptions
holding on g; = 0 are satisfied around this manifold.

Remark 5.3. Following Proposition 5.1 (p. 206), the absence of VC-loops
and IL-cutsets in the index one statement within item (1) of Theorem 5.1
can be equivalently expressed as the existence of at least one proper tree
in the circuit. Proper trees will actually play a key role in the analysis of
ANA in the non-passive framework of Section 5.5; see specifically Theorem
5.3 on page 238 which, for circuits without resistive coupling, can be seen
as a generalization of item (1) in Theorem 5.1 above for ANA models.

Ezxample 1

The circuit depicted in Figure 5.1 was introduced in Bashkow’s seminal
paper on tree methods for the state formulation problem [18]. We will use
this circuit, as well as certain modifications of it, as a running example to
illustrate the ideas discussed in this Chapter. This circuit can be modified
without difficulties in order to illustrate different aspects while, at the same
time, being simple enough as to allow for an easily readable discussion.
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As in [18], we assume that resistors, capacitors and inductors are linear,
although the results hold locally for nonlinear problems if the resistance,
capacitance and inductance are understood in an incremental sense. For the
sake of simplicity we restrict the discussion to uncoupled problems. We also
assume that the positive definiteness and nonsingularity hypotheses on the
devices arising in Theorem 5.1 are met; in this uncoupled setting, they will
amount to positiveness and non-vanishing requirements on the individual
resistances, capacitances and inductances. The analysis will show how to
relax these hypotheses, introducing some ideas which will be addressed in
general in Section 5.5.

Fig. 5.1 Example 1: Bashkow’s circuit.

Circuit nodes apart from the reference one are numbered in Figure 5.1,
and every branch is given a reference direction indicated by an arrow. Or-
dering the branches according to the sequence C1, Cs, C3, L1, Lo, R3, Ry,
Rs5, Iy, the reduced incidence matrix reads

-1 0 0 1 0 0 0 0 -1
001 0-1 0 1 0 0 0

A= 0o-1 1 0 1 0-1 0 0. (5.60)
0 0-1 0 0-1 0 1 0
00 0 0-1 0 0-1 0

Since the circuit has no voltage sources, A can be split into the submatrices

-1 0 0 1 0 0O 0 O -1

0 1 0O -1 0 1 0 0 0

A, = 0 -1 1]1],4= 0 11, A = 0 -1 0|,A4= 0
0 0 —1 0 O -1 0 1 0

0 0 O 0 —1 0 0 —1 0

(5.61)
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Assume that all conductances G; = 1/R; are positive. The Augmented
Nodal Analysis model (5.27) for the circuit in Figure 5.1 is defined by

Cyvg, = ic, (5.62a)
Oyl = i, (5.62b)
Cgvés = i, (5.62c)
Lii; =e1 —ep (5.62d)
Lyiy, = €3 —e5 (5.62¢)
0= i1, — e, —iolt) (5.62f)
0= Gsles — ea) — i, +ie, (5.62g)
0= Gues + i, — o, + iy (5.62h)
0=—Gs(ex —eq) + Gs(es — e5) — e, (5.621)
0= —Gs(es —es) — i, (5.62])
0=ve +er (5.62k)
0=wv, —ex+e3 (5.621)
0 =wv, —e3+ e, (5.62m)

where ig(t) is the current injected by the current source. The matrix J; in
(5.43), which characterizes index one configurations in ANA models, reads
for this problem

0 0 0 0 0 -1 0 0

0 G3 0 —Gj 0 0 1 0

0 0 Gy 0 0 0 -1 1

J — 0 -G3 0 G3+Gs —Gs 0 0 -1
Y1 0 0o 0 —Gs Gs 0 0 0}’

-1 0 0 0 0 0 0 0

0 1 -1 0 0 0 0 0

0o 0 1 -1 0 0 0 0

and its determinant can be shown to be given by
det J1 = —G4G5. (563)

The strict passivity conditions Gs > 0, G4 > 0, and G5 > 0 obviously
make the determinant in (5.63) non-null, so that the ANA model (5.62) is
index one provided that capacitances and inductances do not vanish. This
is consistent with Theorem 5.1, since the circuit displays neither VC-loops
nor IL-cutsets. By Theorem 5.1, the tableau equations for this circuit would
also yield an index one DAE. The same index one property may be shown
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to hold if we assume arbitrary coupling among resistors, as long as the
conductance matrix is positive definite.

Note, however, that in the light of (5.63) the mere non-vanishing of G4
and G5 would define a more accurate index one requirement for this circuit;
that is, it is not necessary that G4 and G5 are actually positive, and the
value of G3 does not play a role in the index one characterization. These
facts will be explained using tree-based techniques in Section 5.5.

Ezxample 2: VC-loops

Insert a voltage source in parallel to the resistor Rs in Figure 5.1, to obtain
the circuit shown in Figure 5.2. Together with the capacitors Cy and Cj,
the voltage source defines a VC-loop which, according to Theorem 5.1,
should raise the tractability index of the ANA model of this circuit to two,
under the assumption that all conductances, capacitances and inductances
are positive. We show below that this is indeed the case, illustrating the
form of the different projectors and matrices arising in the proof of the
index two case in Theorem 5.1.

Fig. 5.2 A VC-loop resulting from the insertion of a voltage source.

Note that the modified circuit has the same nodes as the one in Example
1 (Figure 5.1), with an additional branch for which

0
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The ANA model is obtained by replacing (5.62¢) and (5.62i) by
0=Gs(ea —eq) — iy, +icy + iy
0=—Gs(ea —eq) + Gs(eg — €5) — icy — iu,
respectively, and adding an equation for the source of the form
0=uwg(t) — ez + es.

The reader can easily check that the VC-loop avoids the matrix (A. A4,)
from having full column rank. This makes the J; matrix in (5.43) singular,
so that the problem is not index one. Following the proof of item (2) in
Theorem 5.1, the projector Q onto ker (A. A,) can be taken as

0 00 O 0
A 0 0 0 -1 A
Q - 0 0 0 —1 ) with QlQ - :1
0 00 1

Mind that the block Qll in (5.48) vanishes.

On the other hand, the matrix (A4, A. A,)" is easily seen to have
full column rank, consistently with the absence of IL-cutsets, so that the
projector @ vanishes. This yields the expression

0 0 0 0 0 -1 0 0 0
0 Gy 0 —Gs 0 0 1 0 1
0 0 Gy 0 0 0-1 1 0
0 -G3 0 G3+Gs; —Gs 0 0 -1 -1
= 0 0 0 -G5 Gs 0 0 0 0 (5.64)
-1 0 0 0 0 0 0 0 O
0 1 -1 0 0 0 0 0 C;t
o 0 1 -1 0 0 0 0 C3t
o 1 0 -1 0 0 0 0 0

for the matrix depicted in (5.50), which characterizes index two configura-
tions in ANA models. The determinant of Jy in (5.64) reads

1 1
det Jo = G4G5 (FQ + FB) s

which is indeed non-null in the light of the positiveness of the conductances
and capacitances, thus making the ANA model of this circuit index two.
Again, the same assertion would hold true for arbitrary coupling among
resistors, capacitors and inductors, as long as the corresponding matrices
are positive definite, and also for the tableau model (5.25).
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Ezxample 3: IL-cutsets

The circuit displayed in Figure 5.3 is obtained from the one in Figure 5.1
by replacing the capacitor C; by the inductor labeled as Ls. This generates
an IL-cutset defined by the current source Iy together with the inductors
L1 and the newly introduced Lsg.

Fig. 5.3 An IL-cutset resulting from the replacement of C by the inductor Lj.

Now the projector ) vanishes since (A. Ay) = A. can be checked to
have full column rank. In contrast, (A, A. A,)T has a non-trivial kernel
due to the presence of an IL-cutset, which makes J; in (5.43) a singular
matrix. A projector onto this kernel is

100 00
0 00 0O
Q=100 0 0 0],
0 00 0O
0 00 0O
yielding for the Jy matrix in (5.50) the expression
Ly'+L3" 0 0 0 0 0 0
-L7' Gs 0  —Gs 0 1 0
0 0 Gu 0 0 -1 1
Jo = 0 -Gz 0 G3+Gs —Gs 0 —-11. (565)

0 0 0 —-Gs Gs 0 0
0 1 -1 0 0 0 0
0 0 1 -1 0 0 0

The determinant of J in (5.65) now reads

1 1
det Jo = G4G5 <L_1 + L_B) )
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which again does not vanish due to the positiveness of the conductances
and inductances. This means that the tractability index of the ANA model
for this circuit is two. As in Example 2 above, the same would be true in
the presence of coupling, and the NTA model (5.25) can also be checked to
be index two for this circuit.

5.4.2 Modified Nodal Analysis

The ideas leading to the index characterization of NTA and ANA in The-
orem 5.1 are based on the ones originally introduced in [292] for Modi-
fied Nodal Analysis (MNA). We compile in Theorem 5.2 below a slightly
improved form of the topological characterizations of index one and two
configurations in MNA discussed in [292], accommodating also the index
zero analysis of [293]. The improvement concerns the relaxation of some
passivity requirements, since the original statements in [292, 293] assume
the positive definiteness of the incremental conductance, capacitance and
inductance matrices G, C, L. The proof of these results in the above-
mentioned references [292, 293] apply identically in this slightly broader
setting. Note also that positive definiteness of the incremental capacitance
matrix C (standing here for C(Ale)) is required already for index one prob-
lems in MNA in contrast to the NTA/ANA case.

Theorem 5.2. Consider a well-posed, connected circuit with nonsingular
inductance matriz L and positive definite capacitance matriz C'.

(1) The MNA system (5.29) is index zero if and only if

(a) there are no voltage sources; and
(b) there exists a capacitive tree.

Assume in the sequel that at least one of the conditions (a) or (b) fails.

(2) Suppose additionally that the conductance matriz G is positive definite.
Then the MNA model (5.29) has tractability index one if and only if the
network contains neither VC-loops (except for C-loops) nor IL-cutsets.

(8) Let also L be positive definite. If the network contains VC-loops (with at
least one voltage source) and/or IL-cutsets, then (5.29) has tractability
index two.

The reader is referred to [292, 293] for the proofs of these statements. Let
us just point out the key ideas and some facts which will be useful later.
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First, in the light of the expression (5.38) for the leading matrix A(z) of
MNA, the absence of voltage sources is clearly necessary for system (5.29)
to be index zero; in this situation, the index zero condition amounts to the
nonsingularity of the matrix

AC(Ale)AT 0 > (5.66)

) = (UGG

Because of the nonsingularity of L, the characterization relies on the nodal
capacitance matrix A.CA] € R(=Dx(=1: for it to be nonsingular the
requirement tk A. = n — 1 must be met, meaning that there must exist a
nonsingular (n—1) x (n—1)-submatrix of A, which accounts for a capacitive
tree (cf. Lemma 5.5 on page 199). Conversely, if there exists a capacitive
tree and A.CATw = 0, we derive w'A.CAlw = 0 and, from the positive
definiteness of C, the identity ATw = 0 follows. Since the columns of A
are linearly independent due to the condition rk A. = n — 1, which owes to
the existence of a capacitive tree, we obtain w = 0. This reasoning supports
the index zero characterization depicted in item (1) above.
The index one analysis is based on the matrix

A.GAT A, A,
B=| -AT 0 0], (5.67)
AT 0 0

constructed as B = — f’ with f(x) defined in (5.35). This yields for A;(x) =
A(z) + B(x)Qq the expression

A CAT + A,GATQ. 0 A,
A = —ATQ. L o |, (5.68)
ALQc 00

where Q.. is a projector onto ker AT, so that

Q:00
Q=000 (5.69)
007

is a projector onto ker A(z), with A(z) defined in (5.38). Here we are
making use of the assumption that L(7;) is nonsingular and the property
ker A.CA] = ker AT (cf. Remark 5.1 on page 215). In problems without
capacitors set Q. = I,_1.

The nonsingularity of A; is proved in [292] to be equivalent to the
topological conditions depicted in item (2). We only emphasize here that,
with respect to Theorem 5.1, C-loops yield an index one configuration in
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MNA models; see Example 5 on p. 252. The key element in this regard
is the ATQ. block in (5.68), which has full row rank if all VC-loops are
actually C-loops. This is a consequence of Theorem 2.2 (item 4) in [87],
which for later use we recast here in the following slightly generalized form.

Lemma 5.11. Assume that J and K are two disjoint sets of edges within
a connected digraph, and let @ be a projector onto ker AT,. Then Q}AK
has full column rank if and only if all JK -loops are actually J-loops.

In particular, Q! A, has full column rank (or, equivalently, ATQ. has full
row rank) if and only if all VC-loops are C-loops. Find additional details,
specially regarding index two configurations, in the above-mentioned refer-
ences [87, 292, 293]. Again, the reader is referred to Section 5.5 for index
analyses of MNA models without positive definiteness assumptions.

Index of the MNA model for Example 1

As in item (2) of Theorem 5.2, let us now assume that in the circuit de-
picted in Figure 5.1 the conductances and capacitances are positive and the
inductances do not vanish. The MNA model (5.29) reads for this circuit

Crél = —iy, +io(t) (5.70a)

Coely — Coely = —G3(ea — eq) + iy, (5.70b)

—Csely + (Cy + C3)ely — Csely = —Gues — iy, (5.70c)
—Cse5 4+ Csely = Gi(ea — eq) — Gs(eqa —es)  (5.70d)

0=Gs(eq —e5) +1i, ( )

Liij, = e — e (5.70f)

Lyi;, = e3 — es. (5.70g)

Since the circuit has no voltage sources, the leading matrix of this MNA
model has the form

Alz) = <AC((’;AI 2)
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where L = diag (L1, L3), and the nodal capacitance matrix is given by

-1 0 0
0 1 0 Ci 00 -10 0 00
ALCAT = 0 -1 1 0 Cy 0 01-1 00
0 0 -1 0 0 Cs 00 1-10
0 0 0
Ci 0 0 0 0
0 Cy —Cq 0 0
= 0 —Cy Co+C3 —C3 0 (5.71)
0 0 —C3 Csz 0
0 0 0 0 0
The B matrix in (5.67) is defined in this case by
0O 0 0 0 0 1 0
0 G3 0 -—Gs 0 -1 0
0 0 Ga 0 0 0 1
B = 0 -Gs 0 Gs+Gs —Gs 0 O
0 0 0 -Gs Gs 0 -1
-1 1 0 0 0 0 0
0 0 -1 0 1 0 0

Under the assumption that the capacitances are positive, the identity
ker A.CAT = ker A] can be easily checked to hold. A projector Qo onto
the kernel of the leading matrix A(x) with the form displayed in (5.69) is

000 O0O0O0O0
00 01000
00 01000
Q=10 0 01 0 0 O
0000100
00 0 O0O0O00O0
00 0 O0O0O00O0
This yields (cf. (5.68))
C; 0 0 0 0 0 0
0 o —Cy 0 0 0 0
0 —Cy Co+C3-C3+G4 O 0 0
A=A+ BQy = 0 0 —C3 C3+Gs —Gs 0 0
0 0 0 —Gs Gs 0 0
0 0 0 1 0 L O
0 0 0 -1 1 0 Lo
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The determinant of this matrix equals

det A1 = L1L2G4G5010203, (572)
which does not vanish provided that the conductances and capacitances
are positive and the inductances are non-null. In this situation the MNA
model (5.70) is index one, consistently with item (2) of Theorem 5.2 since
the circuit has neither VC-loops at all nor IL-cutsets.

Note however that the non-vanishing of the parameters appearing in
(5.72), where it is worth remarking that Gs is not involved, is enough to
yield an index one MNA model; again, this will be explained in terms of
certain circuit trees in Section 5.5.

5.5 Index analysis: Tree methods for non-passive circuits

Most index characterizations for DAE models of electrical circuits are di-
rected to (strictly locally) passive systems [87, 234, 248, 253, 292, 293].
Incidentally, a key role in the proof of Theorem 5.1, focused on Node
Tableau and Augmented Nodal Analysis models, is played by the posi-
tive definiteness of certain incremental matrices; the same happens in the
index characterization of Modified Nodal Analysis discussed in Theorem
5.2.

Nevertheless, Example 1 above and, in particular, the expressions de-
picted in (5.63) and (5.72) for the determinants characterizing index one
configurations in ANA and MNA, suggest that these positive definiteness
assumptions are far from necessary, at least in uncoupled problems. We
show below that this type of expressions reflects certain properties that
can be stated in terms of the structure of certain trees within the circuit;
these properties will make it possible to formulate more accurate require-
ments on the circuit devices for index characterizations.

Specifically, following [84] we relax the positive definiteness assumption
on the incremental conductance matrix G for index one characterizations
of ANA systems. The definiteness requirement on G will be replaced by
an algebraic assumption on the set of proper trees (p. 206) in the circuit.
Similarly, we weaken the definiteness requirements on both G and C for
index one configurations in MNA; in this case the characterization will be
stated in terms of mormal trees. The same approach makes it possible
to relax the definiteness assumption on the capacitance C' for index zero
MNA models. The attention is restricted to circuits without coupling in
these devices. Fully-coupled problems and index two configurations are the
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subject of undergoing research. For the sake of brevity we do not consider
NTA models, although the results can be extended to this setting along the
lines presented in subsection 5.5.1.

5.5.1 Augmented Nodal Analysis

In the tractability index one characterization of ANA, an important role
is played by the so-called nodal conductance matriz A,GA; cf. the matrix
A; depicted in (5.42). Similar considerations apply to the nodal capaci-
tance matrix A.CA! in MNA, as illustrated in subsection 5.4.2 above. The
appearance of these nodal matrices is certainly a distinct feature of nodal
analysis methods.

When trying to eliminate the definiteness assumption on G or C in in-
dex analyses, we will be faced with the computation of the determinant of
certain matrix products related with the above-mentioned nodal matrices.
The matrices within these products will not be square. For the computa-
tion of these determinants we will therefore make use of the below-stated
Cauchy-Binet formula; see e.g. [137].

Within Lemma 5.12, w will represent the set {1,...,p}, whereas a and
£ will stand for subsets of {1,...,r} with cardinality p < r. These sets
will be used as indices to specify p x p submatrices of certain matrices.
Specifically, we denote by D“'* the p x p submatrix of D € RP*" defined
by the columns indexed by «, whereas % describes the p x p submatrix
of F € R™*P defined by the rows indexed by . Additionally, B*# will be
the p X p submatrix of B € R"*" that lies in the rows indexed by « and the
columns indexed by (.

Lemma 5.12. Let D e RP*" E € R™*" F € R"™*P  with p <r. Then

det DEF =Y _ det D** det E* det F*, (5.73)
o,
the sum ranging over all index sets o, 3 C {1,...,r} with cardinality p.

This result is easily derived from the one corresponding to the product
of two matrices (cf. item 0.8.7 in [137]). Indeed, let H be a matrix in R"*P.
The Cauchy-Binet formula for the product DH reads

det DH =)~ det D“* det H**, (5.74)

where the sum is taken over all index sets a C {1,...,r} with cardinality
p. Now, if H stands for the product EF above, then the submatrix H“*
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equals the product E*¢F with ¢ = {1,...,r}, and its determinant can be
written as

det H** =" det B det F7*, (5.75)
B
the sum ranging again over all index sets 3 C {1,...,r} with cardinality p.

The expressions depicted in (5.74) and (5.75) yield (5.73).

Theorem 5.3. Consider a well-posed, connected circuit with nonsingular
capacitance and inductance matrices C, L, and no coupling among resistors.
Then the Augmented Nodal Analysis system (5.27) has tractability index
one if and only if either there exists a proper VC-tree or

(a) there are neither VC-loops nor IL-cutsets; and
(b) the sum of conductance products in proper trees does not vanish.

Proof. We follow essentially the proof presented in [84]. As shown in the
proof of Theorem 5.1, the index one condition on the ANA system (5.27)
with nonsingular C; L amounts to the nonsingularity of Ji in (5.43). This
matrix reads

AGAT A,
.Jl_( Jrn ) (5.76)

where A, stands for (A. A,) to simplify notation. Note that the existence
of a proper VC-tree, which comprises all capacitors and voltage sources,
implies, in the light of Lemma 5.5, that A., is a square nonsingular matrix,
and this makes J; in (5.76) nonsingular because of its block structure.
Focus in the sequel on cases in which there exists no proper VC-tree.

Let us now check that an index one condition on the ANA system (5.27)
rules out the existence of VC-loops and IL-cutsets. Following the idea intro-
duced in [84], we will separate the relevant topological circuit information
from the device characteristics by factorizing J; in the form

GO0 0 AT 0

Jp = (%T Ag“ IO ) 0 0 I Al o0 |, (5.77)
eu 0 I O 0 I
D E F

the block I, standing for the identity matrix of size b.,, = b.+b,,; recall that
b. and b, define the number of capacitors and voltage sources, respectively.
Here, D € RP*", F € R™" and F € R™P with p = n — 1 + b, and
r = b + 2bey; n and b, stand for the number of nodes and resistors.
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The existence of a VC-loop avoids A, from having full column rank,
according to Lemma 5.3; it follows that J; in (5.76) is a singular matrix,
against the index one hypothesis. If there exists an IL-cutset, then following
Lemma 5.4 the matrix (A4, A¢,) cannot have full row rank; this means that
D in (5.77) does not have full row rank, making J; a singular matrix, again
in contradiction to the index one hypothesis. This means that VC-loops
and IL-cutsets are precluded in index one configurations.

The absence of VC-loops and IL-cutsets guarantees the existence of at
least one proper tree, as stated in Proposition 5.1 (page 206) . This implies
in particular that the dimensions p, r of the matrices D, F and F above
verify p < r since n — 1 < b, + b, because of the existence of at least
one proper tree. It is also worth remarking that the exclusion of proper
VC-trees mentioned earlier in the proof forces all proper trees to have at
least one resistor.

It then remains to show that the nonsingularity of J; defining the index
one condition for system (5.27) is equivalent, in the absence of VC-loops,
IL-cutsets and proper VC-trees, to the non-vanishing of the sum of conduc-
tance products in proper trees. This relies on the Cauchy-Binet formula
stated in Lemma 5.12, that is,

det J; = det DEF = _ det D** det E** det (5.78)
o,
for p x p submatrices D¥>*, E*# and F5¢ of D, E and F, respectively.

Let us examine, in terms of (5.77), the structure of the matrices D“>%,
E*f and FP* yielding non-vanishing determinants in (5.78). Note first
that the last b., columns of D must be in D“'® since otherwise the last b,
rows of this matrix would not have full rank. Similarly, the last b., rows
of F need to be fully present in %%, because on the contrary the last b,
columns of this matrix could not have full rank. This means that the blocks
I, from D and F must be fully present in D“>® and F?* respectively, for
the corresponding determinants not to vanish.

In turn, the full presence of the block I, from D in D“:® implies that in
E*# there will be entries coming from each one of the last b., rows of E; for
the corresponding block in E%? to have full row rank, the block I., coming
from the last rows of E must be fully present in E*#. Additionally, this
implies that the whole block A}, from F must be present in F%~. Similarly,
the presence of the block I., from F in F%¥ forces the full block I., from
the last columns of F to be present in F*#, and this in turn implies that
Agy from D must be fully present in D“>%.
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Now, remark that the absence of coupling among resistors gives the
conductance matrix a diagonal form, namely G = diag (G1,Ga,...,Gy,.),
where G; is the conductance of the i-th resistor. Letting a; and 3; stand
for the indices of the rows and columns defining the submatrix G of G
present in E*P_ it is easy to check that

det G = {0 ifa; # 41, (5.79)
[lica, Gi if a1 =5,
meaning that oy must equal gy for det E*# not to vanish.
So far, we have shown that any non-zero term of (5.78) must be defined
by submatrices of the form

G0 0 AT 0
DW,Oc - <140’F A(;'U« IO ) ] Ea’ﬂ - 0 O Icu I Fﬂ7w - AI’U. O Y
cu 01, 0 0 lew

where the tilde ~ indicates that only the entries corresponding to some
resistors must be present in each non-vanishing term. The above-mentioned
identity a; = 1 explains that the branches corresponding to the same set
of resistors enter Az and Al in D*® and FP¥ respectively; that is, the
columns of the submatrix of A, entering D*** must match the rows of the
submatrix of AT within F%¢ and therefore F#% = (DT,

Finally, this set of resistors must be such that the square matrix
(A7 A.,) is nonsingular for the corresponding determinant not to vanish.
Letting T be the set defined by these resistors, all the capacitors and all the
voltage sources, Lemma 5.5 implies that 7" must be a tree; this implies in
particular that det D“® = det F%* = +1 and then det D*® . det F%~ =1
since FP« = (D**)T. Furthermore, T will actually be a proper tree since it
includes all capacitors and voltage sources and neither inductors nor current
sources.

Altogether, the non-vanishing terms in the sum (5.78) have been shown
to be the ones corresponding to proper trees, so that det J; can be expressed
as

det Jy = (=1 Y ] & (5.80)

TeT, GieT

where 7, is the set of proper trees in the circuit, and the notational abuse
G; € T is used to denote the resistors within the tree 7. Note that
the (—1)% sign in (5.80) comes from the block structure of E*#. This
shows that the non-vanishing requirement on the sum of conductance prod-
ucts within proper trees is equivalent to the index one condition in the
differential-algebraic system (5.27), thus completing the proof. g
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Remark 5.4. The existence of a proper VC-tree, that is, of a tree which
includes all voltage sources and capacitors, and no resistor, inductor or
current source, can be equivalently stated as the absence of VC-loops and
ILR-cutsets, in the light of Lemma 5.1. The proof of Theorem 5.3 shows
that the existence of a proper VC-tree actually makes the ANA system
(5.27) index one also for circuits with resistive coupling.

Remark 5.5. For circuits without resistive coupling, the index one char-
acterization for problems with strictly locally passive resistors depicted in
Theorem 5.1 can be derived from Theorem 5.3. Indeed, as indicated above,
in this setting G has a diagonal structure diag (G1, Ga, ..., Gy, ) with G; > 0
for i € {1,...,b.}; therefore, all conductance products have positive sign
in (5.80) and the sum in item (b) of Theorem 5.3 does not vanish.

Example 1 revisited: ANA model and proper trees

Theorem 5.3 shows that, by means of a tree-based approach and in the
absence of VC-loops and IL-cutsets, the positive definite requirement on
the conductance matrix G can be relaxed in the index one characterization
of ANA models. We illustrate this result by explaining the properties of
the circuit depicted in Figure 5.1 in terms of trees. Additional insight will
be obtained from the modified circuit considered in Example 4 below.
Indeed, the expression displayed for the determinant of J; in (5.63),
namely det J; = —G4G5, becomes clear if we realize that the circuit in
Figure 5.1 has just one proper tree in which the resistors are R4 and Rs

(cf. Figure 5.4).
1.1
.0

Ry
Fig. 5.4 Proper tree in Bashkow’s circuit.

Consistently with Theorem 5.3, the minus sign in det.J; equals (—1)Pu
since b, = b, = 3. This approach yields the exact index one requirement
G4 # 0 # G5, instead of the (sufficient but not necessary) one arising
in the strictly passive setting, which would require Gg > 0, G4 > 0 and
Gs > 0. Note in particular that the resistor R3 forms a loop together
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with some capacitors and hence it does not enter any proper tree; for this
reason the value of the conductance G3 does not play a role in the index
one characterization. See also, in this regard, Corollary 4.3 in [87].

Ezxample 4

The circuit obtained by replacing the inductor L; in Figure 5.1 by a resistor
R, is shown in Figure 5.5.

Fig. 5.5 Change L1 by R1 in Bashkow’s circuit.

According to Theorem 5.3, the determinant of the matrix J;, character-
izing index one configurations in ANA, can be written by direct inspection
of the proper trees in the circuit. These are displayed in Figure 5.6.

Fig. 5.6 Proper trees in the circuit of Figure 5.5.

In this case there are two proper trees. The resistor R5 belongs to both,
whereas R; and R, enter one proper tree each. Since b., = b. = 3, in the
light of (5.80) the determinant of det J; must read

det J1 = —G1G5 — G4G5 = —(G1 + G4)G5. (581)

From (5.81) we derive the more precise index one requirement G1 + G4 # 0,
which certainly holds in particular in a strictly passive setting since in



5.5. Index analysis: Tree methods for non-passive circuits 243

this case it would be G; > 0, G4 > 0. The fact that the resistor Rj
belongs to both proper trees makes G5 a common factor in (5.81), yielding
the requirement G5 # 0 instead of the more restrictive condition G5 > 0
holding in strictly passive problems. Again R3 does not appear in any of
the proper trees and, as before, G3 does not play a role in the index one
characterization.

The expression depicted in (5.81) is confirmed via the explicit compu-
tation of the matrix Jy, which in this case can be checked to read

G1 —-Gh 0 0 0O -1 0 O

-Gy G1+Gs 0 —Gig 0 0 1 0

0 0 Gy 0 0 0 -1 1

J, = 0 -G 0 G3+Gs —Gs 0 0 -1
0 0 0 —Gs Gs 0 0 0]}’

—1 0 0 0 0 0O 0 O

0 1 —1 0 0 0O 0 O

0 0 1 -1 0 0O 0 O

its determinant being given indeed by (5.81).

5.5.2 Modified Nodal Analysis

The ideas presented above can be refined in order to relax positive definite-
ness assumptions on the incremental capacitance and conductance matrices
C(Ale), G(A]e) for the MNA model (5.29). Briefly, the goal is to char-
acterize index zero and index one configurations for MNA by assessing the
nonsingularity of the matrices A and A; depicted in (5.66) and (5.68), re-
spectively, without such definiteness requirements. In this discussion, we
follow again the ideas introduced in [84].
As indicated in subsection 5.4.2, a key condition in this regard is

ker A.CAT =ker A], (5.82)

which is equivalent to rk A.CA] = rk A. and holds under a positive defi-
niteness assumption on C' (cf. Remark 5.1 on page 215). Lemma 5.14 below
provides a characterization of (5.82) for uncoupled capacitors without the
need for a definiteness assumption on C. The proof of Lemma 5.14 will be
based on Lemma 5.13, which will be of interest also in the analysis of index
zero configurations. Recall that, according to our definition (p. 197), trees
are implicitly understood to be spanning.
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Lemma 5.13. Consider a connected circuit composed only of uncoupled
capacitors, with reduced incidence matriz A. and (diagonal) incremental
capacitance matriz C = diag(Cy, ..., Cp). Then the nodal capacitance
matriz A.CA/ is nonsingular if and only if
Z H C; #0, (5.83)
TeT. C;eT

where 1. stands for the set of trees in the capacitive circuit.

Proof. This is a consequence of the Cauchy-Binet formula (5.73). With
the notation introduced for the index sets w, a, § before Lemma 5.12, we
can expand the determinant of A.C Al as

det AcCAL =) " det A det C*F det(A])". (5.84)
a,B

Note that for det A2*“ not to vanish, in the sum we can restrict the values
of the index set a to those which define a tree (cf. Lemma 5.5); in this
case it is det AY* = £+1. The same happens with the capacitors indexed
by 3, since det(AT)#“ must not vanish; we then have det(A])?* = +1.
Additionally, as we did for conductances in the proof of Theorem 5.3, from
the diagonal structure of the incremental capacitance matrix we get

if
det o8 — ¥ ifa 70,
Hiea(]i ifoz:ﬁ,

so that det A% = det(A])?* = £1 and then det A~ det(A])*+ = 1.

This means that the sum in (5.84) can be written as

det A.CAL =) " det C**

provided that « takes values within the family of index sets defining trees.

This yields
det A.cAT = > T] ¢,
TeT C;eT

showing that the nonsingularity of the nodal capacitance matrix is indeed
equivalent to (5.83). O

Lemma 5.14 below is no longer restricted to capacitive circuits. Recall
that A. represents the (reduced) incidence matrix of the subgraph defined
by all capacitors and all circuit nodes. We will also consider in the sequel
the subgraph defined by all capacitors together with their incident nodes,
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and call a capacitive block a connected component of this subgraph. The
number of capacitive blocks will be denoted by k., and 7; will stand for the
set of trees within the j-th block; trees are here assumed to be spanning in
each capacitive block.

Lemma 5.14. Consider a connected circuit in which the capacitors are
uncoupled, with incremental capacitance matriz C. Thenrtk A.CA] =rk A,
if and only if

k
It >, 11 ¢ | #o (5.85)

j=1 \TeT; C;eT

c

that is, iff within each capacitive block the sum of capacitance products in
trees does not vanish.

Proof. Under an appropriate ordering of the branches and nodes, the
reduced incidence matrix A, can be written as

Ay 0 ... 0
0 Ac(2) e 0
A= g Do . (5.86)
0 0 ... Auo
0 0 0 0

This results from the fact that different connected components of a given
digraph do not share nodes or branches. The last vanishing rows correspond
to nodes which are not incident with any capacitor. Note that A, stands
above for the (non-reduced) incidence matrix of the j-th capacitive block,
with just one possible exception: if the reference node is incident with
some capacitor belonging, say, to the jo-th block, then Acom is a reduced
incidence matrix for that block. It may also happen that the reference node
is not incident with any capacitor; in this case all the matrices A ) are
non-reduced incidence matrices.

In turn, due to the uncoupled assumption on capacitors, the nodal ca-
pacitance matrix reads

AC(UC(DAI(U 0 o 0 0
0 AC(2) 0(2) A-(,I'—(2) e O O
0 0 - Acwc)C(’“c)AI(m 0

0 0 0 0 0
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where C'7) stands for the (diagonal) incremental capacitance matrix of the
j-th capacitive block.

The assertion will then follow in a straightforward manner from the
identity rk flcm =rk Ac(j) C(j)flz(j) proved in the sequel. Let us first remark
that, if the j-th block does not include the circuit reference node, then any
row of flcm can be written as a linear combination of the remaining ones,
which are linearly independent. If we denote by A_¢) the submatrix which
results from the removal of any row of flcm ,thentk A, =rk Ac(j) =n;—1,
being n; the number of nodes within the j-th capacitive block. It is easy
to check additionally that

I'k Ac(j) C(‘])A-Cr(]) = rk Ac(j) C(‘])A-Cr(]) = I'k Ac(j) C(‘])AI(J) .

It then remains to show that the condition

Y JI ci#o (5.87)

TE'Z’J' C;,eT

for the j-th block is equivalent to the identity rk Aco)C(j)AI(j) =1k A, .
Since rk A,y =n; — 1 and Aco-)C(j)AI(j) is an (n; — 1) x (n; — 1) matrix,
this amounts to saying that A CU )AI(J‘) is nonsingular. But noting that
A, is a reduced incidence matrix for the j-th capacitive block, which is
connected, Lemma 5.13 applies. Because of the block-diagonal structure of
the matrix A.CA], the condition rk A.CA] = rk A, is then equivalent to
(5.85). 0

A capacitive block for which the condition (5.87) holds is said in [84] to
be non-degenerate.

We may now weaken the positive definiteness requirements on C, G
in a low index characterization of MNA models with uncoupled capacitors
and resistors, as done below. For the index zero statement in item (1),
the condition (5.83) referred to in (c) makes sense since the existence of
a capacitive tree makes the subgraph defined by the capacitors connected,
and the nodal capacitance matrix of this subgraph is A.CAl; mind that
Lemma 5.13 is stated for connected capacitive circuits. In the index one
setting of item (2), the condition depicted in (5.85) replaces the above-
mentioned (5.83). Note that, in contrast to the corresponding result for
ANA stated in Theorem 5.3, which is based on proper trees, the MNA
setting naturally leads to normal trees; this is due to the fact that C-loops
may be displayed in index one configurations in MNA.
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Theorem 5.4. Consider a well-posed, connected circuit with nonsingular
inductance matriz L and no coupling among capacitors.

(1) The MNA system (5.29) is index zero if and only if

(a) there are no voltage sources;
(b) there exists at least one capacitive tree; and
(¢) the condition on capacitive trees depicted in (5.83) holds.

Assume below that at least one of the conditions (a) or (b) fails.

(2) Suppose that the nondegeneracy condition on capacitors (5.85) holds,
and that there is no coupling either among resistors. Then the MNA
model (5.29) has tractability index one if and only if either there exists
a proper V-tree or

(d) there are neither VC-loops (except for C-loops) nor IL-cutsets; and
(e) the sum of conductance products in normal trees does not vanish.

Proof. The index zero characterization stated in item (1) follows imme-
diately from the form of the matrix A in (5.66), together with Lemma 5.13
and the nonsingularity of L.

For the index one statement in item (2), be aware of the fact that the
expression (5.68) for the A; matrix is based on the nondegeneracy condition
(5.85). Let us first analyze the case in which the circuit has a proper V-
tree. This precludes the existence of capacitors, since otherwise such a tree
would not be proper. In this situation the projector @, amounts to I,_1.
Note that other voltage sources apart from those in the tree are ruled out
by the well-posedness of the circuit. This means that A, and ATQ. = AT
within A; in (5.68) are square nonsingular matrices; the nonsingularity of L
together with the block structure of A; then makes this matrix nonsingular.

Assume in the sequel that there is not such a tree. Next we show that
an index one assumption implies that the topological conditions stated in
(d) are met. In this direction, following again [84] we will make use of the

factorization
C0000 AT 00
A A Ay 00 0G 000 AlQ. 00
A= 000070 00001, ATQ. 00 |. (5.88)
00 001, 00010 —ATQ. L 0
007,00 0 01,

v
=
B!
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In an index one setting, the nonsingularity of A; implies that the matrix
AT Q. within the last rows of (5.68) must have full row rank or, equivalently,
Q' A, must have full column rank. According to Lemma 5.11, this means
that all VC-loops must be C-loops. Additionally, the factorization depicted
in (5.88) shows that D must have full row rank if A; is nonsingular; this
amounts to saying that (A. A, A,) must have full row rank, ruling out
IL-cutsets in the light of Lemma 5.4.

We then need to show that, in the absence of proper V-trees and pro-
vided that the topological requirements depicted in (d) hold, the nonsingu-
larity of A; is equivalent to the non-vanishing of the sum of conductance
products in normal trees, as stated in (e). To achieve this, as in Theorem
5.3 we make use of the Cauchy-Binet formula (5.73) to write

det Ay = det DEF =Y _ det D** det E*F det 7. (5.89)
o,

Proceeding analogously to Theorem 5.3, the reader can check that all the
blocks I; and I,,, as well as the blocks A,, AT Q., —AZTQC and L in (5.88)
must be fully present in the submatrices D*®, E*P and F?* for the
corresponding determinants not to vanish. This, together with the diagonal
structure on the capacitance and conductance matrices C' and G which
results from the absence of coupling within these elements, shows that the
matrices resulting in non-vanishing products in (5.89) have the form

C0000 AT 00

Az Az A, 0 0 0G000 ATQ. 0 0
D=0 0 0L 0),E%=]0000TI,[, F'*=| ATQ. 0 0 |,
00 00TI, 00010 —~ATQ. L 0
001,00 0 01,

where a tilde ~ is used again to indicate that only the branches which
correspond to some capacitors and resistors must be present for the deter-
minants not to vanish. Note that all voltage sources must be present in all
cases.

In the analysis of the matrices D“* and F”* depicted above, let us
denote by T the set of branches defined by all voltage sources together
with the capacitors and resistors specified by Az and Az. To yield non-
trivial terms, the set T' must necessarily define a tree since otherwise A =
(As A7 A,) would be a singular matrix (cf. Lemma 5.5). Additionally,
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denote by K the upper left block from F%< namely
AT
K= AlQ. |- (5.90)
AL Qe
We show below that, in the present framework,

(5.91)

det A7 if T is a normal tree
det K =
otherwise.

Indeed, if T' is a normal tree it must include no inductor, since IL-cutsets
and in particular L-cutsets are excluded, and all capacitors away from T
must define a C-loop with capacitors within T, because all VC-loops are
C-loops. The latter implies ker AT = ker Al since every row in AT corre-
sponding to a capacitor which is not in 7" must be linearly dependent with
those of Al. Additionally, since 7T is a tree we may write

R™ ! = ker Al @ ker <ATT> =ker AT @ ker (A;>
C A-,LI; C A;l; *

Let P, stand for the projector along ker AT onto ker (A7 A,)", and set
Q. = I — P.. In the light of the relations AJQ. = AIQ. = 0 AIP. =
AT(I —Q.) = AT, ATP. = ATP. = 0, we derive

A7

K = A-r[ (pc +Qc) = A}(pc +Qc)- (5.92)

AL
Write P, + Q. = I — (Qc — @.) and remark that Q. — Q. is a nilpotent
index two matrix since (Qc — Qc)(Qc - Q) = Qc—Qc— Q.+ Q. =0,
where we have used the identities Q.Q. = Q., Q.Q. = Q. for projectors
onto the same space (cf. Proposition 2.5 on page 49). We then derive
det(I — (Qe—Q.)) = 1, equation (5.92) yielding det K = det Ar for normal
trees.

Assume now that T is not a normal tree. Since it contains all voltage
sources there must necessarily exist a capacitor C; ¢ T which does not form
any VC-loop with elements of T'; in particular it does not form any C-loop
with elements of T. On the other hand, since T is a tree, C; defines a loop
with certain elements of this set. This means that there exists a loop in
T U {C;} which is not a C-loop, showing that Q[ (A7 A,) does not have
full column rank by Lemma 5.11. This means that

AT Q.
A5Qe
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does not have full row rank and hence K in (5.90) is a singular matrix, so
that det K = 0. This completes the proof of the identity (5.91).

In the light of (5.91), the non-trivial terms in (5.89) must correspond to
normal trees. For them we have

det D = det Ay, det F?% = det K det L = det Ay det L,
using again (5.91). Since det Ar = £1, (5.89) reads

det A} = vdetL Y < I1c 11 Ci> , (5.93)

TeT, \G;€T C,eT

where 7, is the set of normal trees within the circuit. The (—1)% factor
owes to the block structure of E*#; recall that b, is the number of voltage
sources in the circuit.

Note finally that the hypothesis that all VC-loops are actually C-loops
implies that all normal trees include exactly one capacitive tree from within
each capacitive block, and all possible combinations of these capacitive
trees enter the sum (5.93); see e.g. Example 5 below. This means that the
expression depicted in (5.93) can be rewritten as

det A, = (—1) detL(Z HG) f‘[ I e (699

TeTn G€T j=1 \TeT; C;eT

The factors defined by sums of capacitive products do not vanish because of
the non-degeneracy hypothesis (5.85) on the capacitive blocks. Since L is
nonsingular, the nonsingularity of the matrix A; characterizing index one
configurations in MNA relies indeed on the requirement that the sum of
conductance products in normal trees does not vanish. O

Within Theorem 5.4 it must be understood that, if normal trees do not
include resistors, then the requirement depicted in item (e) may be disre-
garded. Similarly, the non-degeneracy condition (5.85) should be ignored
in problems without capacitors. Note that, excluding cases with proper V-
trees (which are treated separately in Theorem 5.4), at least one capacitor
or resistor must be present in every normal tree; otherwise, the existence
of a V-tree and the assumption that VC-loops are C-loops preclude the
existence of capacitors and this would make this V-tree a proper one.

Remark 5.6. Under the existence of a proper V-tree, the assumption that
resistors are uncoupled can be removed from the index one characterization
in item (2), since the nonsingularity of A; in (5.68) relies in this situation
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only on the nonsingularity of A,, L and AlQ. = Al. In this setting
capacitors cannot be present, as indicated above, so that the hypothesis
that capacitors are uncoupled can be obviously dropped.

Remark 5.7. For circuits without resistive and capacitive coupling, the
index zero and index one characterizations stated in items (1) and (2) of
Theorem 5.2 under passivity assumptions, can be derived from the corre-
sponding statements in Theorem 5.4. Actually, the positive definiteness
of C' guarantees that the conditions (5.83) or (5.85), respectively, are met,
since capacitive products are positive; analogously, the positive definiteness
of G makes all the conductance products positive, so that the sum in item
(e) of Theorem 5.4 is not null.

Ezxample 1 again: MNA model, capacitive blocks and normal trees

In virtue of Theorem 5.4, the requirements of strict passivity on capacitors
and resistors in the MNA context can be relaxed using normal trees. Focus
the attention again on Bashkow’s circuit depicted in Figure 5.1, for which
the matrices A, and A.CAT can be found in (5.61) and (5.71), respectively.
Removing the positiveness assumption on the capacitances, the condition
ker A.CAT = ker A} or, equivalently, tk A.CAT = rk AT, may be easily
proved equivalent to the requirements Cy # 0, Cy # 0, C5 # 0.

This property relies on the fact that the circuit has two capacitive blocks,
the first one defined by C7 alone and the second one by Cy and Cj5, with
one tree each; cf. Figure 5.7. This drives the non-vanishing requirements
to the capacitance C7 and the product C5Cj, respectively.

Lo by
T

Fig. 5.7 Capacitive blocks C7 and C2-C3 in Bashkow’s circuit.

Additionally, since the circuit has neither VC-loops nor IL-cutsets, the
normal trees are just the proper ones. Therefore, the circuit has just the
normal tree displayed in Figure 5.4, in which the resistors are R4 and Rj,
and therefore the product (5.94) amounts in this example to the expres-
sion L1 LoG4G5C1C2C3 computed in (5.72). Mind the positive sign in this
expression, which owes to the absence of voltage sources.



252 Nodal analysis

Ezample 5

Similar considerations apply to the circuit obtained after replacing the re-
sistor R3 by a capacitor Cy in Figure 5.5 (p. 242), as shown in Figure 5.8.
We will use this example to illustrate how the conditions arising in Theorem
5.4 can be checked by examining the capacitive blocks and the structure of
the normal trees in the circuit.

Fig. 5.8 Change R3 by C4 in Figure 5.5.

The above-mentioned replacement generates a C-loop defined by Cs, C5
and Cy. The reader can check that, similarly to the case defined by the
VC-loop in Example 2 (Figure 5.2), and consistently with Theorem 5.1,
this raises the index of the ANA model of this circuit to two, at least in
a positive definite setting. In contrast, a C-loop will typically result in an
index one MNA model, as shown below.

The reduced incidence matrix for capacitive branches is now

-1 0 0 O
0 1 0 1
A, = 0o-1 1 0],
0 0 -1 -1
0 0 0 O
and the nodal capacitance matrix reads
Ch 0 0 0 0
0 Co+Cy —Cq -Cy 0
ACAT =10 —Cy Cy+C3 —C3 0 (5.95)

0 -Cy —Cjs C3+Cys 0

0 0 0 0 0
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The reader can check that the nodal capacitance matrix has rank three
(and therefore the identity ker A.C Al = ker Al holds) if and only if

C4 75 0, CoC3+4 CoCy+ C5Cy #0. (596)

These conditions can also be derived directly from the fact that the first
capacitive block is just defined by the C capacitor, whereas the second one
contains the three capacitive trees shown in Figure 5.9.

G, c,
L1 QT o
[ T o
Fig. 5.9 Trees within the capacitive block C2-C3-Cy in Figure 5.8.

If the requirements stated in (5.96) are met, set

00000
00010
Q.=0 00 1 0],
00010
00001

for the projector onto the kernel of the nodal capacitance matrix (5.95).
The matrix Ay in (5.68) may then be shown to read

Ch 0 0 -Gy 0 0
0 Ca+Cy —C4y —Cy+ Gy 0 0
A, — 0 -y Cy+ C5 —C3+ Gy 0 0
o -G -G Cs+CutGs —Gs 0|
0 0 0 —Gs Gs 0
0 0 0 -1 1 Lo
with
det A; = LQ(G1 + G4)G5C1 (0203 + CCy + 0304). (5.97)

This yields, in addition to (5.96) and Lo # 0, the index one requirements
G1+ G4 # 0 and G5 # 0. As expected, these conditions are less restrictive
than the ones holding in a strictly passive setting, for which all conduc-
tances, capacitances and inductances would be required to be positive.
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Again, these requirements could be directly obtained by examining the
form of the normal trees in the circuit. Indeed, the expression (5.97) reflects,
besides the above-detailed structure of capacitive blocks, the fact that Ry
belongs to all normal trees, whereas R; and R4 are split among them as
detailed in Figure 5.10.

™1 A 11

Rq
R, 4{04 C,
Icl G~ %Rs icl CZI %Rs
R,

Fig. 5.10 Normal trees in the circuit of Figure 5.8.

The six normal trees in Figure 5.10 correspond to the different terms

arising in the expansion
det A; = LQ(G1G5010203 + G4G5C1C5C3 + G1G5C1C2Cy
+G1G5C1 020 + G1G5C1C30 + G4G5C1C3C)y)

of (5.97). All trees coming from the capacitive block defined by Cs, C3 and
Cy enter the normal trees which include R; and Rjs (left column of Figure
5.10) as well as those including R4 and Rs (right column); this explains the
fact that the conductances and capacitances can be grouped as indicated in
(5.97). Remark that this is a general property which in Theorem 5.4 made
it possible to rewrite (5.93) in the form depicted in (5.94).



Chapter 6

Branch-oriented methods

Differential-algebraic equations play nowadays an important role in circuit
modeling and simulation, as discussed in Chapter 5. Nevertheless, some
important topics in nonlinear circuit theory have been somehow overlooked
in the differential-algebraic context. Among others, these aspects include
the state formulation problem and the analysis of different qualitative prop-
erties of circuit dynamics. In this Chapter we show that semistate formula-
tions based on DAEs are certainly of interest regarding these topics, which
will be here addressed via reduction methods for so-called branch-oriented
circuit models.

The state formulation problem arises naturally in the time-domain anal-
ysis of electrical circuits. It can be simply defined as the problem of setting
up an explicit ODE modeling the circuit dynamics, either in a local or a
global sense. The goal is often to formulate state space models not for indi-
vidual problems but for general circuit families, in terms of their topology
(cf. 5.1.2.1) and the electrical features of the devices. As detailed in subsec-
tion 6.1.3, following the seminal ideas of Bashkow and Bryant [18, 35, 36]
this problem can be tackled by means of tree-based techniques.

Qualitative properties of nonlinear circuits have been mainly addressed
within the framework of state space models. Many qualitative studies are
directed to the analysis of restricted circuit families displaying specific dy-
namical features, such as nonlinear oscillations or chaotic effects. Van der
Pol’s and Chua’s circuits are paradigmatic examples in these directions; see
e.g. [69, 110, 265, 266]. Explicit ODEs describing the dynamics of these
circuits are given and therefore modeling is not an issue.

However, many other works address qualitative properties of general
circuits or broad circuit families, and in these settings modeling is certainly
a key aspect. See for instance [60, 63-65, 103-105, 286, 287]. Incidentally,

255
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in many cases the topological conditions imposed to guarantee the existence
of a state space model are somehow merged with those involving qualitative
aspects and, sometimes, this makes it difficult to distinguish the aim of
the different topological hypotheses appearing in a given statement. The
assumptions needed for the formulation of a state model are often unduly
restrictive from the qualitative point of view. Moreover, in several cases
the results are bound to certain (say, index one) circuit configurations. A
more detailed discussion can be found in Section 6.3 below.

The differential-algebraic formalism is of help in both the state formu-
lation problem and the analysis of qualitative properties. Roughly speak-
ing, DAE theory defines a sufficiently broad framework as to accommodate
general circuit models and, at the same time, has reached a stage in which
efficient mathematical tools are available to tackle these problems in terms
of the topological and electrical features of the circuit. We elaborate on
this point of view in the next two paragraphs.

The state formulation problem can be naturally addressed as a reduction
problem on semistate (DAE) models. The reduction methods discussed in
Chapter 3 make it possible to formulate local state equations in terms of the
original problem variables. This approach clarifies the role of the different
equations and variables within the tree-based methods mentioned above, as
well as the meaning of the topological and electrical assumptions arising in
the analysis. Our discussion will also accommodate intermediate formula-
tions such as multiport models in a comprehensive, interrelated framework.
The “elimination of unwanted variables” already referred to by Bashkow
[18] will be seen as a reduction process which preserves the geometric index
of the system.

Regarding qualitative aspects, the DAE framework allows us to sepa-
rate clearly the topological conditions arising in qualitative studies from
those involved in the state formulation problem and index analyses; cer-
tain results from graph theory will be needed to achieve this. Additionally,
linear stability properties of equilibria such as e.g. their hyperbolicity or ex-
ponential stability can be assessed directly in the DAE setting via matrix
pencil theory. Specifically, the above-mentioned geometric index analysis,
together with the results in Section 3.5, makes it possible to examine lin-
ear stability properties of equilibria in terms of the pencil coming from the
linearization of the DAE at equilibrium. These ideas may also be of in-
terest in future analyses of other qualitative aspects involving for instance
bifurcations or oscillations.

The gap between the above-mentioned state space and qualitative prob-
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lems and the DAE literature is quite apparent, in spite of several connec-
tions investigated in [39, 40, 74, 118, 235]. This gap may be partially due
to the fact that the formulation of state space models is difficult to autom-
atize. The numerical simulation of circuit dynamics is usually focused on
nodal methods, which allow for an automatic generation of network equa-
tions in semistate form. The DAE literature on circuits has mainly focused
on index computations for such nodal models, with some exceptions [234].
But node potentials, which are the key variables for setting up automati-
cally circuit equations, will not appear in state space reductions, typically
formulated in terms of capacitor voltages (or charges) and inductor currents
(or fluxes). Branch-oriented models, which do not use node potentials as
semistate variables, seem to be more appropriate for these purposes. Ad-
ditionally, the results in Section 3.5 make the framework based on the
geometric index better suited for qualitative studies than the tractability
index supporting the analysis of nodal methods (cf. Chapter 5).

This Chapter is structured as follows. Branch-oriented models are in-
troduced in Section 6.1. Note that this approach has received different
names in the circuit literature; in particular, the analysis method under-
lying these models is sometimes referred to as ‘hybrid analysis’ or ‘mixed
analysis’. Once the models have been introduced, the state formulation
problem can be presented in detail, as done in subsection 6.1.3. The geo-
metric index of these models is analyzed in Section 6.2, where the attention
is focused on problems with strictly passive resistors. Multiport and state
space models are also discussed in this Section. The results are mainly
directed to circuits without controlled sources, although subsection 6.2.6
extends the analysis to problems including certain controlled sources. Fi-
nally, Section 6.3 illustrates how linear stability properties of equilibria in
DC circuits can be addressed using branch-oriented models.

6.1 Branch-oriented semistate models

Branch-oriented models are characterized by the statement of Kirchhoff
laws in the form depicted in (5.4) and (5.7), that is, Ai = 0 and Bv = 0.
Here A and B are the reduced incidence and loop matrices introduced
in subsection 5.1.1. This will make it possible to formulate the circuit
equations just in terms of the branch currents i and voltages v, which
explains the ‘branch-oriented’ label for these methods. The main difference
with nodal analysis stems from the fact that, in the latter, Kirchhoff’s
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voltage law is formulated in terms of the node potentials e as v = ATe.

6.1.1 The basic model

The reader is referred to subsection 5.1.2 in Chapter 5 for background on
elementary aspects of electrical circuit theory. Henceforth all circuits will
be assumed to be connected. As in Chapter 5, they may be nonlinear. Full
coupling within the sets of capacitors, inductors and resistors is allowed; all
these devices are assumed to be time-invariant.

Although most results can be also applied to charge-oriented models, for
simplicity we will assume throughout that capacitors are globally voltage-
controlled by the C! relation ¢ = v.(v.) depicted in (5.12), with incremental
capacitance matrix C(v.) = 7.(v.). Analogously, as displayed in (5.16),
inductors will be globally current-controlled by a C! relation of the form
¢ = (%), with incremental inductance matrix L(4;) = v, (i).

Contrary to Chapter 5, we do not make any assumption on controlling
variables for resistors. For the moment we just let the resistive branch
currents and voltages be related by the implicit equation depicted in (6.1e)
below, with g, € C*(R?"" R’"). Note that for instance gyrators or ideal
transformers (p. 209) can be considered as coupled resistors.

Voltage and current sources will be for the moment assumed to be inde-
pendent; cf. subsection 6.2.6 for problems with controlled sources. Splitting
in Kirchhoff current and voltage laws the vectors of currents and voltages as
i = (ic, 1, ir, 1, %,) and v = (ve, v, Ur, v;, vy), where the subscripts c,
I, r, 7 and u correspond to capacitors, inductors, resistors, current sources
and voltage sources, respectively, we are led to the branch-oriented model

C(ve vl = ie (6.1a)
L(in)if = (6.1b)
0= Agie + Asiy + Agip + Ajij + Ayiy, (6.1c)

0 = Bcve + Bjvy + By, + Bjv; + By, (6.1d)

0 = g (omin) (6.1¢)

0= i; —iy(t) (6.1f)

0 = v, — vs(t). (6.1g)

Below we will also use the formulation of Kirchhoff’s current law (6.1c) in
terms of a reduced cutset matrix, that is, in the form Qi = 0 (cf. (5.6)).
Recall, for later use, that b., b, b, b; and b, represent the number of ca-
pacitors, inductors, resistors, and current and voltage sources in the circuit.
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6.1.2 Tree-based formulations

In the analysis of branch-oriented models, at several points we will profit
from the choice of certain trees in a connected circuit. All circuits will be
assumed hereafter to be well-posed (see p. 206) and, allowed by Lemma 5.1,
we will choose all trees with the restriction that voltage sources correspond
to twigs and current sources are located within the links.

As detailed in 5.1.1.8, the choice of a tree in a connected digraph yields
two sets of so-called fundamental cutsets and loops, each one uniquely de-
fined by a twig or a link, respectively. Choosing the orientation of the
cutsets and loops coherently with that of the corresponding twigs or links,
and using the orthogonality property QB' = 0 following from Lemma 5.9,
the corresponding reduced cutset and loop matrices have the expressions
depicted in (5.3a)-(5.3b), namely

Q- (1, ~r")
B:(F Is)v

for a certain matrix F' € R**"; we are denotingr =n—1and s=b—n+1,
n and b being the number of nodes and branches, respectively. Recall that
the first r columns of both matrices correspond to twigs, whereas the last
s ones are associated with the links.

The use of these matrices makes it possible to recast Kirchhoff laws
Qi =0 and Bv=0 as

i, = Fi, (6.2a)
(6.2b)

Here and in the sequel the boldface subscripts ‘1’ and ‘2’ refer to tree and
cotree elements, respectively, that is, twigs and links. For instance, the
vector of tree voltages v, can be split in terms of twig capacitors, induc-
tors, resistors and voltage sources as v, = (V¢,, Vi, Uy, Uy); analogously,
the vector of cotree voltages v, can be written in terms of link capacitors,
inductors, resistors and current sources as v, = (Ve,, Uiy, Ury, v;). The same
holds for the tree and cotree current vectors ¢, and i,. The relations de-
picted in (6.2) for Kirchhoff laws express the widely used fact that tree
currents can be written in terms of cotree currents, whereas cotree voltages
can be expressed in terms of tree voltages [283].

Once a tree has been chosen, the model (6.1) can be rewritten in the
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form

C(ve)vl, =i (6.3a)

L(i))i) = v (6.3b)

0=1i, — F'i, (6.3c)

0= Fuv, +v, (6.3d)

0= gr(vr, ir) (6.3€)

0=1; —is(t) (6.3f)

0 = v, — vs(?). (6.3g)

Remark 6.1. We know from 5.1.1.7 that the rows of any two reduced
cutset and incidence matrices Q, A span the same space, meaning that
the relation Q = MyA holds for a nonsingular matrix My. The same
happens with any two reduced loop matrices B, B so that B = M;B
for some nonsingular matrix M;. This means that (6.3) results from the
premultiplication of (6.1) by a nonsingular matrix with a block diagonal
structure defined by the blocks (I., I;, Mo, M, I, I, I,), the identities
having sizes b., b;, by, b; and by, respectively. This transformation does
not change the geometric index of the system, as indicated in 3.4.7.1, so
that the circuit model (6.1) has the same index as the tree-based one (6.3).
Later analyses will often use models of the form depicted in (6.3), the results
holding as well for (6.1). Note that, for the same reason, the choice of any
two trees yields the same index.

Ezxample

The use of fundamental cutsets and loops can be easily illustrated by means
of Bashkow’s circuit, already considered in Example 1 (pp. 226-229). This
circuit is displayed in Figure 6.1 below, together with the tree already
introduced in Figure 5.4.

Fig. 6.1 Bashkow’s circuit and tree.
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Within this tree, the three capacitors C1, Co and C3, as well as the resistors
R, and Ry are twigs, whereas the two inductors L; and Ly as well as the
current source Iy and the resistor R3 are links. The fundamental cutset
defined by the twig capacitor C; includes also the links accommodating
Ly and the current source. According to the chosen reference directions,
Kirchhoff’s current law yields for this cutset

0= t¢, — iy + 15, (6.4)
the current in the branch accommodating the current source being denoted
by 4;. The reader can easily check that the fundamental cutsets defined by
the other twigs lead to the relations

0 = e, — i1, + iy (6.5a)
0 = Gy + ity + g (6.5b)
0 = iy, + i1, (6.5¢)
0 = i, + i, (6.5d)

In turn, the fundamental loop defined by the link inductor L; includes the
twig capacitors C; and Cy, as well as the twig resistor Ry. Kirchhoff’s
voltage law yields

0 =w, +ve; + Vey — Upy (6.6)
and, for the remaining fundamental loops,
0=, — Ves — Urg (6.7a)
0=uv; — v (6.7b)
0= Vpy — Vey — Veys (6.7¢)

where v; stands for the voltage across the current source Iy. Equations
(6.4), (6.5), (6.6) and (6.7), together with the dynamic relations Cyv, = i,
(k=1,2,3), Lyij, = v, (k=1,2), the characteristic relations for resistors
and the equation i; = ig(t) for the current source would define the branch-
oriented model (6.3) for Bashkow’s circuit, based on the tree depicted above.
For later convenience, the equations for resistors will be written as

0 = vy, — Ryin, (6.8a)
0 = vy, — Rsin, (6.8b)
0 = iy, — Gsvp,, (6.8¢)

where we use a current-controlled description for the twig resistors Ry,
Rs, and a voltage-controlled one, based on the conductance Gs = 1/Rjs,
for the link resistor Rs. The chance to use this hybrid description will
be extensively discussed in subsection 6.2.2 for coupled, strictly passive
resistors.
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6.1.3 The state formulation problem

The state space formulation problem can be now detailed in terms of
the semistate circuit models (6.1) and (6.3) introduced above. We as-
sume throughout that the incremental capacitance and inductance matrices
C(ve), L(4;) are nonsingular for all values of v, and 4;.

In this setting, the problem can be stated as the formulation of an
explicit ODE in terms of certain state variables defined by the voltages of
some capacitors and the currents of some inductors which, together with an
output mapping expressing the remaining currents and voltages in terms
of these state variables and the sources, fully characterizes the solutions of
(6.1), at least in a local sense. The state dimension of this ODE, that is,
the number of capacitor voltages and inductor currents appearing in this
state space model, is called the order of complezity of the circuit [35, 36].
The problem can be analogously formulated in terms of capacitor charges
and inductor fluxes.

In order to elaborate on this problem, let us first assume that the circuit
has neither VC-loops nor IL-cutsets or, equivalently, that there exists a
proper tree, that is, a tree containing all voltage sources and capacitors, and
no current sources or inductors (cf. 5.1.2.1, p. 206). In this case, Kirchhoff
laws yield no constraints involving voltages coming just from capacitors or
voltage sources, or currents coming only from inductors or current sources.
Following the ideas of Bashkow [18], in this setting the state formulation
problem requires expressing the variables i., i, ¢, ¢y, Vi, Vr, v; and v, in
terms of v, 4, vs(t) and i(t), using equations (6.1c)-(6.1g). Note that all
capacitor currents i, in a proper tree will be twig currents, belonging to i,
within the tree-based model (6.3), and all inductor voltages v; will be link
voltages, entering v, in (6.3). If the above-mentioned procedure is feasible,
the insertion of the expressions for i, and v; into equations (6.1a), (6.1b)
would yield an explicit ODE describing the dynamics of the circuit; this
state space model would have the form

Ve = f1(ve, i1, q(t)) (6.9a)

l; = fQ(Ucv i, q(t))v (69b)
with all capacitor voltages and all inductor currents entering the equation.
Here ¢(t) comprises the excitation terms wvy(t) and i4(t). The relations
defining ¢, ir, %5, tu, Vi, Ur, v; and v, in terms of v, i, vs(t) and i4(t)
would yield the above-mentioned output mapping.

In the presence of VC-loops in a well-posed circuit, Kirchhoff’s voltage
law would include some constraints involving voltages coming only from
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some capacitors and (maybe) some voltage sources. Analogously, the exis-
tence of IL-cutsets would lead to constraints involving currents coming just
from some inductors and (possibly) some current sources. In these situa-
tions, the order of complexity will be actually smaller than the number of
reactances. According to the work of Bryant [35, 36], this problem can be
tackled using a normal tree (cf. again p. 206), the variables entering the
state space model corresponding to the voltages v., of twig capacitors and
the currents 4;, of link inductors. The state space model sought will then
have the form

Ve, = J1(Vey 12, 4(t), ' (1)) (6.10a)

7;22 = f2(vc1ail2’q(t)vql(t))' (Glob)
The reasons for the dependence on the derivatives of the excitation terms
will become clear later.

The goal in this context is of course to figure out general conditions
supporting the elimination procedure sketched above. The related lit-
erature assumes different conditions on the circuit to allow for such a
derivation; besides the above-mentioned works of Bashkow and Bryant, see
[13, 32, 58, 60, 63, 66, 75, 76, 145, 206, 209, 213, 280, 294, 299] and
also the more recent papers [164, 235, 253, 271-274]. A nice survey of the
literature can be found in particular in [273]. The working conditions can
be roughly grouped along three directions, defined by the kind of coupling
allowed among resistors, capacitors and inductors; the possible requirement
of (strict) passivity on these devices, either in a local or in a global sense;
and the presence or absence of controlled sources.

As will be detailed later, in the derivation of state models along
the above-defined lines, one encounters two technical difficulties (cf.
[13, 273, 274]). The first one concerns the compatibility between the choice
of a normal tree and the existence of coupled resistors; the derivation of a
state space model often assumes that the coupled resistors admit a hybrid
description in terms of twig currents and link voltages, that is, a description
of the form

Ury = M1 (iry, Ury) (6.11a)
iry =12 (if’uvrg); (Gllb)

where, as indicated above, the subscripts ‘1’ and ‘2’ refer to tree and cotree
elements, respectively. The second requirement is that certain matrices
arising in the analysis are nonsingular; see specifically pp. 289-290 in [13],
as well as 6.2.3.2 below. In nonlinear problems, these requirements may
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be understood in a local sense around an operating point (cf. subsection
6.2.1).

The following Section tackles this state formulation problem as a reduc-
tion problem for the branch-oriented circuit model (6.3). In fully coupled,
strictly locally passive problems the above-mentioned procedure will be
shown to be feasible. This will be done by showing that (6.3) (and then
(6.1), following Remark 6.1) has a well-defined geometric index, which will
be one or two depending on the absence or presence of VC-loops and/or IL-
cutsets. State space models will be naturally obtained as a consequence of
the reduction process; see specifically (6.61) and (6.62) in subsection 6.2.5.
Although the state space derivation in the passive, coupled setting is not
new (cf. in particular [213]), the DAE formalism is of help in clarifying the
interrelations among different models, as well as the role of the different
assumptions and, in particular, of the above-mentioned compatibility and
nonsingularity requirements.

6.2 Geometric index analysis and reduction of branch models

In this Section we undertake the geometric index analysis of the branch-
oriented models (6.1) and (6.3), using the framework introduced in sub-
section 3.4.7. A distinction must be made between linear and nonlinear
problems, since for the latter the results will hold locally around an oper-
ating point, as discussed in subsection 6.2.1. The attention will be then
focused on problems with strictly (locally) passive resistors; cf. subsec-
tion 6.2.2. As we did in Chapter 5 for nodal models, we will perform in
the branch equations (6.1) several variable eliminations which lead to “in-
termediate” formulations, in particular to the multiport model considered
in subsection 6.2.3. These eliminations will actually be Schur reductions,
which were shown in 3.4.7.4 to preserve the geometric index of semiexplicit
DAEs; note that, if the incremental capacitance and inductance matrices
C(ve), L(i;) are everywhere nonsingular, the models (6.1) and (6.3) can
be trivially rewritten in semiexplicit form. This will pave the way for the
index characterization presented in 6.2.4 and for the state space reductions
of subsection 6.2.5. Finally, in subsection 6.2.6 we indicate how to extend
these results to a large family of circuits including controlled sources.
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6.2.1 Operating points

A vector (v, 1) = (Ve, Vi, Ury V), Vuy de, U, dr, 1, Gy) Satisfying equations
(6.1c)-(6.1g) (or, equivalently, (6.3c)-(6.3g)) at a given time ¢ is said to be
an operating point at t. Mind that the system of equations (6.1c)-(6.1g)
defines 2b — (b + b;) relations among 2b variables and, therefore, in circuits
including reactances the operating points at a given ¢ will typically be non-
unique. The set of operating points is often called the configuration space
of the circuit [128].

In linear circuits (or in circuits with linear resistors) the configuration
space at a given time t is, if non-empty, a linear space. In this context, the
results discussed below can be understand to hold globally; for illustrative
purposes this will be detailed, in particular, for the properties involving
strictly passive resistors in subsection 6.2.2.

The results for nonlinear problems will be stated in a local way; fixing a
time t* and certain vectors v, % of resistors’ voltages and currents, we will
assume in the sequel that there exists at least one operating point (v*,i*)
at t* with v, = v} and i, = i;.. Under this assumption, we will call the pair
(v¥, i¥) a resistive operating point at t*. It is worth emphasizing that this
requires not only that g.(v’, i¥) = 0 but also the existence of a solution to
the linear system which results from the substitutions i, = 3%, i; = i,(t*),
vy = v and vy, = vs(t*) in (6.1c)-(6.1d).

6.2.2 Implicitly described resistors and strict passivity

As indicated in subsection 6.1.3, the compatibility between the choice of
a tree and the existence of a description of the form (6.11) for coupled
resistors is often a key requirement in the derivation of a state space circuit
model. In this subsection we show that, under a strict passivity assumption
on resistors, such a description is always well-defined, that is, it exists for
any choice of a tree. More precisely, all possible assignments of current and
voltage variables to the resistive branches lead to well-defined descriptions
of the set of resistors and, moreover, yield positive definite hybrid matrices.
This property will hold locally for nonlinear problems and globally for linear
circuits. This result will also show that the voltage-controlled assumption
on resistors (5.19) performed for nodal analysis methods in Chapter 5 is not
unduly restrictive. The ideas here presented, which in essence can be traced
back at least to [213], may be also applied to the fully-implicit description
of capacitors and inductors displayed in (5.11) and (5.15), respectively.
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In the models (6.1) and (6.3), no assumption has been made on the
resistors’ characteristic

9r(Ur, i) = 0, (6.12)

except that g, € C1(R?r,R"); recall that b, is the number of resistors.
In particular, full coupling among resistors is allowed. In this nonlinear
context, the analysis will be performed locally around a resistive operating
point (v}, 4%) (cf. subsection 6.2.1 above); for the results discussed in this
subsection it is actually enough to assume just that g, (v}, i) = 0.

In the linear setting, ¢, (v,,4,) reads Dv, + Fi, for certain b, X b, real
matrices D and E, and (6.12) has the form

Du, + Ei, = 0. (6.13)

The results will be discussed here in both nonlinear and linear contexts,
holding globally for the latter. In later subsections the results will be re-
stricted to the nonlinear framework, although they can be applied globally
to linear problems in a way similar to the one here presented.

We provide below a strict (local, in nonlinear cases) passivity defini-
tion directed to these fully implicit descriptions of resistors. Proposition
6.1 will prove that this notion is well-defined and, in particular, that it
amounts to the positive definiteness of the (incremental) conductance and
resistance matrices G, R in (local) voltage- and current-controlled descrip-
tions, respectively. Essentially, we will assume that there exists some ex-
plicit voltage-current description of the resistors which uses exactly one
variable (that is, the current or the voltage) from each circuit branch; the
appearance of the current or the voltage variable may differ from one branch
to another, that is, we certainly do not assume this description to use either
all voltages or all currents.

In the nonlinear setting defined by (6.12), this property can be derived
from the existence of a disjoint union o U 8 = {1,...,b,} such that the

derivative
ogr &qr)‘
. (6.14)
<8”T“ Dirs oz ir)

is nonsingular. Then, by the implicit function theorem there exists a local
C! map n = (1m1,72) yielding a local description of g, (v, i,.) = 0 of the form

Ur, =1 (ira s 'Urﬁ) (6.15&)
irg = 12(iry, Ury)- (6.15b)
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The Jacobian matrix H (i, ,v,,) = 0’ (ir,, vr,) Will be called the incremen-
tal hybrid matriz associated with the partition defined by «, 8. The implicit
function theorem locally yields

. an o 09, 09, \ " (D9 Ogr
Hire,vry) = (a— a—) = (a a) (a a) » (616)
the partial derivatives of 1 being evaluated at (ir,,v,,) and those of g, at
(Ur, ir).

In particular, if @ = {1,...,b,} and 8 = 0 then (6.15) corresponds to
the current-controlled representation v, = 1 (i) (cf. (5.21)); the dual case
a=0,8=1{1,...,b.} yields the voltage-controlled description i, = n2(v,.),
as in (5.19). The incremental hybrid matrix would then amount to the
incremental resistance or conductance matrices, respectively.

For the linear case, in which the implicit description g, (v, 4,) = 0 reads
Dv, + FEi, = 0 as depicted in (6.13), we use a notation for submatrices
analogous to the one introduced in subsection 5.5.1 (see p. 237); specifically,
w will represent the set {1,...,b,}, whereas « and § stand, as above, for
disjoint subsets of {1,...,b,.} with a U8 = {1,...,b.}. We then denote
by D** and E“” the submatrices of D and E defined by the columns
indexed by « and (3, respectively. The nonsingularity of (6.14) can be then
expressed as that of

(D@ BwP). (6.17)
Now the map 7 in (6.15) is globally defined and reads
(%) = —(D¥™ EP) (B D9P) (“a) =H (“a) , (6.18)
iry Urg Urg
where the b, x b, real matrix
H = —(D*~ g8~ (E“e D¥P) (6.19)

is called the hybrid matriz associated with the above-indicated partition.

Definition 6.1. Assume that the set of resistors is characterized by the
implicit description (6.12), and let the matrix in (6.14) be nonsingular at
a given (vf,i%) € R?r such that g,(vf,i%) = 0. The resistors are then

said to be strictly locally passive at (v, i*) if the incremental hybrid matrix

H(iy_ ,vy,) in (6.16) is positive definite.
In the linear case defined by (6.13), provided that the matrix in (6.17)
is nonsingular, the set of resistors is said to be strictly passive if the hybrid

matrix H in (6.19) is positive definite.
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The following result shows that, in the strictly passive framework, any
other hybrid representation exists (locally in nonlinear cases), and that
the strict passivity notions in Definition 6.1 are actually independent of
the specific choice of this representation; that is, the positive definiteness
assumption on the hybrid matrices above does not depend on the spe-
cific subsets «, 8 defining the partition of {1,...,b,}. This is consistent
with the fact that the strict local passivity notion expresses that, for all
(vp,ir) # (vF,ik) satistying g(vr,i,) = 0 and sufficiently close to (v},i}),
the incremental product (v, — v¥)7 (i, — i*) is positive; note that the sign
of this product near (v},i*) equals that of

(iro = i7,)" (Ve = 07,) + (vry = 07) iy — i5,)
. o \T * \T - * ira - i:a
= ((zTa - Zra) (UTﬁ - Ur[g) )H(lra ’ vrﬁ) U — v*
T3 )
and is therefore positive provided that the incremental hybrid matrix is pos-

itive definite. In the linear case the corresponding property holds globally.
See also Remark 6.2 below.

Proposition 6.1. If a and 8 define a partition of {1,...,b,} which makes
(6.14) nonsingular and the incremental hybrid matriz H(iy_, vy ) in (6.16)

Ta? T‘B
positive definite, then for any &, B defining another partition of {1,...,b,}
there exists a locally defined C* map 7 such that (6.15) is equivalent to

Upy =T (ird,vrﬁ) (6.20a)
= 72 (irg, Ury), (6.20b)

irg
with 77 (i

In the linear setting, if o, B make (6.17) nonsingular and the hybrid
matriz H in (6.19) positive definite, then for any other partition defined by

a, ﬁ there exists a positive definite H such that (6.18) is equivalent to

Urg \ & [ s
() 2) oo
3 A

This means that, in a strictly passive circuit, one can choose arbitrarily
the voltage or the current in every circuit branch as a variable for a hybrid
description of the form (6.15) or (6.18); that is, all hybrid descriptions
(as well as the extremal cases given by the voltage-controlled and current-
controlled representations) are well-defined. Furthermore, we can speak of
a strictly passive resistive network without the need to resort to a specific
hybrid or voltage/current-controlled description.

* ) positive definite.

ra’ 'f‘
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The key aspect in the proof of Proposition 6.1 is the following linear
algebra result. We make use of the fact that a positive definite matrix is
nonsingular.

Lemma 6.1. Consider a linear mapping y = Hx with H € Rb*br positive
definite. Let v and X define any partition of {1,...,b.}, and assume that
Ty, Yy (TESp. Tx, Yr) denote the components of x, y indexed by v (resp. A).
Then there exists a matriz H € Rb*br such that y = Hz s equivalent to

<zz) :H(iz) (6.22)

Moreover, H is positive definite.

Proof. Assume, without loss of generality, that v (resp. A) are the first
p (resp. last b, — p) elements of {1,...,b,.}. Write then y = Hz as

()= () (2): -

The positive definiteness of H makes the block Hi; positive definite as well
(see e.g. 7.1.2 in [137]), since

Hy H w

T 11 412 T

0 =w H >0

(w )(H21 H22> <0> A

for any non-vanishing w € RP. Hence, the submatrix Hj; is nonsingular;

this leads to z, = Hl_ll(yAY — Hiazy) and thereby yy = Hngl_ll(y7 —
Hqsxy) + Hooxy, yielding an explicit expression for H in (6.22), namely

= Hy ﬁu) < H' —Hy{'Hio >
H=1 =~ ~ = _ = . 6.24
(H21 Hao Hy H' Hoy — Hy Hy ' Hio (6:24)
Finally, the identities

Hyi Hig )\ (2
TT v T T T T
(] 2]) (H21 Hay alyy +x3yn = ylay + xiua

T
Hy H
T .T 111 1112 Yy
N (yv ) (H21 H22> (xx)

show that the positive definiteness of H is transferred to H. O

Proof of Proposition 6.1. In the light of Lemma 6.1, let z, stand
for the set of voltage and current variables present in (i, ,v,,) but not in
(irg>vry); @ for the ones which are both in (ir,,,vr,) and (irs,vr;); yy for

the variables in (vr,,ir,) not belonging to (vr,,ir;); and yx for the ones



270 Branch-oriented methods

present both in (vr,,ir,) and (vr,,i,,). Note that, by construction, z.
equals the set of variables in (vy,,i,;) which do not belong to (vr,,ir,)
and, similarly, y, equals the variables (z}&,v%) which are not present in
(Grg>Vry)-

In the linear case the result follows immediately from Lemma 6.1. Focus
in the sequel on the nonlinear case. With the above-introduced notation,
equation (6.15) can be written as

Yy = Ny (@, T2) (6.25a)

Yx = Mr(z, 25). (6.25b)
We need to show that (6.20) is locally well-defined; we will write this rela-
tion as (2, yx) = 71(Yy, Tr)-

Let H;; stand for the derivative 2 a . As detailed in the proof of Lemma
6.1, from the positive definiteness of the incremental matrix F , it follows
that Hip is positive definite and, in particular, nonsingular. This means
that from (6.25a) we can write , = 7y (y,, 2x) for a locally defined map 7.
Additionally, from (6.25b) we derive yx = na(7y (Y, ), Zx) = A (Yy, TA)-
From the implicit function theorem one gets

Oy _ (O )

0y~ O0x~
Oy _ _(Om\7 Oy
Ox) Oz Oxx
%_%%_%<%>_

- Oz

oy, 0z, 0y, Oz,

Din _ Om Oy O O (0m\ T Oy O
Oxy Oz, 0z\  Oxy 8xfy 0z Oxy  Oxy’
The positive definiteness of the incremental hybrid matrix 7' (y.,zx) then

follows from these expressions and (6.24) by Writing Hy = SZ” , as indicated

above, and Hiy = 51, Hyy = S, Hy, = 51 O

TA

Remark 6.2. In the setting of Proposition 6.1, for &, B defining any par-
tition of {1,...,b,}, it is actually true that

dg,  0gr
Ovy, Oiy .

in nonlinear cases, as well as

(6.26)

(v7i7)

(D& BB (6.27)
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in linear problems, are nonsingular. This is an easy consequence of the
following fact: if D and E are b, X b, matrices, with D nonsingular and
H = —D~'E positive definite, then the exchange of the j-th columns of D
and E result in two matrices D, E with D nonsingular and H = —D~'E
positive definite. Indeed, the nonsingularity of D follows from the identity
DH = —F and Cramer’s rule, since the j-th diagonal entry of a positive
definite matrix H is positive; the positive definiteness of H follows from
Lemma 6.1. The transition from (6.14) and (6.17) to (6.26) and (6.27) can
be seen as a sequence of such column exchanges in ¢’ (v, i¥) or in the matrix
(D FE) coming from (6.13), respectively; the nonsingularity of (6.14) is then
equivalent to that of (6.26), the same holding for (6.17) and (6.27).

6.2.3 Multiport reduction

In the state formulation problem, as well as in the geometric index analysis
performed in subsection 6.2.4, a key step is the elimination of the resistive
voltages and currents from the models (6.1) and (6.3). If the source currents
ij, i, and voltages v;, v, are also eliminated, this would yield a reduced
model involving only reactive variables and excitation terms which, for the
reasons detailed below, will be called a multiport model. We show here that,
under a strict passivity assumption on resistors, this multiport reduction
is always feasible around an operating point. Furthermore, the multiport
model will preserve the geometric index of the original branch-oriented one.
Focusing on nonlinear problems we state the results in a local way, although
the linear analogs can be easily derived.

6.2.3.1 Multiport model

Since all circuits are assumed to be connected and well-posed (cf. page 206),
we may choose a tree containing all voltage sources and no current source.
Using the subscripts ‘1’ and ‘2’ for twigs and links, rewrite the model (6.3)
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as

C(ve)vl, = i (6.28a)
L(il)ig = U] (6.28b)

icl 112
o= |" [ —FT| (6.28¢)

2 15

Tpy Ipg

Uiy Veq
o= |["2|+F| " (6.28d)

v; Uy

Ury Uy
0= gr(vr,ir) (6.28¢)
0=i; —is(t) (6.28f)
0 = vy — vs(t). (6.28g)

The matrix F will be split in blocks according to the different variables
entering (6.28d) as follows:

i Fio i3 Fuy
Foy Foy Iz Py
F31 F3o F33 I3y
Fy Fuo Fuz Fuy

(6.29)

In particular, the block F = Fyy will be important in the elimination of
resistive currents and voltages.

Now, the chance to write locally the resistive variables %,,, v,, v, and
ir, in terms of reactive variables and the excitation terms via the implicit
function theorem relies on the key assumption that the derivative matrix

I 0 0 =—FT

M=| 0 I F 0 (6.30)

Ogr  O9r  Ogr Ogr

Oipy  OUry Ovpy  Oipy
is nonsingular at a resistive operating point (v},i*). The first two sets of
rows in (6.30) describe the derivatives with respect to 4r,, vr,, vy, and
ir, Of the entries corresponding to 4, and v,, within (6.28c) and (6.28d),
respectively, whereas the last rows comprise the corresponding derivatives of
gr in (6.28e). It is worth remarking that, if the nonsingularity of M in (6.30)
holds at a resistive operating point (v, *

T'r

), then the elimination procedure
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detailed below is locally feasible around any operating point (v*,i*) at t*
», since the entries of M depend only on the
circuit topology and the resistive variables.

The invertibility of the matrix M in (6.30) plays a fundamental role in
index analyses and in the state formulation problem, and it is shown in
Theorem 6.1 to hold for problems with strictly locally passive resistors; cf.
also 6.2.3.2. In problems with linear resistors, the last rows of M in (6.30)
are defined in terms of the matrices D and E in (6.13) and the forthcoming
procedure holds globally.

Provided that the nonsingularity of (6.30) is met, we can locally write

for which v, = v} and i, =1

Ipy = @1(Vey, Uy 5 Uiy beg, Us(t), is(t)) (6.31a)
Vpy = Q2(Vey s Uiy 5 bl s feg, Vs (), 15 (t)) (6.31b)
Upy = 03(Vey, Uiy 5 Ggs Gy, Us(t), 15(1)) (6.31c)
Gy = Q4(Vey, Uiy 5 blas Gy, Us(t), is(t)), (6.31d)
for certain locally defined mappings «;; we have used i; = i5(t), vy, = vs(t)

from (6.28f), (6.28g). From these relations and (6.28c), (6.28d) we can also
express locally i,, and v; in terms of the same variables, that is
oy = 5 (Ve s Uiy 5 Gy beg, Us(t),05(1)) (6.32a)
V; = 6(Vey, Uiy, G1g, eg, Us (1), 45(2)). (6.32b)

Using the expressions for v,, and 4,, given in (6.31c) and (6.31d), the
remaining equations of (6.28) yield a system of the form

Olve)vl = ic (6.33a)
Ly = v (6.33b)
0= <77’;C1 ) — \Ill(vc1vvl1v7;l277;62a'Us(t),is(t)) (633C)

l1

0= <Ulz ) — \I’Q(Uc1vvl1vil27iczaUs(t), Zg(t)), (633(1)

Vey
for certain locally defined maps ¥y, W5. For later use, the expressions
defining 4., and ¢;, in (6.33c) read
Gey = Flyin, + Foyic, + Fiyis(t) + Fiiou (6.34a)
i1, = Flyity + Fayic, + Fyis(t) + Flyou, (6.34D)
whereas v;, and v, in (6.33d) are given by
v, = —F110e — Frovy, — Fivs(t) — Fiaas (6.35a)
Vey = —F210e, — Fagvi, — Fa3vs(t) — Fasas. (6.35b)
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Note that, for notational simplicity, we do not write explicitly the depen-
dence of ag and g on (Vey, Uiy s Giysbes, Us(t),i5(t)).

It is worth emphasizing that, so far, the unique requirement on the tree
used in this scheme is that it contains all voltage sources and no current
source; in particular, we do not yet need the tree to be a proper or a normal
one, as will be required at later stages. Note also that no specific hybrid
description has been assumed for the set of resistors.

Remark 6.3. System (6.33) will be called a multiport model. Indeed, the
maps ¥; and ¥y within equations (6.33c), (6.33d) can be understood to
define b.+b; abstract relations involving the currents and voltages of certain
b.+b; ports of a (possibly nonlinear) subnetwork which includes all resistors
and sources, with a time dependence coming from the sources; cf. Figure
6.2.

o R iy
T B §+
Vey /E Multiport Uiy

ey, " | Uy,

+ r—o —O +
Vey,, /E Uiy,

Fig. 6.2 Multiport model.

The connection of reactances at those ports leads to the dynamical sys-
tem modeled by the DAE (6.33). This description is often assumed as a
starting point in circuit analysis, cf. for instance [60, 244, 258]. See also
[13, 269, 273]. Theorem 6.1 will show that this formulation is feasible for
well-posed circuits with fully-coupled, strictly locally passive resistors at
(v¥,i%), provided that there exists at least one operating point (v*,i*) at
t* for which v, = v} and ¢, = ¢}; this result will be a consequence of the
invertibility in this context of the matrix M in (6.30). As indicated above,
in nonlinear problems this formulation holds locally around any such op-
erating point, whereas in linear settings the multiport model is globally
defined.
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Theorem 6.1. Assume that (6.1) and (6.3) model a well-posed, connected
circuit with strictly locally passive resistors at a resistive operating point
(v, i¥). For any tree containing all voltage sources and no current source,
the matriz (6.30) is nonsingular and therefore the mappings (6.31) and
(6.32) as well as the multiport model (6.33) are locally well-defined around
any operating point for which v, = v}, i, = 1.

Moreover, if the incremental matrices C(v.) and L(i;) are nonsingular,
the geometric index of the branch-oriented models (6.1) and (6.3) equals

the one of the multiport model (6.33).

The proof of Theorem 6.1 relies on the linear algebra property stated
independently in Lemma 6.2. Recall that a real square matrix S is skew-
symmetric if ST = —8.

Lemma 6.2. Any matriz of the form

( 1{) f ) , (6.36)

with S skew-symmetric and D definite, is nonsingular.

Proof. We make use of the fact that the matrix in (6.36) is nonsingular
if and only if so it is the Schur complement (cf. Lemma 3.3 on p. 127) of the
first identity block. This means that the nonsingularity of (6.36) amounts
to that of I — DS.

In order to assess the nonsingularity of I — DS, assume that

(I — DS)w = 0. (6.37)

Premultiplying by w'ST we get 0 = w'STw — w'STDSw = w'STDSw.
Here we have used the fact that w'ST
S, since S = —S7T yields

w'STw = (w'STw)" = w'Sw = —w'STw.

w = 0 for any skew-symmetric matrix

The identity w'STDSw = 0 and the definiteness of D then imply that
Sw = 0, and by (6.37) this leads to w = 0, showing that I — DS is indeed
nonsingular. 0

Proof of Theorem 6.1. Due to the strictly locally passive assumption
on resistors at (v}, %), Proposition 6.1 and Remark 6.2 imply that the block

(99, Ogx
K= ( Bor. 8%) (6.38)
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in (6.30) is nonsingular at (v},}). Via the implicit function theorem, this
defines a local hybrid description of resistors of the form
Ury =1 (irl ) 'Urg) (639&)
iry = N2(iry, Ury), (6.39b)

where it is worth recalling that the subscripts ‘1’ and ‘2’ stand for tree and
cotree devices, respectively. For later use, set

om om ona o2
=g =g =gt e =g v
the derivatives being evaluated at (i, , vy,).
Premultiply then the matrix M in (6.30) by
I 0 0
01 0 (6.40)
0 0 K1

to assess the nonsingularity of M in terms of

I 0 0 —FT
0 I F 0
J= 6.41
—Hy —Hio I 0 ’ (6.41)

—Hyy —Hopp 0 T

where we have used the identity

Hy Hip\ _ (99r Ogr ' (9g, Oy,

H21 H22 61)” 8ir2 6@}1 8UT2
which follows from the implicit function theorem. Note that .J in (6.41) has
the form depicted in (6.36) with

Hiw Hio 0 —FT
D__H__<H21 H22>’S_<F 0 )
From Proposition 6.1, the matrix H is positive definite, so that D = —H is
negative definite; the nonsingularity of J and therefore of M in (6.30) then
follows from Lemma 6.2.

The index equivalence between the models (6.1), (6.3) and (6.28) and
the multiport equations (6.33) is an immediate consequence of Proposition
3.7 (p. 128), since the elimination of zo = (iry, Urys Ury; brg, tus Vg, 05, Vy)
from (6.28) is a Schur reduction under the assumption that M in (6.30) is
nonsingular; specifically, the mapping go in Proposition 3.7 is defined by
the expressions involving ¢, 4r, in (6.28¢) and v;, v,, in (6.28d), together
with (6.28e), (6.28f) and (6.28g). O
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Remark 6.4. The hybrid description (6.39) means that the voltages of
resistive twigs and the currents of resistive links can be written in terms
of the currents of twig resistors and the resistive link voltages. As shown
above, the chance to use a hybrid description compatible with the chosen
tree follows from the strict passivity assumption on resistors. Without such
a passivity assumption, the existence of the hybrid description (6.39) is
often required a priori (see [13] and 6.2.3.2 below). Note that the existence
of this representation is, in general, independent of the nonsingularity of M
in (6.30), which in this setting also follows from the passivity requirement.

6.2.3.2 Additional remarks on the invertibility of the matriz M

The nonsingularity of the matrix M in (6.30) is closely related with the
so-called associated resistive network obtained by replacing twig reactances
by independent voltage sources and link reactances by independent current
sources (see [271, 272, 274] and references therein); mind that this term
is often use in other senses (cf. for instance 2.4.12 in [128]). Note that
every choice of a tree in the original circuit defines a different associated
resistive network. For a given tree including all voltage sources and no
current source, these replacements lead to a resistive circuit modeled by
the algebraic equation

1q ig t

0= | i, | = F" [ is(t) (6.42a)
Tpy Ty
v; vs(t)

0= v | +F| vs(t) (6.42b)
Upy Vpy

0 = gr(vp,1r), (6.42¢)

together with i; = i4(t), i; = i5(t), vy = vs(t) and vy = vs(t); we are
using the tilde ~ to refer to the newly introduced sources. The chance to
express, locally around a given point satisfying (6.42), all resistive currents
and voltages in terms of the excitations via the implicit function theorem
relies on the nonsingularity of M. In a linear setting, the nonsingularity of
this matrix is equivalent to the unique solvability of the associated resistive
network.

Theorem 6.1 shows that any associated resistive network is uniquely
solvable if the original circuit is well-posed and resistors are strictly passive;
via Proposition 6.1, this property holds without the need to assume a prior:
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the existence of a hybrid description of resistors compatible with any tree.
Without such a strict passivity requirement on the resistors, however, the
matrix M need not be invertible. In spite of the fact that our attention is
mainly focused on problems with strictly passive resistors, a brief digression
in this regard follows.

In such a non-passive context, the nonsingularity of M can be further
discussed if we assume that, for some tree, there exists indeed a hybrid
description of resistors of the form depicted in (6.39), as it is done in [13].
We are then led to assess the nonsingularity of the matrix J in (6.41). In
particular, sufficient conditions for the nonsingularity of J are given, with
a different notation, in [13] (see egs. (127) and (128) in pp. 289-290), where
it is required that either

I—HyF" (6.43)
and
I+ HoF 4+ H FT'(I — Hy F') " Hy F (6.44)
are nonsingular, or so they are
I+ HF (6.45)
and
I — Hy F' + HypoF(I + HyoF) " H FT. (6.46)

These requirements can be easily understood by noticing that the Schur
complement (cf. Lemma 3.3 on p. 127) of the upper-left identity blocks in
J within (6.41) reads

G (10Y, (HuHz\ (0-F"
“\o 1 Hy Has ) \F 0
I+ HiyF —Hy FT
- HooF I —HyFT )’

which makes it possible to examine the nonsingularity of J, supporting

(6.47)

index analyses or unique solvability properties of associated resistive net-
works, in terms of the somehow simpler matrix J in (6.47). In particular,
the fact that the nonsingularity of the pair of matrices (6.43)-(6.44) or that
of (6.45)-(6.46) implies the nonsingularity of J becomes clear, since (6.44)
and (6.46) are the Schur complements of (6.43) and (6.45), respectively, in
J. Incidentally, none of these pairs of requirements is actually necessary
for the nonsingularity of J; indeed, a two-branch example with F =1,
Hyy = —1, Hy; =1, Hy1 # 0 # Has yields nonsingular matrices J and J
in (6.41) and (6.47) even though the ones in (6.43) and (6.45) are singular.
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6.2.4 Index characterization

Using the results presented in subsections 3.4.7 and 6.2.3, we character-
ize below the geometric index of the branch-oriented model (6.1) and the
tree-based reformulations (6.3) and (6.28) in problems with strictly locally
passive resistors. The tractability index of these models is discussed in
[234]. Mind that, according to the results of subsection 6.2.2, the strict
passivity assumption avoids the need to assume a priori the existence of
a hybrid description for resistors or the invertibility of the matrix M in
(6.30).

Theorem 6.2. Consider a well-posed, connected circuit with nonsingular
incremental capacitance and inductance matrices C, L, and strictly locally
passive resistors at all operating points.

(1) The branch-oriented models (6.1) and (6.3), as well as the multiport
model (6.33), have geometric index one if and only if the circuit has
neither VC-loops nor IL-cutsets.

(2) Assuming additionally that the matrices C and L are positive definite,
the existence of VC-loops and/or IL-cutsets makes systems (6.1), (6.3)
and (6.33) index two.

Proof. According to Theorem 6.1 (p. 275), it is enough to prove the as-
sertions for the multiport model (6.33), which is locally well-defined around
any operating point and retains the index of the branch models (6.1), (6.3)
and (6.28) for any tree containing all voltage sources and no current source,
under the assumption that resistors are strictly locally passive; see also Re-
mark 6.1 on p. 260. For item (1) we will assume that the tree leading to
(6.33) is proper, whereas for item (2) it will be a normal tree (cf. page 206).

Assume first that there are neither VC-loops nor IL-cutsets, as stated
in item (1). Letting then the tree be a proper one, in which all capacitors
are twigs and all inductors are links, the multiport model (6.33) amounts

to
C(v)vl, = ie (6.48a)
L(i)il = v, (6.48b)
0 = iy — Wy (00, i1, 03 (1), 14 (1)) (6.48¢)
0= v, — Ua(ve, i1, vs(t),is(t)), (6.48d)

which is an index one DAE since the derivative of (6.48c¢)-(6.48d) with
respect to the algebraic variables i., v; is obviously nonsingular.
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The converse result in item (1) can be directly addressed in terms of
the original branch model (6.1). Assume that this system is index one,
so that the derivative of the mappings in (6.1c), (6.1d), (6.1e), (6.1f) and
(6.1g) with respect to the algebraic variables i, iy, 95, tu, Vi, Ur, Vj, Uy
must be nonsingular at any operating point. Since i, i, only enter (6.1c),
it follows that (A, A,) has full column rank, so that the circuit has no VC-
loops according to Lemma 5.3 (p. 199). Analogously, since v;, v; are only
present in (6.1d), the submatrix (B; B;) must have full column rank, which
according to Lemma 5.7 (p. 200) indicates that there are no IL-cutsets. Item
(1) is then proved.

Focus in the sequel on item (2), and assume that the tree used in the
derivation of (6.33) is a normal one. In a normal tree, the fundamental
cutset defined by each twig inductor only has link inductors and current
sources and, analogously, the fundamental loop defined by each link capac-
itor only involves twig capacitors and voltage sources (see page 207). This
implies in particular that the blocks Fsa, Fyo and Fb4 within the matrix F
in (6.29) vanish, and then the expressions (6.34b) and (6.35b) for 4;, and
Ve, Tead

ity = Flyit, + Fiyis(t) (6.49a)
U02 = —Fglvcl — F23’Us(t). (649]9)
Additionally, the relations Fay = 0 and Fyo = 0 show that the variable i,
is not involved in the expression for i,, in (6.28c), nor is the variable v;,
in the equation defining v,, within (6.28d). Therefore, the c;-mappings in

(6.31) are actually independent of v;, and i.,, so that (6.34a) and (6.35a)
can be rewritten as

iC1 = Firlil2 + Fglic2 + F?—)rll‘?(t) + FLO&;(’UCI,ilz,vs(t),is(t))

= [1(Vey s 8ig, leg, Vs(t),15(1)) (6.50)
v, = —Fi1ve; — Fiavy, — Fiavg(t) — Fraas(ve, , i1y, Us(t),95())
= 52(1}617ilzvvlmvs(t)vis(t))a (6.51)

where, with notational abuse, we have removed the dependence of ag and ay
on vy, and i.,. Mind that 1 does not depend on v;, and (2 is independent
of i.,; moreover, 31 and (3 are linear in 4., and v, respectively, with

0B _ w0
81'02 20 (9’()11

Using the expressions depicted in (6.50) and (6.51), we can then elimi-
nate ¢, and v, from the multiport model (6.33). This is a Schur reduction

= —F,. (6.52)
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which, according to Proposition 3.7, does not change the index. The re-
sulting model is defined in terms of the variables (ve,, Vey, @iy 5 tins Uty fcs)
by

) (%) = (Al s OO g

) Z52

A Ul
L4 L) = . . ) 6.53b
( l) (%2) <ﬁ2(vc1vllzvvl1vvs(t)aZs(t))) ( )
0 =iy, — Flyi, — Fiyis(t) (6.53¢)
0 =10 + Fglvcl + F23’Us(t), (653(1)

where it is worth emphasizing that at least one of the two equations (6.53¢)
or (6.53d) must necessarily be present in the model because of the existence
of at least one IL-cutset or VC-loop.

System (6.53) is a Hessenberg DAE of the form depicted in (3.78),
with dynamic variables y = (v, ,Vey, i1 ,%1,) and algebraic variables z =
(vi;,%c,). Note that, indeed, the twig inductor voltages v;; and the link
capacitor currents ¢., within z do not appear in the algebraic relations
(6.53¢)-(6.53d). The mappings h and g in (3.78) are here defined by

Cv)! (ﬁl(vcl,ilg,i?z,vs(t),is(t))>

leqg

h(y, z,t) = (6.54a)

L)~ (62(%1,2'12,”11”11’ vs(t),is(t))>

_ iy — FirQilz - F:;I—QZS(t)
g(y,t) - (Ucz +F21Ucl + F23'Us(t) . (654b)

According to the results in 3.4.7.3, for the Hessenberg system (6.53)
to have geometric index two we need to check that the product gyh. is
nonsingular. In the light of (6.54), this product reads

(0 0 I—F15> C_l(UC)<8 F;T1> (6.55)

Fa I 0 0 o1 0\ |
L (”)(—Flz 0)

where we have used (6.52) and the fact that 81 and 83 do not depend on vy,
and i.,, respectively. The expression depicted in (6.55) can be rewritten as

(A e ) ()4, ). v



282 Branch-oriented methods
that is,
(1 -y () 0
—F12
1 i\ |7
0 Fyy 1)C™ (v,

o et ()
which is easily proved nonsingular since the positive definiteness assump-
tions on C and L make C~! and L~! positive definite as well. This shows
that the Hessenberg model (6.53) is index two, and thereby the multiport

equations (6.33) as well as the branch-oriented models (6.1) and (6.3) have
geometric index two, thus completing the proof of item (2). a

(6.57)

Theorem 6.2 implicitly presumes the existence of at least one operating
point (cf. subsection 6.2.1). In this regard, the index two setting raises
the question of whether there exist operating points actually satisfying the
hidden constraint for the Hessenberg DAE (6.53). This can be answered in
the affirmative. Indeed, the hidden constraint g,h 4 g; = 0 reads

(le ?) () (&(vcl,nz,i;:vs(t),is(t)))

#(0707) 570 (a0t i) * (rrmtty ) =©
(6.58)

Since 31 does not depend on v;, and is linear in i., and, similarly, fa is
independent of i., and linear in v, , it follows that this system is linear in
vy, and i.,. The nonsingularity of the product g, h. proved above makes
it possible to express z = (vi,%.,) in terms of the remaining variables.
Specifically, the first rows of (6.58) allow us to write

U, = <1(U61ailzavs(t)vis(t)ai/s(t))a (659)
whereas the last ones yield
ley = G2 (Ucl 185 Us (t)v is (t)v U; (t)) (660)

In turn, the conditions F54 = 0 and Fyo = 0 in a normal tree indicate that
ic, and vy, are not involved in the requirements on the configuration space
imposed by the equations defining 4,, and v,, within (6.28c) and (6.28d),
respectively. Broadly speaking, this means that v;; and i., can be freely
assigned; since the existence of an operating point guarantees that the linear
system defined by (6.28¢c) and (6.28d) with i, = ¥, i; = i5(t*), v, = v}
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and v, = vs(t*) has a solution, it follows that there actually exist operating
points at t* with vy, , i, given by the relations depicted in (6.59)-(6.60).

Note also that, by Proposition 6.1, there would be no loss of generality
in recasting Theorem 6.2 in terms of local voltage-controlled or current-
controlled descriptions for resistors, with positive definite incremental con-
ductance or resistance matrices, respectively.

6.2.5 State space reduction

The reduction approach supporting the geometric index characterization in
Theorem 6.2 naturally yields local state equations modeling the circuit dy-
namics. Based on the semiexplicit form of the branch models (6.1) and (6.3)
under the assumption of nonsingularity on C(v.), L(4;), and the Hessenberg
form of (6.53) in the index two case, we may follow the ideas discussed in
3.4.7.2 and 3.4.7.3 to derive such state space models. This is done in The-
orem 6.3 below, which can be understood as a restatement in DAE terms
of the proper and normal tree methods [18, 35, 36].

For the sake of notational simplicity, we remove in (6.61) and (6.62)
below the explicit dependence on t of the source terms vs(t), i5(t) and their
derivatives v.(t), i’ (t). The expressions defining the maps in (6.62) are

detailed within the proof.
Theorem 6.3. Under the assumptions of Theorem 6.2, the circuit dynam-

ics are locally modeled by state space equations of the form

= C(’UC)_lqjl(’Uc;ilaUs,is) (661&)
Z; = L(il)iquQ(vca ilavsais), (661]9)

(%

in problems with geometric index one, and

~ . . .y .
o = C(Ucl,vs) <ﬂ1(vcl,’tl2,<2(U01,112,US,7,S,’US),US,’LS)) (662&)

‘1 §2(Uclailzavsvisavg)

ﬁQ(UQ ) ilz ) Cl (Um ) z'l2 ) Usy Ls, le)v Vs, is)

. .
it = L(iy,i.) ( G1(Ver, itz Vs, B, ) ) (6.62b)
for circuits with geometric index two.

Proof. In the index one context, the reduction (6.61) is immediately ob-
tained from (6.48). Note that this state space model has the form displayed
in (3.77).

For the index two case, we use the Hessenberg form of (6.53) to derive
a state space model of the form depicted in (3.82). The state variables



284 Branch-oriented methods

u will be defined by the twig capacitor voltages v., and the link inductor
currents i;,, whereas w will include the twig inductor currents i;, and the
link capacitor voltages v.,. The mapping w = ¥ (u,t) used in the reduction
of Hessenberg DAEs within 3.4.7.3 is now explicitly given by (6.53c) and
(6.53d), namely

iy = Flyity + Fiyis(t) = v1(ity, i5(1)) (6.63a)
Vep = —Fo10e, — Fa3vs(t) = ¥2(ve, , vs(t))- (6.63D)

Let us then insert these expressions within the capacitance and inductance
matrices C'(v.), L(7;) and split their inverses as

C~'(001 ,Us(t))

Cllons a0 = (G ON) o)

and

L((41 (it i5(t)), 11,)) " = (igiig%) , (6.65)

respectively. In both cases, the rows defining the ~ submatrices are those
corresponding to tree reactances, whereas the ones entering the ~ subma-
trices correspond to cotree elements.

We also need to express the variables z = (v, ic,) in terms of v., and
i1,. Following again 3.4.7.3, this will be given by the mapping z = ((u,t),
which comes from the hidden constraint g,h + g = 0. The map ¢ is in
this case defined by the relations displayed in (6.59)-(6.60). The insertion
of these expressions into the corresponding entries of (6.53a) and (6.53b)
finally yields the local state space model (6.62). |

Note that the explicit appearance of the derivatives v/ (t), i.(t) of the
excitation terms in (6.62) is consistent with the index two nature of the

circuit configurations arising in item (2) of Theorem 6.2.

An index one example: Bashkow’s circuit

Let us drive our attention again to Bashkow’s circuit (Figure 6.1). The
multiport model (6.33) for this circuit is obtained after eliminating from
the equations discussed in subsection 6.1.2 the resistive branch variables
using (6.5¢), (6.5d), (6.7¢c) and (6.8), as well as the voltage and the current
in the source by means of (6.7b) and the identity i; = io(¢). This leads to
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C1vl, = e, (6.66a)
Covl, = e (6.66b)
C3vl, = e (6.66¢)
Lui), =, (6.66d)
Loy, = u, (6.66¢)
0 =i, — i1, +io(t) (6.66f)
0 =ic, — i1, + G3(Vey + Vey) (6.66g)
0 =tcs + i1, + G3(vey + Vey) (6.66h)
0 = vy, + Ve, + Ve, + Ruiy, (6.661)
0 = vy, — Ve, + Rsi, . (6.66;)

This is an index one DAE, consistently with Theorem 6.2 and the absence
of VC-loops and IL-cutsets. The state space equation given by (6.61) is

Crog, = ir, —io(t) (6.67a)
Covg, = —Gi3(ve, +veg) + 1y (6.67D)
Csv,, = —G3(ve, + vey) — iy (6.67¢)
Luij, = —ve, — Ve, — Raiyy (6.67d)
Laiy, = vey — Rsin, (6.67¢)

which, as expected, coincides with the one derived in [18].

State equations of index two circuits

VC-loops. Consider the circuit discussed in Example 2 (pp. 229-230),
displayed in Figure 6.3 together with a normal tree. According to Theo-
rem 6.2, the presence of a VC-loop should make the branch and multiport
models for this circuit index two, under positive definite assumptions on
the circuit matrices which in this uncoupled problem hold if the individ-
ual capacitances, inductances and resistances are positive. This is indeed
the case, as shown below; for the sake of brevity we work directly with the
multiport model (6.33), which can be easily derived from the corresponding
tree-based model of the form (6.3).

Using the normal tree shown in Figure 6.3, the multiport model for this
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Fig. 6.3 Circuit with a VC-loop and normal tree.

circuit reads

Ol = ie, (6.682)
Oy, = i, (6.68b)
Cavl, = i, (6.68¢)
Lyi], = v, (6.68d)
Laoil, = u, (6.68¢)
0= i, —it, +io(t) (6.68f)
0=ty — ey — i1, — i1, (6.68g)
0 = vy, + Ve + Ve, + Raiy, (6.68h)
0 = vy, +ve, + Rsit, — vo(t) (6.681)
0 = vey + Ve, — Vo(t). (6.68j)

Note that the capacitor C3 is located within a link, owing to the exis-
tence of the VC-loop defined by Cs and C5 together with the voltage source.
The fundamental loop equation for the VC-loop is (6.68j). With respect to
the circuit and the tree considered in Figure 6.1, note that now the twig
capacitor Cy defines a cutset together with the link reactances Ly, C3 and
Lo, so that (6.68g) replaces (6.5a). The fundamental loop defined by the
link inductor Ly also changes with respect to the one in Figure 6.1.

Now, twig capacitor currents and link inductor voltages can be elim-
inated as in (6.50) and (6.51). This yields the Hessenberg model (6.53),
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which for this example reads

Crug, = iy, —io(t) (6.69a)
Covy, = g, + i1, + e (6.69Db)
Cavy, = ey (6.69¢)
Luij, = —ve, — Ve, — Raiyy (6.69d)
Ly}, = —ve, — Rsir, + vo(t) (6.69¢)

0 = ve, + ez — vo(t), (6.69f)

where it is worth remarking the presence of the algebraic variable i.,, cor-
responding to the link capacitor C5. The hidden constraint for this index
two DAE is easily derived from (6.69b), (6.69c) and (6.69f), and can be
written as (cf. (6.60))

3 03,
- — v, (t).
Cy+ C5 + CQ—FC;;UO()

This expression finally leads to the state space model

leg =

(ill + ilz)

Cl’l}él = ill — io(t)

(Ca + C3)v,, = i1, + i1, + Cav;(t)
Lyiy, = =, — Ve, — Ruiy, (6.70¢
Laij, = —ve, — Rsiz, + vo(t). (6.70d

The state dimension of this equation (four) equals the order of complexity
of the circuit, which in the absence of IL-cutsets is defined by the number
of reactances minus the number of independent VC-loops.

Note that the leading coefficients of (6.70) do not vanish since all re-
actances are positive and then C; # 0 # Cy + C3 and Ly # 0 # Lo; in
this regard, it is worth mentioning that in problems without IL-cutsets the
proofs of the index two cases in Theorems 6.2 and 6.3 hold if the capac-
itance matrix C is positive definite and the inductance matrix L is just
nonsingular.

IL-cutsets. If all circuit matrices are positive definite, the existence of IL-
cutsets also leads to index two models within the branch-oriented approach,
as illustrated below. The procedure discussed above allows one to derive a
state space equation also in this setting. Let us then consider the circuit in
Example 3 (pp. 231-232), displayed in Figure 6.4 together with a normal
tree, assuming again that all capacitances, inductances and conductances
are positive.



288 Branch-oriented methods

Fig. 6.4 Circuit with an IL-cutset and normal tree.

The inductor L; is now located in the tree, due to the existence of the
IL-cutset defined by L, L3 and the current source. The reader can check
that the normal tree depicted in Figure 6.4 leads to the multiport model

CQUéQ = iCQ
C3’Ué3 = ic;,
Lligl = Uy,
LQZ‘;2 = 1)12
Lglgs = Uiy

0 =rtc, —i1; + G3(vey + Vey) — G0(t)
0 =tcy + i1, + G3(Vey + Vey)
0 =74y, — i1, —io(t)
0 = v, — Vey + Rsig,
0= v, +vi, + Ve, + Ralis, +io(t)).
The Hessenberg DAE (6.53), which includes the algebraic variable v;, com-
ing from the twig inductor, reads
Cav),, = —Gs(ve, + Ve, ) + i1, + io(t)
Cavg,, = —G3(ve, +vey) — it
Lyip, = vy,
Lyiy, = ve, — Rsin,
Lgiy, = —ve, — Ry(ig, +i0(t)) — v,
0 =1y, — 115 —i0(t),
and the hidden constraint for this index two equation can be checked to
yield, as in (6.59),

L,
Ly + L3

) ) LiLs
. B e,
(Vey + Ra(iy, +i0(1))) + I 1 ngo( )

'Ul1 =
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which finally leads to the state space model

Cov),, = —Gsve, — G3ve, + i1, + io(t) (6.71a)
03023 = —G3ve, — G3vey — g, (6.71b)
Laiy, = vey — Rsil, (6.71c)
(L1 + Ls)iy, = —ve, — Ruit, — Raio(t) — Lyig(t). (6.71d)

The order of complexity (four) of the circuit now equals the number of reac-
tances minus the number of independent IL-cutsets. Again, the leading co-
efficients do not vanish since the capacitances and inductances are positive
and thus Cy # 0 # C5, Ly # 0 # Ly + Ls. In problems without VC-loops
the index two characterization in Theorem 6.2 and the state space deriva-
tion in Theorem 6.3 are actually feasible with nonsingular capacitance and
positive definite inductance, in consonance with the requirements in this
example.

6.2.6 Controlled sources

The results discussed above can be extended to a broad family of circuits
including controlled sources. Specifically, the geometric index characteri-
zation and the state space reduction introduced in subsections 6.2.4 and
6.2.5, respectively, can be adapted in order to apply to circuits with con-
trolled sources under certain restrictions on the controlling variables of these
sources and on the network topology. These ideas are detailed below.

Current and voltage sources will now be assumed to be defined by cer-
tain relations of the form

i) = g,(v.i,) (6.72a)
Uy = gu(v,1,1) (6.72b)

where i; and v, stand for the currents and voltages in current and voltage
sources, respectively. These relations accommodate in particular indepen-
dent sources, which correspond to certain components of ¢; and v, which
are governed by explicit functions of time, to be denoted by is(t) and vs(t).
The remaining sources, associated with the remaining components of i; and
vy, are controlled by certain branch voltages and/or currents.

Letting 4., v; describe the currents and voltages in all voltage and cur-
rent sources, respectively, the general branch-oriented model for circuits



290 Branch-oriented methods

with controlled sources is defined by the DAE

C(ve )., = ie (6.73a)
L(iy)i; = v (6.73b)
0 = Agic + Ariy + Ayip + Aji; + Ayin (6.73¢)

0 = Bcve + Bjvy + Byvy + Bjv; + By, (6.73d)

0= gr(vr,ir) (6.73¢)

i; = gj(v,1,t) (6.73f)

Uy = gu(v,1,1). (6.73g)

Assume now that the circuit has neither I-cutsets nor V-loops; in the present
framework, this means that there are neither cutsets formed by independent
and/or controlled current sources, nor loops formed by independent and/or
controlled voltage sources. Choosing a tree in which all voltage sources are
twigs and all current sources are links, the corresponding tree-based model
reads

Clve )l = ie (6.74a)
L(il)ig = (6.74b)
Teq iy
o=|" [ —FT| = (6.74c)
2 15
Tpy Ipg
1)12 'Uc1
o=|"=|4+r| " (6.74d)
vj Uy,
Upy Upy
0= gr(vp, i) (6.74e)
ij = g;(v,i,t) (6.74f)
Uy = gu(va 7;7 t)v (674g)
where, as usual, the subscripts ‘1’ and ‘2’ refer to tree and cotree elements,

respectively,

The key assumption making it feasible to extend the results of subsec-
tions 6.2.4 and 6.2.5 to circuits with controlled sources is defined in terms of
the controlling variables allowed for them. Specifically, we will assume that
equations (6.74c)-(6.74g) are such that i; and v, can be eventually written
in terms of capacitor voltages, inductor currents, and voltages and currents
in independent (voltage and current, respectively) sources. This means that
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the defining relations (6.74f) and (6.74g) for the sources, together with the
circuit topology, make it possible to write

i =7 (Ve i1, vs(t), 85 (1)) (6.75a)
Uy = Yu(Ve, i1, vs(t), i5(1)). (6.75b)

We will elaborate further on this point in 6.2.6.3 below.

6.2.6.1 Index one

Let us suppose that the circuit has neither VC-loops nor IL-cutsets, where
the excluded sources are both independent and controlled ones. The tree
leading to (6.74) can be then assumed to be a proper one.

Proceeding as in subsection 6.2.3, under a strict passivity assumption on
resistors (or in the broader setting discussed in 6.2.3.2), resistive voltages
and currents can be explicitly written in terms of (v, %, vy, %;) and in turn,
using (6.75), in terms of (v, 4;, vs(t),is(t)). Therefore, the derivation of the
model (6.48) is still feasible in this context and the circuit is immediately
seen to be index one; a state space reduction of the form (6.61) also follows
in a trivial manner.

6.2.6.2 Index two

Assume now that the circuit has VC-loops and /or IL-cutsets. The tree used
in the formulation of (6.74) can be then taken to be a normal one.

Suppose additionally that no controlled voltage source enters a VC-loop
and, analogously, that controlled current sources are absent from IL-cutsets.
In this situation, the normal tree can be chosen in a way such that the fun-
damental cutset defined by each twig inductor only has link inductors and
independent current sources, and the fundamental loop defined by each link
capacitor only involves twig capacitors and independent voltage sources.
This means that the analogs of (6.49a)-(6.49b) can be written as

i, = Flyi, + (Fiy) is(t) (6.76a)
Vey = —Fo1ve, — (Fas) vs(t), (6.76Db)

where (F3T2)* and (Fp3)" are the submatrices of Fy, and Fps defined by the
columns corresponding to independent sources.

Again, under a strict passivity assumption on resistors, or in the frame-
work of 6.2.3.2, resistive voltages and currents can be written in terms of
(Veq s 15, Vs(t),95(t)), as in the proof of the index two case in Theorem 6.2
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and using additionally (6.75) and (6.76). This implies that i., and v;, can
still be expressed in the form
Gey = 1 (Veysiig,bes, Us(t), is(t)) (6.77)
Vi, = 52 (UC1 ) ilz y Uiy Us (t)a is (t))a (678)

as in (6.50)-(6.51), the identities (6.52) also holding in the present context.
Hence, the circuit equations can be written as the Hessenberg system of

) (%) = (Al s OO gy

size two

() Z52

A Uy
L(i ) = . : . 6.79b
( l) (Z;2> <ﬁ2(vclvll2vvl1vvs(t)aZs(t))) ( )
0 =ity — Fiyity — (Fy) is(t) (6.79¢)
0 =10 + Fglvcl + (F23)*Us(t). (679(1)

The index two condition on this DAE again relies on the nonsingularity of
the matrix (6.55), which holds exactly as detailed in the proof of Theorem
6.2 (p. 282). Note also that a state space reduction analogous to the one
presented in Theorem 6.3 can be derived from the Hessenberg model (6.79).

6.2.6.3  Assumptions on controlling variables for the sources

The assumption that the voltages and currents in controlled sources can be
expressed in the form displayed in (6.75) is met in practice by many circuits.
The reader should not erroneously understand that only the voltages of
capacitors and independent voltage sources and the currents of inductors
and independent current sources can be controlling variables; the key idea
is that not only these variables, but also those which can be expressed in
terms of them using the network equations, may act as controlling variables
for the sources.

In particular, the controlling variables accommodated in conditions 1
and 2(a) of the MNA index characterization stated in Theorem 4.1 of [87]
(cf. Tables I-IV there) fall in this framework. For instance, VCCS’s (note
that [87] presumes that all controlled sources fall in the four categories
defined on p. 211 above) are assumed in Table IIT of [87] to be controlled
by the voltages of capacitors, all kind of voltage sources, and branches that
form a loop with capacitors and voltage sources. By Kirchhoff’s voltage
law, the latter implies that these controlling voltages can be written in
terms of those coming from the capacitors and the voltage sources in the
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loop. This means that the currents of voltage-controlled current sources
can be eventually expressed as

55 = g5°% (ve, vu).- (6.80)
Analogously, the remaining sources are assumed (in Tables IV, I, and II,
respectively) to be governed by relations that can be written in the form
CCCS CCcCs

=95 (i, 1s(8), 7, (e, vu); G (Ve, vu)) (6.81)
chs—gffvs(vm s (), gulin, is(2),7, (  0s (1)), 4 (ve, vs(1)))) (6.82)
)3

U =g (1585 ()77 (Ves 05 (8), Gu(Ve, 05 (2)))s G (Ves 05 (1), Gu (ve, v5(2))))- (6.83)

From the expressions depicted in (6.82) and (6.83) it is clear that the volt-
ages in all voltage sources can be written in terms of (v, i;, vs(t),is(t)) and,
subsequently, the same holds for the currents in current sources (cf. (6.80)
and (6.81)).

Therefore, the assumption that i; and v, can be eventually written
in the form displayed in (6.75) is met by the above-mentioned sources. As
detailed in [87, 292], this accommodates in particular the controlled sources
arising in MOSFET transistors, used in many electronic applications. The
extension of these results to circuits including broader families of controlled
sources is however an open problem.

6.3 Qualitative properties

Qualitative features of nonlinear electrical circuits are often addressed via
state models; see [60, 64, 65, 88, 103-105, 128, 201, 204, 286, 287] and
references therein. Many results involving equilibria were established via
state space formulations in the 1970s; a compilation of these results can be
found in the survey paper [60]. As it happens in index analyses, qualitative
properties of equilibria can be assessed in terms of the topology of the
circuit and the electrical features of the devices. Topological aspects were
already emphasized in [60, 64, 65].

Nevertheless, in spite of the wide scope of the state space framework
discussed in these references and particularly in [60], a drawback of this
approach is that the topological conditions arising in qualitative analyses
are somehow merged with those supporting a state formulation. Indeed,
the use of state models in [60] requires local solvability hypotheses (see
specifically Theorems 4 and 12 there) which can be seen as local index
one conditions on a multiport model (cf. [244]), and therefore restrict the
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results to these index one configurations. As a simple example, a C-loop,
displayed for instance in many MOS transistor models [287, 292], would put
the circuit out of the scope of this framework. Other related results, such
as Theorem 10 in [64], are also explicitly restricted to circuit configurations
not displaying C-loops or L-cutsets.

The DAE setting accommodates circuit models in great generality, al-
lowing for a precise distinction between “qualitative” topological conditions
and those supporting state space reductions. In the study of equilibria car-
ried out in this Section, we will hence clarify the nature of the different
topological conditions arising in the analysis, stating the results in a way
such that they apply to index one and index two configurations. Under
some passivity and reciprocity requirements on the circuit matrices, the
qualitative analysis will rely on certain graph configurations involving VL-
loops, IC-cutsets, VCL-loops and ICL-cutsets. The results must then be
stated in a manner which applies in particular to well-posed circuits with
VC-loops (including C-loops) and/or IL-cutsets (including L-cutsets).

We will split the topological conditions supporting different qualitative
features, specifically the nonsingularity, hyperbolicity, and exponential sta-
bility of equilibrium points. These linear stability features are expressed in
terms of certain properties of the matrix pencil spectrum, namely on the
conditions A # 0, Re A # 0 and Re A < 0 for the pencil eigenvalues X\. Note
that the qualitative analysis is possible in terms of matrix pencil theory
because of the geometric index characterization carried out in subsection
6.2.4 above, which makes it possible to apply directly the results of Section
3.5 and, specifically, Theorem 3.5 (p. 131). This way we improve on the
results of [252], where the tractability index analysis requires an ad hoc
support of the use of the matrix pencil spectrum (cf. Theorem 5 there).

Other qualitative aspects of nonlinear circuits will not be touched upon
here. Somehow related issues concerning DC operating points are ad-
dressed in [103-105], where operating points potential stability and in-
stability are defined and analyzed in terms of the DC equations only.
Broadly speaking, these papers classify an operating point of a given
DC circuit as unstable if no insertion of parallel capacitors and series
inductors results in a stable equilibrium of the corresponding dynamic
circuit. Find details in the above-mentioned references. Several results
based upon Lyapunov function methods can be found in [64, 88, 128, 287]
and references therein, whereas qualitative features of certain circuit fam-
ilies are tackled in [98, 155, 257, 286, 287]. Different qualitative proper-
ties of nonlinear circuit dynamics can be studied via the geometric ap-
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proach stemming from the work of Brayton and Moser [28, 29]; later
results in this direction can be found in [77, 118, 119, 268, 302, 303].
Jump phenomena, impasse points and related singularities are addressed
in [61, 62, 233, 236, 246, 258, 288]. Chaotic effects in state space models
of nonlinear circuits have been exhaustively analyzed in the literature; see
[69, 265, 266] as a sample.

6.3.1 Equilibria of DC circuits

Assume that a given circuit has no controlled sources and that the indepen-
dent ones are DC sources; this means that the circuit is driven by constant
excitations i4(t) = I, and v,(t) = V, with I, € R% V, € Rb». For simplic-
ity, let us substitute i; = I, v, = V, within equations (6.1c)-(6.1d) of the
branch-oriented model (6.1) to derive

C(ve)vl. = ie (6.84a)
L(i))i; = v (6.84Db)
0= Acic+ Aig + Avir + AjIs + Ayiy (6.84c¢)

0 = Beve + By + Byvy + Bjv; + B,V (6.84d)

0 = gr(vr, ir). (6.84e)

This is a quasilinear DAE of the form A(x)z’ = f(z), where z is the
semistate vector defined by all branch currents and voltages (except for
the currents and voltages in current and voltage sources, respectively). For
later use, we will order the variables in x as (ve, i, ic, Vi, ir, Ur, by, U;).
The matrix-valued mapping A(x) can be written as

Cve) 0 0 0 0 0 0O
0 L) 0 0 0 0 0 O
Ax) = 0 0 00 0O0O0 O], (6.85)
0 0 00 0O0O0TO
0 0 00 0O0O0TO
and the vector field f(z) reads
le
Ul
flx)=| —Adc— Aiy — Avip — Ajls — Ayin, |, (6.86)

—B.v. — By, — Byv, — Bjv; — B,V
_gr(vra ir)
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where the — sign in the last entries is aimed at later convenience. In the
sequel we assume that a given x* is an equilibrium point of (6.84), namely,
that f(z*) =0.

Remark 6.5. In the light of (6.84a) and (6.84b), the equilibrium condition
requires that i, = 0 and v; = 0. This is equivalent to open-circuiting capac-
itors, so that ¢, = 0, and short-circuiting inductors, which makes v; = 0.
From the point of view of circuit theory, this is the usual procedure to com-
pute the so-called DC' operating points of the network. The relations which
result from performing the substitutions i = 0 and v; = 0 in (6.84c) and
(6.84d), respectively, together with (6.84e), are known as the DC equations
of the circuit.

Given an equilibrium «* of (6.84), our goal in this Section is to charac-
terize topologically certain properties of the spectrum of the matrix pencil
AA(xz*) — f'(x*), that is,

o({A@@*), —f(a)}) = (A€ C / det(MA(") - f/(27)) = 0}.  (6.87)

Following Theorem 3.5, in circuits with a well-defined geometric index
this spectrum will describe linear stability properties of the equilibrium
point z*. Certainly, these circuits include in particular the ones arising
in Theorem 6.2. Recalling that the semistate variables x are ordered as
(Ve, 41, de, VI, By Ur, 4, vj), in the light of (6.85) and (6.86) we have

AC 0 =1 0 0 0 0 0
0 M 0 -1 0 0 0 0
M) —f'@)=| 0 4 A 0 A 0 A, 0|, (6.88)
B. 0 0 B, 0 B. 0 B,
0 0 0 0 ED 0 0

where C' and L stand for C(v}) and L(i}), respectively, whereas

D=2 iny, B= i),

8_’UT robr alr robr

We will assume that the set of resistors is strictly locally passive at (v}, )
(cf. Definition 6.1); it follows from Proposition 6.1 (p. 268) that all hybrid
definitions of the resistors are locally well-defined and yield positive definite
incremental hybrid matrices H. In particular, the incremental conductance
and resistance matrices G = —FE~'D, R = —D~'FE are well-defined and
positive definite. Recall that full coupling is allowed within the sets of
capacitors, inductors and resistors.
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Remark 6.6. The expression depicted in (6.88) shows that ill-posed cir-
cuits yield a singular matrix pencil. Indeed, the existence of a V-loop im-
plies that A, does not have maximal column rank (cf. Lemma 5.3), making
(6.88) singular for any A. Analogously, an I-cutset prevents B; from having
maximal column rank, according to Lemma 5.7, and thereby also makes
(6.88) singular. In problems with strictly locally passive resistors and pos-
itive definite matrices C, L the converse is also true, that is, a singular
matrix pencil (6.88) necessarily corresponds to an ill-posed circuit; see Re-
mark 6.11 after Theorem 6.5.

Remark 6.7. At several points we will compute the matrix pencil spectrum
at equilibrium using models slightly different from (6.84). Specifically, we
will use tree-based formulations, as well as hybrid descriptions of resistors
of the form (6.39) instead of (6.84¢). Proceeding as in Remark 6.1 (p. 260)
and in the proof of Theorem 6.1 (p. 275), respectively, these reformulations
can be easily seen to result in a premultiplication of AA(z*) — f/(z*) in
(6.88) by a nonsingular matrix, which does not change the pencil spectrum
nor affects the invertibility of f'(z*).

6.3.2 Nonsingularity

In different contexts, it is of interest to assess if a given equilibrium x* of the
circuit equations (6.84) is nonsingular in the sense that the Jacobian matrix
f'(z*) is invertible. In nonlinear problems, the nonsingularity of f/(z*)
guarantees the isolation of this equilibrium and makes it well-conditioned
for Newton-based computations (see for instance [63, 105, 160, 161, 245]
and references therein). In linear cases, the nonsingularity of the matrix
coming from the right-hand side of (6.84) implies the existence of a unique
equilibrium for the circuit dynamics.

Restricting the attention to problems with strictly locally passive re-
sistors (or strictly passive resistors in linear settings), this nonsingularity
requirement can be examined topologically, as shown in Theorem 6.4 be-
low. Specifically, the nonsingularity of equilibria will rely on the absence of
VL-loops and IC-cutsets. Circuits with inductor-only loops and capacitor-
only cutsets were examined in [201] and, later, in [119, 120]; Theorem 6.4
can be seen as a restatement, in the DAE setting, of a property already
discussed in these references.

It is worth emphasizing that these topological conditions are entirely
independent of those characterizing the index in Theorem 6.2, so that the
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statement in Theorem 6.4 applies to index one and index two configurations.
Note also that this result is consistent with the fact that a VL-loop or an
IC-cutset would yield an ill-posed resistive circuit after short-circuiting in-
ductors and open-circuiting capacitors (cf. Remark 6.5), due to the presence
of a V-loop or an I-cutset, respectively, in this resistive circuit.

Theorem 6.4. Assume that (6.84) models a well-posed, connected circuit
with strictly locally passive resistors. An equilibrium point x* of (6.84) is
nonsingular if and only if the circuit has neither VL-loops nor IC-cutsets.

Proof. Assume first that the matrix f’(x*) is nonsingular. This is equiv-
alent to the nonsingularity of the matrix

00 I 00 0 0 0
00 0 I 0 0 0 0
0 A4 A 0 A 0 A, 0
B. 0 0 B, 0 B, 0 B
00 0 0 E D 0 0

It follows immediately that (A; A,) must have full column rank, and ac-
cording to Lemma 5.3 this rules out VL-loops in the circuit. Similarly,
(B. Bj) must have full column rank, which precludes IC-cutsets in the
light of Lemma 5.7.

Conversely, assume that the circuit contains neither VL-loops nor IC-
cutsets. From Lemma 5.1 it follows that there exists a tree which contains
all voltage sources and inductors and neither current sources nor capacitors.
We may then rewrite (6.84) in the form

Cve vl = ie (6.89a)
L(il)i; = U (6.89]9)
i Tc
0=\ i, | -F"| I, (6.89¢)
Try Irg
Ve U
O=1 v |+F| Vs (6.89d)
Upy Upy
0 = gr(vp,ir), (6.89¢)

where, as usual, the subscripts ‘1’ and ‘2’ are used to specify twig and
link elements, respectively. Note that, as indicated in Remark 6.7, this
transformation just involves the premultiplication of (6.1) by a nonsingular
matrix and hence does not affect the invertibility of the matrix f/(z*).
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Splitting the matrix F' in blocks as

Fi1 Fip Fis
F=| Fxn Fy Fy |, (6.90)
F31 F52 Fi3
and writing for simplicity the columns below according to the order of

variables ¢, v, i1, fus Ve, Vj, trq, Ury, Ury, iry, the derivative of the right-
hand side of (6.89) is nonsingular if and only if so it is

I 00000 O O 0 O

0 I 0000 O O 0 O
-FL, 0 1 000 0O 0 0 —Fj
-FL, 0 oI 00 0O 0 0 —F}

0 F;3 0 0 T 0 0 0 Fz 0

0 F»y 0 0 0 I 0 0 Fs 0 |’ (6:91)
-0 000 0 I 0 0 —Ff

0 F330 000 0 I Fs 0

0 0 0 0 0 0 —Hyy—His I 0

0 0 0 0 0 0 —Hy —Hyp 0 I

where the matrix H (which is split in blocks) comes from the resistive hybrid
description (6.39) associated with the tree chosen above (cf. Remark 6.7).
Note that we have written the row corresponding to 4,, coming from (6.89c)
right before the one associated with v,, from (6.89d) for the sake of clarity
in the sequel.

Looking at the first two rows and at the third, forth, fifth and sixth
columns, it is clear that the nonsingularity of (6.91) amounts to that of

I 0 0 —-FL

0 I Fp3 0
~Hy —His I 0 )’
—H21 —H22 O I

(6.92)

which is a nonsingular matrix, according to Lemma 6.2 (p. 275). Therefore,
the absence of VL-loops and IC-cutsets indeed makes f’(x*) a nonsingular
matrix. g

Remark 6.8. The absence of VL-loops and IC-cutsets in Theorem 6.4 is
somehow reminiscent of the index characterization in terms of VC-loops and
IL-cutsets stated in Theorem 6.2. A notion of reactive duality underlies
this similarity. Indeed, the substitution of capacitors by inductors and
vice-versa in a given electrical circuit results in a spectral transformation
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of the form A — A~!; in particular, VL-loops or IC-cutsets yielding null
eigenvalues (mind that the nonsingularity of f/(z*) is equivalent to the
property 0 ¢ o({A(z*), —f'(z*)})) lead to VC-loops or IL-cutsets which
increase the multiplicity of the infinite eigenvalue in the circuit resulting
from these substitutions. Find details in [248].

Remark 6.9. If, in the setting of Theorem 6.4, there are neither VC-
loops nor IL-cutsets, and the capacitance and inductance matrices C, L are
positive definite, then zero eigenvalues owing to VL-loops or IC-cutsets are
shown in Theorem 4 of [248] to be simple or semisimple for the linearization
of a local state space circuit model at equilibrium. Recall that, given a
matrix M, the index of an eigenvalue A is the smallest positive integer « for
which rk (Al — M)* = rk (A — M)"**+1; eigenvalues of algebraic multiplicity
one are called simple, and those with algebraic multiplicity greater than
one but with index one are called semisimple. This is of interest e.g. in
the analysis of local bifurcation phenomena in electrical circuits, since this
property precludes for instance Takens-Bogdanov bifurcations [110] which
are based on the existence of null eigenvalues with index two.

6.3.3 Hyperbolicity and erponential stability

Assume that the circuit model (6.84) has a well-defined geometric index
at a given equilibrium point z*. According to the results in Section 3.5,
the equilibrium z* may then be said to be hyperbolic if the matrix pencil
spectrum (6.87) has no purely imaginary eigenvalues, that is, if Re A # 0
for all eigenvalues A. As shown in Theorem 6.4 above, the absence of null
eigenvalues in problems with strictly locally passive resistors is equivalent
to the absence of VL-loops and IC-cutsets, so that the hyperbolicity prob-
lem in this setting requires studying the existence of non-vanishing, purely
imaginary eigenvalues. The importance of these stem from the fact that,
in linear problems, they correspond to natural frequencies yielding proper
oscillations, whereas in the nonlinear context a pair of purely imaginary
eigenvalues may be responsible for Hopf bifurcations [204] leading as well
to nonlinear oscillations.

We provide in item (1) of Theorem 6.5 below sufficient conditions to
guarantee that ReA # 0 for all pencil eigenvalues A\. In a certain sense,
the topological conditions arising in this problem will be mild extensions
of the topological requirements for nonsingularity depicted in Theorem 6.4.
Via Proposition 6.2, VC-loops and IL-cutsets (yielding index two config-
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urations) can be accommodated in the analysis, so that the topological
conditions in Theorem 6.5 will be again independent of the ones arising in
the index characterization presented in Theorem 6.2.

Supported also on the results of Section 3.5, in hyperbolic problems
strict local passivity assumptions on the circuit matrices will naturally yield
the exponential stability of the equilibrium. This is given by the condition
Re < 0 for all eigenvalues in the pencil spectrum (6.87); cf. item (2) of
Theorem 6.5.

Proposition 6.2. Let K and J be two sets of edges of a connected digraph
G, with K C J.

(1) If all cutsets in J are contained in K, then ker Al ; = ker AL, or,
equivalently,

w'Ag_y=0=w' Ay g =0. (6.93)

all loops in J are contained in K, then ker B;_; = ker B;_ - or,
2) If oll | in J imed in K, then k Bg 7=k Bg 1%
equivalently,

w'Bg_;=0=w'By_g =0. (6.94)

Proof. Item (1) is proved in [252] (Proposition 4.4). In turn, item (2) is
a restatement of Proposition 4.5 in [252], which shows that, if all loops in
J are contained in K, then

wi Afe +wy AT j = 0= wy = 0. (6.95)

From this result we can check that (6.94) holds by means of the identity
BAT =0 (cf. Lemma 5.9) written in the form

BjAY + Bg_;Af_; =0. (6.96)

Indeed, assume that w'Bg_; = 0. From (6.96) we derive w'B;A} = 0,
that is

wTBKA}( + wTBJ,KAng =0.
Writing
T T

T T
w; =w Bg, wy =w Bj_k,

from the relation depicted in (6.95) we get w) = w' By_x = 0, as we aimed
to show. 0
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Below we will use the fact that, if M is a positive definite real matrix,
and denoting as u* the conjugate transpose of u, then u*(M + M7 )u is real
and positive for any non-vanishing complex vector w. This can be easily
checked by writing v = uy + iug for real vectors uy, ug; indeed,

w* (M + M"Y u=u] (M + M"uy +ud (M + M )uy >0

since the purely imaginary terms cancel each other due to the symmetry of
M + MT. It then follows that

wWM+MYu=0=u=0 (6.97)

for any positive definite matrix M. Recall that in the definition of a positive
definite matrix (p. 211) we do not require it to be symmetric.

Theorem 6.5. Assume that (6.84) models a well-posed, connected circuit
with strictly locally passive resistors and symmetric and nonsingular incre-
mental capacitance and inductance matrices C, L. Let x* be an equilibrium

point of (6.84).
(1) All eigenvalues X in the matriz pencil spectrum (6.87) verify Re X # 0
if at least one of the following two pairs of topological conditions holds.
(a) There are neither VL-loops nor ICL-cutsets (except for IL-cutsets).
(b) There are neither VCL-loops (except for VC-loops) nor IC-cutsets.

(2) If, additionally, C and L are positive definite, and at least one of the
two pairs of conditions (a) and (b) above holds, then all eigenvalues
verify Re A < 0.

Proof. The equations defining a non-vanishing w = (w, wy, wq, W, Wy
as a left-eigenvector for (6.88) are

Mol C +wl B. =0 (6.98a)
Mol L+ wl Ay =0 (6.98b)
—w] +wlA. =0 (6.98¢)
—w] +wiB; =0 (6.98d)
wr A, +wlE =0 (6.98¢)
wy By +w!'D =0 (6.98f)
wl A, =0 6.98g)

)

(
wi Bj =0, (6.98h
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or, eliminating w] and w] via (6.98¢)-(6.98d),

Mg AcC +w) B, = 0 (6.99a)
Mwg BiL +wlA; =0 (6.99b)
wr A, +wlE =0 (6.99¢)

wy By +wl D =0 (6.99d)
wl A, =0 (6.99¢)

wi Bj = 0. (6.99f)

Let us transpose (6.99a) and premultiply the resulting equation by w} A,
where as indicated above w* stands for the conjugate transpose W' . Since
C is symmetric, this yields

Mot A.CATw, + wiA.Blwy. (6.100)
Analogously, multiplying the conjugate of (6.99b) by B wj, we obtain

Awi B LB wy, + w A, B wy, (6.101)
In turn, multiplying the conjugate of (6.99¢c) by Blw, leads to

w* A, Blwy, + wEB]wy, = 0,

which, using wf = —w;B,D~! from (6.99d) and the identity R = —D~'E
for the incremental resistance matrix, is transformed into

w* A, B wy + wi B,RBIwy, = 0. (6.102)

Finally, multiplying the conjugate of (6.99¢) by Blw;, and premultiplying
the transpose of (6.99f) by w;A; we get

wrA,Blwy, =0 (6.103)
wy A BJwy, = 0. (6.104)

The sum of (6.100), (6.101), (6.102), (6.103) and (6.104) yields
Mw* A.CAlw, + Mw; B LB wy + wi B,RBTw, = 0, (6.105)

where we have used A.B] + AlBlT + A.BT + A, B! + AijT =ABT =0
(cf. Lemma 5.9 on p. 201) to cancel the terms leading to wiABTwy.
Since C and L are symmetric, the conjugate transpose of (6.105) reads

MwiA.CANw, + Mwi BiLB] wy, + wi B,R" B} w, = 0. (6.106)
The sum of (6.105) and (6.106) results in
2Re \(wiA.CATw, + wi B LB wy) + wi B.(R+ R")BJw, = 0. (6.107)
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Now, to prove the statement in item (1), assume that Re A = 0, so that
(6.107) amounts to

w; B (R+ R") B w, = 0.

According to Proposition 6.1 (p. 268), R is positive definite and hence from
(6.97) we derive w] B, = 0. It then follows that w, = 0, according to
(6.99d), and from (6.99c) we derive also w] A, = 0. Note additionally that
w) A, = 0 and w] B; = 0, as depicted in (6.99e) and (6.99f), respectively.

Assume first that the topological requirements displayed in (a) are met.
The fact that the only ICL-cutsets are IL-cutsets means, according to item
(1) of Proposition 6.2 above, that wl A, = 0, w} A, = 0 imply w] A, = 0.
By (6.99a) the latter yields w] B, = 0. Since w] B, = 0 and w} B; = 0,
the absence of VL-loops yields w, = 0, following Lemma 5.8 on p. 200. In
the light of (6.99b) we then get w] A; = 0 and, since no I-cutset may be
present, Lemma 5.4 (p. 199) means that w, = 0. We have then arrived
at the contradiction that the left eigenvector w vanishes since w, = 0, as
indicated above, and w. = 0, w; = 0 because of (6.98c) and (6.98d).

Let us now suppose that the topological conditions in (b) hold. Now,
the identities w] B, = 0 and w] B; = 0 together with the fact that all
VCL-loops are VC-loops yield w] B, = 0, using item (2) of Proposition 6.2.
It then follows from (6.99b) that w]A; = 0. Together with wlA, = 0,
waTAu = 0 and the absence of IC-cutsets, this yields w, = 0 according to
Lemma 5.4. From (6.99a) we then derive w] B. = 0. The absence of V-
loops implies that w, = 0 (cf. Lemma 5.8). Jointly with w,, = 0 and w, = 0,
w; = 0 from (6.98¢) and (6.98d), this would lead to the contradiction w = 0.

Finally, to prove item (2) we use again the relation (6.107). Assuming
Re A > 0, the symmetry and positive definiteness of C, L, together with
the positive definiteness of R, imply that w! A. = 0, w] B, = 0, w] B, = 0.
The latter implies that w, = 0 and then w] A, = 0 (cf. (6.99d) and (6.99c),
respectively). Note also that w} A, = 0, w] B; = 0 as stated in (6.99¢),
(6.99f). Additionally, from (6.99a) and (6.99b) we obtain w] B, = 0 and
wr Ay = 0, respectively. The well-posedness of the circuit and Lemmas 5.4
and 5.8 then would yield w, = 0 and w, = 0, so that w. = 0 and w; = 0;
together with w, = 0, these properties contradict the assumption that w
does not vanish.

This means that, without making use of any topological conditions, the
positive definiteness assumptions yield ReA < 0. Combining this result
with the topological criteria stated in (a) or (b), which guarantee that
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Re X # 0, we finally derive that the condition Re A < 0 holds for all eigen-
values. O

Remark 6.10. The proof of item (1) above also shows that the absence
of ICL-cutsets alone is enough to preclude purely imaginary, non-vanishing
eigenvalues in the circuit; cf. Theorem 4.3 in [252], where an analogous proof
is given for MNA models. Indeed, the above-derived conditions w] A, = 0,
w) A, = 0 would yield in this setting w, = 0. This leads to w] B, = 0 in
the light of (6.99a), and the non-vanishing of A in (6.99b) together with
the nonsingularity of L yields wgBl = 0. Using w{Br =0, wgBj =0 and
the absence of V-loops we obtain w, = 0. The identities w, = 0, w, = 0
and w; = 0 are derived as above. The same happens if the circuit has no
VCL-loops.

Remark 6.11. In turn, the proof of item (2) shows that, in cases with
strictly locally passive resistors and positive definite matrices C, L, a sin-
gular matrix pencil (6.88) necessarily corresponds to an ill-posed circuit
(see Remark 6.6 on page 297). Indeed, if the matrix pencil is singular,
any A € C must admit a nontrivial left-eigenvector w (which may certainly
depend on A) for (6.88). The reasoning in the proof of item (2) shows
that those verifying Re A > 0 yield the conditions w] (4. A; A, A,) =0
and wg(Bc B; B, Bj) = 0 for the components w,, wy of the eigenvector
w = (We, Wy, Wa, Wp, W), where w, and wy, cannot vanish simultaneously;
the case w, # 0 indicates that an I-cutset is present, whereas the condition
wy, # 0 expresses the existence of a V-loop.

From the results of Section 3.5 it follows that the requirements stated
in Theorem 6.5 support the hyperbolicity or exponential stability of equi-
libria in circuits with a well-defined geometric index. Recall, in this regard,
the geometric index characterization of branch-oriented circuit models pre-
sented in Theorem 6.2.

Ezxample

A simple illustration of the results stated in Theorems 6.4 and 6.5 is pro-
vided by the circuit displayed in Figure 6.5, which includes a DC voltage
source with voltage V5, a DC current source injecting a current I, as well as
two (uncoupled) inductors with inductances L1, Lo, a capacitor with capac-
itance C, a linear resistor with conductance G and a diode, denoted by D,
with a current-voltage characteristic given by iq = v(vq) = ig(e¥?/? — 1).
The constants ig and vy are positive, and so they are Lq, Lo, C and G.
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Fig. 6.5 Nonlinear DC circuit.

The circuit has a unique DC operating point, defined by the conditions
ve = Vi, ity = (Vo) = I, ity = =Ly, va = Va, iq = ¥(Vi), vy = iy = 0,
by = Is —v(Vs), v; = =V and 4. = v, = v, = 0. We are denoting by v,
and 44 the voltage and the current in the linear resistor, whereas i, and v;
stand for the current and the voltage in the voltage and current sources,
respectively. Mind that the convention on reference directions implies that
iy flows out of the “—” pole in the source. This operating point defines
an equilibrium for the circuit dynamics (cf. (6.108) below). For later use,
denote by G4 the (positive) incremental conductance v'(V;) at equilibrium.

Topologically, the absence of VL-loops and IC-cutsets makes the equilib-
rium nonsingular, according to Theorem 6.4. This rules out null eigenvalues
from the matrix pencil spectrum associated with this circuit. Additionally,
even though the circuit displays a VCL-loop defined by the voltage source,
the capacitor and the inductor L1, there are no ICL-cutsets and hence, fol-
lowing item (a) of Theorem 6.5, the pencil is hyperbolic, namely, all pencil
eigenvalues verify ReA # 0. Moreover, all of them satisfy ReA < 0 be-
cause of the positiveness of L1, Lo, C'; G and G, thereby guaranteeing the
asymptotic stability of the equilibrium point.

The reader can easily verify these assertions using the DAE

Cvp = —y(ve) + iy + I (6.108a)
Lyij, = —ve + Vs (6.108b)
Laiy, = v, (6.108¢)

0 =i, + Guy, + I, (6.108d)

which models the circuit dynamics. Indeed, the eigenvalues of the pencil
coming from the linearization of (6.108) at equilibrium are given by

—Gy Gq 2 1 —1
AMo=—+= — | ——, A3=— 6.109

2T o0 (20) LC 7P T LG (6.109)
and it is straightforward to check that all of them satisfy Re A < 0.
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A non-hyperbolic configuration. It is interesting to note that, open-
circuiting the diode, we get a circuit displaying a VCL-loop and an ICL-
cutset (cf. Figure 6.6). In this situation, neither the pair of conditions
in (a) nor those in (b) within Theorem 6.5 are met and, therefore, the
hyperbolicity of the equilibrium can no longer be guaranteed. Mind the
fact that item (1) in Theorem 6.5 only provides sufficient conditions for the
hyperbolicity of the pencil. In this case, the eigenvalues are given by the
expressions depicted in (6.109) with G4 = 0, namely,

/1 -1
AMo=2iy/——, A3=— 6.110
1,2 ? LlC’ 3 LQG’ ( )

so that the pencil is actually non-hyperbolic in this problem. The pair of
purely imaginary eigenvalues \; o characterizes the frequency of the proper
oscillations in the linear circuit obtained after removing the diode.

Is

w<
I
(@]
Y|
VAl
0]
r
N
w<
|
(@]
Y|
VAl
0]
r
N

Fig. 6.6 A VCL-loop and an ICL-cutset resulting from the removal of the diode.

Index two. Finally, the fact that these qualitative results are independent
of the topological conditions arising in index analyses (cf. Theorem 6.2 on
page 279) can be easily illustrated by making G = 0 in (6.108). This
corresponds to open-circuiting the linear resistor in Figure 6.5, as displayed
in Figure 6.7.

Fig. 6.7 Open-circuiting G yields an index two configuration.
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The IL-cutset defined by the current source and the inductor L, makes the
DAE (6.108) index two. The equilibrium conditions in this circuit do not
change with respect to the ones discussed above, but now the dynamical
behavior is two-dimensional, the eigenvalues of the linearization being given
by the pair A; 2 in (6.109). The hyperbolicity of the equilibrium point is
now explained by the fact that the unique ICL-cutset is an IL-cutset, so that
item (a) in Theorem 6.5 still applies in this index two setting. Additionally,
the removal of the diode results in a non-hyperbolic index two configuration,
with a pair of eigenvalues again defined by Ay 2 in (6.110).
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{1, 2}-inverse, 39
II-projectors, 44, 45, 49

active circuit, 196, 211
admissible II-projector sequence, 46
admissible P-projector sequence, 41
equivalence to II-sequence, 46
algebraic variables, 17
algebraically nice DAE, 41
algebraically nice point, 74
associated resistive network, 277
asymptotic stability, 130, 133
Augmented Nodal Analysis (ANA),
214
index, 220, 238

backward impasse point, see impasse
point
bifurcation, 160, 166, 300
boundary singularity, 169, 170
branch, 203
branch current, 203
branch voltage, 203
branch-oriented model, 258
index, 279
tree-based formulation, 260

C'-space, 36

C-loop, 206, 232, 247, 294
canonical projector, 33
capacitance matrix, 208

capacitive block, 245
non-degenerate, 246
capacitive tree, 232, 247
capacitor, 207
linear, 208
voltage-controlled, 207
Cauchy-Binet formula, 237
characteristic values
geometric sense, 107
of a nice at level k DAE, 41
of a regular linear DAE, 43
of a regular point, 74
charge, 207
charge-oriented model, 212
chart, 90
chord, 198
codimension, 91
complete decoupling, 53
completion, 136
conductance matrix, 210
conductance products, 238, 247
configuration space, 265
conjugacy, 116
connected component, 197
connected graph, 197
consistent initial value, 4
constrained system, 2
contact equivalence, 112
continuation, 145, 147, 156
controlled source, 210, 289-293
conventional model, 212
core-rank, 28
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cotree, 198
coupling, 207-209
current source, 210, 289
current-controlled current source
(Cces), 211
current-controlled voltage source
(CCVS), 211
cut space, 201
cutset, 197
characterization, 199, 200, 301
cutset matrix, 200
reduced, 201
cycle space, 201
cyclomatic number, 200

DC circuit, 295
DC equations, 296
DC operating point, 296
DC source, 210
decoupling
index one, 31, 37
properly stated form, 51
singular, 149, 156
standard form, 78
time-invariant DAEs, 80
derivative array, 135
descriptor system, 3
diffeomorphism, 91
differential, 92
differential-algebraic equation (DAE),
2
differential-algebraic system, 2
differentiation index, 6, 136
one, 85, 136
two, 88, 136
zero, 136
digraph, 196
underlying graph, 196
diode, 209
directed graph, see digraph
directed subgraph, 197
dynamic variables, 17
dynamical degree of freedom, 28

edge, 196
eigenvalue (of a matrix pencil), 28

Index

embedding, 92

enlarged system, 12

equilibrium point, 130, 296
nonsingular, 297
regular, 130

excess capacitors, 207

excess inductors, 207

explicit ODE, 1

exponential stability, 130, 301

fine decoupling, 52

flux, 208

forest, 198

forward impasse point, see impasse
point

fundamental cutset, 203, 259

fundamental loop, 203, 259

fundamental matrices, 203

generalized inverse, 39
generalized vector field, 19, 94
geometric index, 7, 106
independence of reduction
operators, 112
invariance, 112
nonautonomous DAEs; 123, 124
of branch-oriented circuit models,
279
of fully nonlinear DAEs, 134
of linear DAEs, 82
one, 102, 124
Rabier and Rheinboldt sense, 96,
111
two, 104
zero, 98, 123
graph, 196
gyrator, 209

harmless singularity, 152, 179
Hessenberg DAE, 19
size k, 19
size three, 19
size two, 18
autonomous, 88, 120
circuit model, 281
nonautonomous, 125
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hidden constraint, 88, 121, 126

hybrid analysis, 257

hybrid description of resistors, see
resistor

hybrid matrix, 267

hyperbolicity, 130, 300

I singularity
general quasilinear DAEs, 180
quasilinear ODEs, 166
semiexplicit index one DAEs, 184
I-cutset, 206, 210
IC-cutset, 294, 297, 302
ICL-cutset, 294, 302, 305
ideal transformer, 209
IK singularity
general quasilinear DAEs, 180
quasilinear ODEs, 168
semiexplicit index one DAEs, 184
IL-cutset, 206, 220, 232, 238, 247,
279, 294, 302
ill-posed circuit, 206
immersion, 92
impasse point
general quasilinear DAEs, 180
backward, 180
forward, 180
quasilinear ODEs, 163
backward, 166
forward, 166
semiexplicit index one DAEs, 183
backward, 183
forward, 183
implicit ODE, 1
implicitly defined resistors, see
resistor
incidence matrix, 198
reduced, 199
incremental capacitance matrix, 208
incremental conductance matrix, 209
incremental hybrid matrix, 267
incremental inductance matrix, 208
incremental resistance matrix, 210
independent source, 210
index, 5-8
differentiation, 6, 136
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geometric, 7, 82, 106
Kronecker, 5, 27
perturbation, 8
strangeness, 8
structural, 8
tractability, 6, 42, 75
inductance matrix, 209
inductor, 208
current-controlled, 208
linear, 209
infinite eigenvalue, 28
inherent ODE
index one, 31, 37
properly stated form, 52
scalarly implicit, 149, 156
standard form, 78
time-invariant DAEs, 80
initial value, 4
inner singularity, 169, 170
input-output description, 13-15, 32,
38

Josephson junction, 208

K singularity
general quasilinear DAEs, 180
quasilinear ODEs, 168
semiexplicit index one DAEs, 183
Kirchhoff laws, 204-206
Kronecker canonical form, 27
Kronecker index, 5, 27
characterization via projectors, 30,
34, 80

L-cutset, 206, 294
linear DAE, 5, 6, 25
time-invariant, 5, 25
homogeneous, 26
time-varying, 6
analytic, 158
properly stated form, 15, 25
standard form, 16, 25
link, 198
local equivalence, 112
of one-step reductions, 114
of singular reductions, 176
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of state space reductions, 116
local parametrization, 90
locally passive, 211
locally regular DAE, 110
loop, 197
characterization, 199, 200, 301
loop matrix, 200
reduced, 200
lumped circuit, 195
Lyapunov function, 294

M-projectors, 44, 45, 49
matrix chain
based on II-projectors, 45
based on P-projectors, 40
equivalence of P- and Il-chains, 46
matrix pencil, 27
spectrum, 28
mixed analysis, 257
Modified Nodal Analysis (MNA), 215
index, 232, 247
MOSFET, 293
multiport model, 274, 275
index, 279
mutual inductance, 209

nice DAE, 41

nice point, 74

nilpotency index, see Kronecker index

nodal analysis, 212

nodal capacitance matrix, 215

nodal conductance matrix, 237

node, 203

node potential, 205

Node Tableau Analysis (NTA), 213
index, 220

non-passive, 211, 236, 278

noncritical singularity
general quasilinear DAEs, 180
quasilinear ODEs, 163
semiexplicit index one DAEs, 183

normal tree, 206

Ohm’s law, 210
open circuit, 211
operating point, 265

Index

order of complexity, 262
orthogonal projector, 30

P-projectors, 34, 39

partial differential-algebraic equation
(PDAE), 4, 195

passive, 195, 211, 219

path, 197

perturbation index, 8

positive definite, 211

positive semidefinite, 211

preadmissible II-projector sequence,
46

preadmissible P-projector sequence,
41

projector, 30

proper tree, 206

properly stated leading term, 38

pseudoequilibrium, 166, 184

Q-projectors, 34, 40
qualitative properties, 9, 130, 293
quasilinear DAE, 19

singular points, 168-171
quasilinear ODE, 19, 162

R-projector, 39
rank of a digraph, 199
rank of a smooth mapping, 92
reactance, see reactive element
reactive duality, 299
reactive element, 203
reciprocal, 211
reduced cutset matrix, 201
reduced incidence matrix, 199
reduced loop matrix, 200
reduced ODE, 7, 87, 107
Hessenberg DAE of size two, 89,
121, 126
linear DAESs, 82
semiexplicit index one DAE, 86,
119, 125
reduction
of linear DAEs, 82
of quasilinear DAEs, 107
one-step, 101
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singular, 175-178
reference direction, 203
reference node, 199, 205
reflexive generalized inverse, 39
regular DAE, 42, 110
regular manifold, 110
regular matrix pencil, 27
regular point

of a linear DAE, 74

of a quasilinear DAE, 106

k-regular point, 105
0-regular point, 98
1-regular point, 104
regularization, 12
resistance matrix, 210
resistive operating point, 265
resistor, 209

current-controlled, 210

hybrid description, 263, 276

implicitly defined, 258, 266

linear, 266
linear, 210
voltage-controlled, 209

Schur complement, 127
Schur reduction, 127-129, 276
self-inductance, 209
self-loop, 197
semi-implicit DAE, 187
semi-singular point, 168, 184
semiexplicit DAE, 17
Hessenberg form, 19
index one, 8587, 119, 125
nonautonomous, 124
singularities, 181-184
semilinear DAE, 17
semisimple eigenvalue, 300
semistate model, 1, 193
semistate system, 3
short circuit, 211
simple eigenvalue, 300
singular matrix pencil, 27
singular perturbation problem, 12
singular point, see singularity
singularity, 9
of linear DAESs, 140
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harmless, 152
independence of projectors,
142
invariance, 142
type k-A, 141, 155
type k-B, 141, 155
type 0, 141, 154
of quasilinear DAEs, 170
k-singular point, 170
0-singular point, 169
harmless, 179
independence of reduction
operators, 171
invariance, 171
last step, 161
of quasilinear ODEs, 162-168
singularity crossing, 166, 185
singularity-induced bifurcation, 160
skew-symmetric matrix, 275
smooth manifold, 90
smooth mapping, 91
solution, 4
solution manifold, 110
Hessenberg DAE of size two, 89
semiexplicit index one DAE, 86
solution set, 4
spanning tree, see tree
standard form linear DAE, 16, 25
state dimension, 28
state formulation problem, 255, 256,
262-264
state space model, 1, 262, 263, 283
strangeness index, 8
strictly locally passive, 211
implicitly defined resistors, 267
strictly passive, 211
implicitly defined resistors, 267
structural index, 8
subgraph, 197
subimmersion, 93
submanifold, 91
submersion, 92

tangent bundle, 92
tangent space, 91
topological properties of circuits, 204
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tractability index, 6, 42, 75
characterization via II-projectors,
48 V-loop, 206, 210
independence of projectors, 43 V-tree, 247
of ANA circuit models, 220, 238 VC-loop, 206, 220, 232, 238, 247, 279,

uniform differentiation index, 136

of MNA circuit models, 232, 247
of NTA circuit models, 220

of properly stated linear DAEs, 42
of quasilinear DAEs, 218

of standard form linear DAEs, 75
one, 37

294, 302
VC-tree, 238
VCL-loop, 294, 302, 305
vertex, 196
VL-loop, 294, 297, 302
voltage source, 210, 289

transistor, 293 voltage-controlled current source

tree, 197 (VCCS), 211

tree-based model, 259 voltage-controlled voltage source
index, 279 (VCVS), 211

twig, 198

well-posed circuit, 206, 210
underlying ODE, 6, 87
Hessenberg DAE of size two, 88
semiexplicit index one DAE, 85
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